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SETS, FUNCTIONS 

AND * 

BINARY OPERATIONS 


'.U 


1 


Set theory has been usefully employed in various brancnes of natural 
sciences. It forms a basis of all the fundamental concepts of mathematics 
specially, topology, real analysis, functional analysis, algebra and group 
theory. Set theory also plays a key role in solving the problems of applied 
mathematics, physics, chemistry and many other scientific disciplines. It 
is obviously impossible to give a complete discussion on various aspects 
of set theory and its uses in the different scientific disciplines in this 
elementary book. However, some basic concepts concerning to group 
theory are presented in this introductory chapter. 


1-1 Definitions and Set Operations 



inHB1T5dil{IHiTI The collection of well defined objects is called a set The 
well defined objects of this collection are said to be the elements or points 
of the set. Sets are denoted by capita! letters while their elements are 
denoted by small letters. If x is an element of the set A, we write x e A 
and read ‘x belongs to A'. If x is not an element of a set A , we write x £ A 
and read ‘x does not belong to A'. 

If A is a set and P is a statement which applies to some of the 
elements of A, then the set of elements x of A for which P(x) is true is 
denoted by {x e A : P(x)}. 

Thus if N is the set of positive integers, the positive divisors of 16 form 
the set {x e N\xy = 16, for some y eN). In the case of small sets it is easy 

to describe the set by listing its elements in brackets. Thus the set just 
given above is the set {1,2,4,8,16}. The three ways of writing sets are 
given in the following definitions. 
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_ — - -==- 

a set can be expressed by descriptive statement and 
t js ca || ec i the descriptive method. For 

£5 in the ^ the 

positive integers which are divisible by 2 etc. 

till BB if we list the elements of the set by writing them within 
I BM WlilHB ff " h . f a se t is said to be the tabular method. 

ESSS SSSS>■■»<« »“»*>»—” •• 

I gll. H aM |f we describe a set by stating a characteristic property 
KEfall ^ elements of the set then this method ,s said to be 

S etbu//der me^Forexampl^r betW een 10 and 2 0} 

R = (x • x is a BS student of GCS during 2014} 


Usually the following symbols are used for sets of numbers. 

The set of real numbers 
The set of complex numbers 
The set of integers 
The set of even integers 

The set of positive integers (natural numbers) N 

The set of rational numbers Q 


1-1.5 Examples: 


1. ThesetM of students in a class of Mathematics is represented by 
M = {s:s is a student of a class of mathenrtics } 

2. The set T of BS students of FCC during 2014 is represented by 
T = {s : s is a BS student of FCC during 2014} 

3. The set C 4 consisting of complex numbers ± /,± 1 is represent 


by C 4 ={-/',/,—1,1} 

4. The solution set S of cubic equation is represented by 

S = {a e C: a is a solution of a 0 x 3 4 5 6 1 + a^x 2 + a 2 x + a 3 = 0,a 0 * 

5. The set of all points on a circle of radius one and centre zero 
written as P = {(x,y): x,y e R,x 2 + y 2 = 1}. 

6. The set of all points on a line y = mx + c is written as 
L = {( x,mx + c) :m,c,x e R and m,c are f ixed} 


1-1.6 Definition: 


A set which contains no elements is called an ew 



or vacuous set or null set. It is denoted by 
The symbol <J> is read as phi. 
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This definition of empty set seems to contradict the definition of a set 
but this apparent contradiction disappears when we understand the 
meanings of well defined objects. By the. well defined objects we mean 
that the objects which can be considered as the members of the set 
under consideration. For example, a cup is not a well defined object for a 
sofa set. Similarly, a chair is not a well defined object for a water set. But 
if we consider the set of necessary things of a house, then both of above 
mentioned things are well defined objects for such a set. 

Thus, tf an object does not exist then it is a well defined object for an 
empty set. For example, odd numbers which are divisible by 2 are well 
defined objects for an empty set. Similarly, the positive integers which are, 
less than -1 are also well defined objects for an empty set. If Z* denotes 
the set of all positive integers, then the last set may be represented as 

<f>= {x: x e Z + and x < -1} 


Definition: 


A set A is said to be the subset of a set B if every 
element of A is also an element of B; and we express this fact by writing 
Ac. B. In this case we say that A is contained in B or B contains A. If A is 
a subset of B and B has at least one element which is not in A, then A is 
called the proper subset of B. 

For example, A = {2, 4, 6, 8, 10} is a proper subset of 
B = {1, 2, 3, 4, 5, 6, 7,8, 9, 10}. 

If A is a subset of B, then B is called the superset of A. The symbol c 
is called the inclusion symbol. If A is not a subset of B we write A <r B. By 
the definition of a subset it is clear that the empty set and the set A itself 
are always subsets of A. These two subsets are called the improper 
subsets of A. 


Two sets A and B are said to be equal if A c B and 
B c A. In this case we write A - B. If there is at least one element of B 
which is not in A, then A is not equal to B and we write A * B. 


^^ ______ •> 

iBIItBiffW The difference A- B of two sets A and B is defined to be 
set of those elements of A which are not in B. Thus, 
A-B = {x e A : x £ B} . 

For example, if 

A = {1,2, 3, 4, 5, 6, 7, 8}, S= {1,3, 5, 7,9}, 
then A -B= {1, 2, 3, 4, 5,6, 7, 8} -{1, 3, 5, 7/9} 

= {2, 4, 6, 8} 


If Bc:A,then A-fi = {xe A:xeB}is said to be the 

complement of B in A. This definition shows that the complement of a set 
A in A is an empty set. The complement of a set A is usually denoted by 

A c . 


r 
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EKKE iiBtfitilffln The union of two sets A and 8 is a set whose elements 
are elements of A or of B. It is denoted by A^jB .Thus the union of two 
sets A and B is the set AuB = {*:xeAorxe6) It is clear that the 

union of two sets is always ‘he superset of both sets, ..e, 

A cz A uo, 


rarvpwjwTPfnvjfn The intersection of two sets A and 8, denoted by 
"*B is a set Those elements are in both A and B. Thus the set of 
■ * * A anH R is said to be their intersection. It is clear 

common points of sets ^ and 8 is sa,a i both 

that the intersection of two sets is 

AnBczAAnBczB. 

In the set builder form the intersection of two sets ,s given by 
AnB = {x.xeA andx e B}. 

tBKH.Bri ' .lM Two sets A and B are said to be disjoint if they have no 
common points 7 te. Ar>B = 4 >. WeVpress this by saying th " t A does no( 
intersect B. If A n B * # , we express this by saying that A intersects B. 

■Wf 

EK Kftffiil l lira fll Given a set /, if for each ael, there is a set 

called an indexed family of sets and the set / is 

03111 ^ h an"nde!^| S farnily of sets, their union and intersection are given 

below: „ . n 

U a6 A = . ae 1} = {x \ x e A a for some ae /} 

n«, K = n{*„ '■ as 1} = {x . x e A„ for all ae /} 

Similarly, the union and intersection of sets are respectively 

written as U A and flA ■ 

/=i /=i 


BtiKieiirailillJMfB If all the under consideration sets are ass *j jr J 1 ® th0 
the subsets of a single fixed set then this fixed set is said ta |<jng 
universal set and is usually denoted by U. Thus, w \ ^ sofTie 
complements, unions, and intersections it is assumed that the 
universal set with respect to which we perform these operations. 

< Lit 


1-1.16 De Morgan Laws: 


then (i) (A u 8) c = A c n B c 
(ii) (AnB) c t = A c \uB c . 

(i) Let 


Proof: 


If A and B are subsets of a uni 


xe(AuB)‘ 


iversa/ set U. 


M 
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=> x^AkjB) 

=> x e A and x £ B 
=> x eA c and x'e B c 

=>XEA c nB c 
=> (AuB) c c= A c r\B c 

f 

Conversely, let xeA c nB c 

=> x € A c and x <= B c 
=> xe/landx^fi 
=> x eAvB 
=> x e(AuB) c 
=$A c nB c c(Au 8) c 

Combining (1) and (2), we have 

(/tuB) c -A G nB c 

(ii) Let x g (AnB) c 

=? xe(AnB) 
=>X£AorxeB 
=> x e /\ c or x e B c 

=>xeA c vB c 
=>(AnB) G ^A G uB G 

Conversely, let xeA G uB G 

=> x e /\ c or x e B c 

=> x s? A or x g B 
=> x <£ AnB 
=> x e (AnB) c 
=>A c vB c <z(AnB) G 

Combining (3) and (4), we have 

(AnB) c =A G uB G 


...(1) 


...( 2 ) 


...(3) 


..•(4) 



If x and y are distinct elements of some set, the two-element sets 
{x, y } and {y, x} are the same, because, e^h of these sets is a subset of 
the other. It is useful to have a device for reflecting priority as well as 
membership in this case, and it is provided by the notion of the ordered 
pairs (x, y). By definition ordered pairs (x, y) and (a. 6) are equal if and 
only if x = a and y-b. Thus (x,y) = (a,b) o x = a,y = b. 
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1-2.1 Definition: 


Let A and B be two nonempty sets, then the set 
consisting of all ordered pairs (a, b), where aeA and beB, is called the 
Cartesian product of A and B and is denoted by A x B . 

Thus, AxB = {(a.b): a e A beB). 

For example, if A = {1,2, 3} and B = {a, b}, then 

A x B = {(1, a), (2, a), (3, a), (1, a), (2, b), (3, b)} 


1-2.2 Definition: 


A subset ft of A x 8 is called a binary relation or simply 
a relation from A to B. If a*pair (a, b)eft, then a fs said to be an ft-relative 
of b and is written as a ft b. If (a, b)gft, then we write aftb (read as 'a is 
not an ft-relative of b’). If B = A, then we say that ft is a relation in A. 


1-2.3 Definition: 


A relation ft from A to B is said to be empty or nullary if 
ft = <|> and full if ft = A x B. If ft is a relation from A to B then the sets 
D r = (a e A: (a, b) e ft for some beB} and 


ft R = (b e B: (a, b) e ft for some a e A} 
are subsets of A and B and are called the domain and range of the 
relation ft. ft is clearly a subset of D R x ft R but, in general, may not 
coincide with it. 

For example, let A = {1,2, 3, 4} and B = {a, b, c, d, e,f}, then 

ft = {(1. a). (1, b), (3, b). (4. 0} 
is a relation from A to B with 

Dr = {1, 3, 4} and ft R = {a, b, f} 

Obviously, ft in spite of being a subset of A x B, is also a subset of 
Dr x R r . 


1-2.4 Definition: 


If ft is a relation in A, then the complement of relation ft 
is denoted by ft 0 and is defined as ft® = (A x A) - ft. Thus (a, b) e ft 0 if 
and only if (a, b) g ft. 


1-2.5 Definition: 


A binary relation / is called the identity relation on A if 
/= ((a, a): aeA} 

For example, 

/={( 1-1), (2, 2), (3, 3), (4,4), (5, 5)} 
is an identity relation oa4 = {1,2, 3, 4, 5}. 


1-2.6 Definition: 


The inverse of a binary relation ft is a binary relation 

1 , .u . R " 1 = a ) : < a ' b > 6R > 

For example, the inverse of the binary relation 

R= {(1,a),(2, i>), (3, a)} 


is 


FT' = {(a, 1), (b. 2), (a, 3)} 
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A re'afion on a se A may or may not satisfy some specified 
conditions. Re ations which do have certain additional properties are of 
relatively greater significance. A few of such relations are given in the 
following definitions. y en m ine 


jESESfflBEEB A relation R on a set A is said to be the reflexive relation 
if R contains the identity relation /. 

Thus R is reflexive if and only if 

(a, a)sRfor all a e R 
' Let A = {1, 2, 3, 4, 5}, then 

R= £2), (3, 3), (4, 4), (4, 5), (5, 1), (5, 2), (5, 3), (5, 4), (5,5)} 

is reflexive, because R contains the identity relation. 


i WMjHn i HTHin A relation R on a set A is symmetric if and only if 
R = R~ • Thus R is symmetric relation on A if and only if 

(a, b) eR=> (b ,a)eR for all a, beA 

The relation 

R = {(1,2),(2, 1), (1, 3), (3, 1), (3, 3)} 
is a symmetric relation on A. 

The relation R on A is said to be a transitive relation if 
(a, b)eR, (b, c)eR => (a, c)ef?for all a, b, ceA 

For example, 

R, = {(1,1), (1, 2), (2, 1), (2, 2), (1, 3), (3, 2), (3, 1), (2, 3), (3, 3)} 
is a transitive relation. 


1-2.9 Definition: 


The relation R on A is said to be anti-symmetric 
relation if R n FT 1 = /. 

Thus a relation R is anti-symmetric if 

(a, b)eR, {b, a)eR => a = b for all a, beA 
Let A = {1, 2, 3} and R = {(1, 1), (1, 2), (2, 2), (3, 3)}, then 

_ AT 1 = {(1. D. (2,1), (2, 2), (3, 3)} 

Obviously 

Rn/T 1 = {(1,1),(2, 2), (3, 3)} = / 

Hence R is anti-symmetric relation. 


a relation R on a set A is called an equivalence 
relation if and only if R is reflexive, symmetric, and transitive. The identity 
relation and the full relation on a set A are equivalence relations. 

Equivalence relations on a set A are usually denoted by the symbol 
(pronounced as ‘tilde’) rather than by R as a set of ordered pairs of 
elements of A. Thus if R is an equivalence relation on A and (a, b)eR, 
then we shall write a - b. With this notation the definition of an 
equivalence relation becomes: 
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A relation on a set A is an equivalence relation if and only if for all 

a, b, cgA, , _ 

\ m a-a (reflexive) 


a ~ a 

a ~ b => b ~ a 
a~ b and b ~ c 


a ~ c 


(symmetric) 

(transitive) 


C lfrXHiFCTTTUffl If R is an equivalence relation on A , then the set of 
those elements of A which are related to a fixed elernent a of A under the 
relation R is called an equivalence class determined by the element a and 

is denoted by C a . Thus, 

C a = {beA : (a, b)eR} 

For each aeA, the equivalence class C a is non-empty because, by the 
reflexive property of R, at least (a, a)eR and aeC„. The element a is 
called a representative element of C a . 

A collection {A„ : A„ c: A,a e /} of subsets of A is said 


A collection {A a : A ( 

to be the partition of A if 

(i) A a nAp =</> if cc*P 

(ii) IL/A*=* 


,A a = A 


h-2.14 Theorem: 


Each equivalence relation on a set A determines a 


partition of A. * onH 

yj f jffl l Suppose that R is an equivalence relation on A and 

q _ :ae A} the collection of equivalence classes of A determined by 


R. Then each C a is a subset of A, so 

uC a cA 



As R is reflexive, the pair (a, a)eR for all aeA. Hence every aeA is in an 
equivalence class namely the equivalence class determined by a. 

Thus aeuC a for all aeA Hence 

Ac: uC a 


From (1) and (2), we have 

* = uCa • r Let 

Further let C a , C b be distinct equivalence classes |n 

C a nC b * <J) and let xeC g nC b , then xeC a and xeC bl i.e. (a, x)e 

(b, x)eR. As R is symmetric, (x, b)eR and, by the transitivity o 

(a, b)sR. This shows that beC a . R , di 

Now let yeC b , then ( b, y)eR. Once again, by the transitivity o . 

b)eR, ( b,y)eR imply (a, y)eR. 

Thus ye C a . Hence C b <=C fl . oUf 

Similarly C a cC b . Hence C a = C b which is a contradiction 
assumption that C a and C b are distinct. So, C a r\C b =<fi- 
This shows that C = {C a : a e A} is a partition of A. 
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1-2.15 Example: 


Show that R = {(0, 0), (1,1), (2, 2), (3, 3), (0, 2), (1, 3), (2, 0), (3, 1)} is an 
equivalenc e relation in A = {0,1, 2, 3}. 

The reflexive property holds, i.e. (x, x) <= R for all x e A, since 
(0, 0), (1,1), (2, 2), (3, 3) g R. 

To show that R is symmetric, let us examine all pairs (x, y) where x t y. 
There are only four, namely 

(0,2), (1,3), (2,0), (3,1) 


Clearly if (x, y) is anyone of the four, so is (y, x). 

When x = y, (x, y) = (y, x). Thus (x, y) e R implies (y, x) e R. R is also 


transitive. Let (x, y)eR and (y, z) e R. Suppose x * y. Then (x, y) can be 
(0, 2), (1, 3), (2, 0) or (3, 1). If (x, y) = (0, 2), then (y, z) = (2, 0) or (2, 2) 
and (x, z) = (0, 0) or (0, 2) respectively. Hence (x, z) e R. 

Similarly if (x, y) = (1, 3), (2, 0) or (3, 1), it can be shown that (x, z)eR. 
When x = y, {y, z) e R means (x, z) e R. Therefore for any (x, y) e R and 


(y, z) e R, we have (x, z)eR and R is transitive. 


1-3 Functions 


In this section we shall give the definitions of functions aad their 
different types with suitable examples will also be discussed in details. 


Let X and Y be two non-empty sets. A rule f which 
assigns to each element x in X a single element y in Y is called a function. 
The element y which corresponds in this way to a given x is usually 
written f(x), and is called the image of x under the rule f, or the value of f 
at the element x. The element x is called the pre-image of f (x). 

Algebraists often write mappings on the right; other mathematicians 
write them on the left. In fact, we shall not be absolutely consistent in this 
ourselves; when we shall want to emphasise the functional nature of f we 

may very well write y = f(x) ■ 

The notion is supposed to be suggestive of the idea that the rule f 
takes the element x and does something to it to produce the element 
y = f(x) . The rule f is often called a mapping , or transformation, or 

operator, and is written as f :X —> Y . The sets X and V may be equal or 
may be different. 

The sets X and Y are called the domain and codomain respectively of 
the function f, and the set of all f(x)’s for all x*s in X is called its range. 


BkV-jinm.lllflT.il a function whose range consists of just one element is 
called a constant function. For example, the function f, defined as, 
f{x) = 2Vx e D f , whereD, is domain of f, is a constant function, because 

its range consists of a single element, i.e. 2. 
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CHcltliBttftUWBI A function f is called an extension of a function g jf th e 
domain of f contains the domain of g and f{x) = g{x) for each x in the 
domain of g. In this case the function g is called the restriction of f . F 0r 
example, if D f ={1,2,3,.../100} ,D g ={4,8,12,...,50} such that f(x) = x 2 and 

g(x) = x 2 , then f is an extension of g and g is the restriction of f. As a 

matter of usage, we generally prefer to reserve the term function for real 
or complex functions and to speak of mappings when dealing with 
functions whose values are not necessarily numbers. 


If the range, R f , of a mapping f :X-> Y is the set Y, 

then we call f a mapping of X onto Y. Such a mapping is also called the 
surjective mapping. 


igMiraililimr/H |f different elements in X have different images in Y 
under f :X -»Y, then f is called one-to-one mapping of X into Y. Such a 
mapping is also called the injective mapping. 


If a mapping f \X —> Y is both one-to-one and onto, we 

call f a one-to-one mapping of X onto Y. Such a mapping is also callecf 
the bijective mapping. 

A constant mapping is always an onto mapping, and the constant 
mapping with a single element in its domain is bijective. The biiective 
mappings are very useful in testing whether two sets have same number 


1-3.7 Definition: 


If f :X-+Y is a bijective mapping, then we can find a rule r' Y-+X 
which assigns to each element y in V a single element x in X This rule is 
said to be the inverse mapping, and the image x of y under the invtse 

mapping ,s written as r’(y) = x. which is obtained by solving the 
equation y = f(x) for x. y 


1 f. :X r >y is a bi i eclive mapping defined as 
y — — 2x, then find its inverse mapping. 

mm The inverse capping f-' y^X is defined as x = a v nr 
f-'(y) = x or f ~'(2x) = x. 27 


j gff l ^ii ll l i u atll The mappings f and g of X into Y are said ini,.. , •. 
f(x) = g(x) f or every x e X. ^ said to be equal if 


Scanned by CamScanner 











Chapter-!: Sets, Functions, andjinary Operations Binary Operations 11 


The composition 


1-3.10 Definition: 


, v w . \. _ . ■ 9 r product of two mappinas 

andg:y->2 is the mapping g .f :X->Z defined by means 
of g° f(x) = g(f(x))for every x s X. 


1-4 Binary Operations 


ln this section we shall discuss very important concepts which will be 
nexfchapters"'" 9 UnderStandin 9 lhe 9™P ‘heory appearing I the 


1-4.1 Definition: 


—,-— The bmar y operation in A is a rule which associates 

with every ordered pair (a, b), where a, b e A, a uniquely determined 

element of the set A. This element is denoted by a*b. We can also define 
the binary operation as follows. 

rapping * of XxX into X, where X is any non-empty set, is 
called a binary operation in X. Thus the mapping * : Xx X -> X is called 
the binary operation in X. The image of (x.y)eXxX is denoted by 
x* y g X. We write *(x,y) = x*y. 


1-4.2 Definition: 


---- If a binary operation * can be defined on a set A, then 

the set A is said to be closed under the binary operation *. This property 
of the set is called the closure property. 


1-4.3 Example: 


Since the addition and multiplication of two integers is 
also an integer, so the set of all integers is closed under ordinary addition 
and multiplication. 

Similarly, the set of natural numbers is also closed under addition and 
multiplication. 

Since the difference of two natural numbers may not be a natural 
number, so, the set of all naturals is not closed under subtraction. 


1-4.4 Definition: 


Let * be a binary operation* in a non-empty set X then 
an element eeX is said to be the identity element (with respect to *) of 
Xif e*x = x*e = xVxeX. 

For example, 0 is the identity element of the set of integers with 
respect to + (addition) and 1 is the identity element of set natural numbers 
with respect to multiplication. 


1-4.5 Definition: 


The inverse of an element xeX with respect to * is an 
element x'eX such that x*x' = e = x'*x, where e is the identity 
element of X. In fact, x and x' are inverses of each other. 

Thus the multiplicative and additive inverses of x are x -1 and - x 
respectively. 
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fa binary operation * is said to satisfy the associative 
law in X if x * (y * z) = (x*y)* z Vx,y,z e X. 


gpr, iPTTffnWni A binary operation * is said to satisfy the commutative 
law inXif x*y = y*x Vx,y e X. 

Addition and multiplication always satisfy the associative and 
multiplication laws. 


Show that the mapping *:{m,n)-+ m + n, where m,n &N is a binary 

operation in N. ...... 

Since for every m,n eN, m + n eN is a unique element of N, 

so, * is a binary operation in N. 


Iexercise 1 

iMultipleChoice Questions (MCQs] 


Four options are given in each of the following questions, th§ 
choice which you think is correct; fill the circle in front of that 
choice. Use marker or pen to fill the circles. Cutting or filling 
two or more circles is not allowed: 


A-B = 

(a) {x e A: x £ B) 

(c) {x-.xgA andxe B) 

(AkjB) c = 

(a) A c uB c 
(c) AkjB 


(b) {x e B : x e A) 

(d) {x: x e A or x e B} 

® © © @ 


(b) A c nB c 
(d) AnB 


® © @ 


If R = {(1, a), (2, b), (3, a)}, then 

(a) FT' = {(a, 1), (b, 2)} (b) FT 1 = {(1,1), (2, 2), (3, 3)} 

(c) FT' = {(b, 2), (a, 3)} (d) FT' = {(a, 1), (t>, 2), (a, 3)} 

© ® © @ 

If a ~ b and b~ c=> a~ c, then ~ is 

(a) reflexive (b) symmetric 

(c) transitive . (d) none of these _ 

© ® © @ 

A function whose range consists of just one element is called 

(a) one-one function (b) identity function 

(c) bijective function (d) constant function _ ^ 

© ® © @ 
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(Vi) 

Which of the following is not 
(a)+ (b) x 

(vii) 

Ar\U = 

(a) U 

(C)0 


(Viii) 

A u 0 = 

(a) U 
(c)0 


(ix) 

A u U = 

(a) U 
(c)0 


(X) 

,400 = 

(a) U 
(c) 0 

/* 

(xi) 

For a binary operation * in 
element with respect to * is 


binary operation on A/? 


(c) + 

(d) none of these 


® ® 

© ® 

(b )A 
- (d) >4 C 

® ® 

© © 

(bM 



(d)/\ c 

® ® 

© © 

(d)/\ c 

® ® 

© © - 

(b) A 
(d )A C 

@ ® 

© © 

defined as 

a * b = 9 ab, the identity 


(xli) 


(a) l (b) i 

For a binary operation 

, 1 • 
of - is 
3 


1 


.(c) — 
27 


(d) — 

81 

® ® © © 

* in Q defined as a * b = 9ab, the inverse 


11 1 i 

(a) - (b) - (c) — (<j) — 

7 3 w 9 w 27 ^ 81 

® ® © © 

(xiii) For a binary operation * in Q defined as a * b = -ab , the inverse 
of 36 is 

{a) i << < w 1 

® .® © © 

(xiv) For a binary operation * in Q defined as a*b= Jxdx, the 

o 

identity element with respect to * is 

(a)-2 (b)0 (c) 1 (d) 2 

© ® © © 


* 
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(xv) If a binary operation * in Q is defined as a* b= Jxdx, then the 


5 

inverse of - with respent to * is 
9 


(3) f 


(b) T 

D 


(c) ^ (d) 36 

<D ® © @ 


V ou 

(xvi) If a binary operation * in Q is defined as a* b = J xdx, then the 


inverse of with respect to * is 


, \ 9 

(a) 5 


(b) — 
36 


(0® 

9 


(d) 9 

) ® © © 


(xvii) If a binary operation * in Q is defined as a* b = 


3 a 1 
0 b 


, then the 


identity element with respect to * is 
(a)-2 (b) -1 (c) 0 


(d) - 
3 


(xviii) For a binary operation * in Q defined as a* b = 


® © @ 

13a 1| .. 


0 b 


, the 


. , 1 . 
inverse of — is 
18 

(a)-2 (b)-1 


(c) 0 


(xix) For a binary operation * in Q defined as a*b = 


<d)i 

3 

© ® © © 

. 13a 11 .. 


0 b\ 


, the 


inverse of 2 is 
(a)-2 


<b)i 

2 


(c) 0 


(d) i8 


© ® © © 

(xx) If * is a binary operation in A then 

(a) A is closed under * (b) A is not closed under ♦ 

(c) A is closed under + (d) A is closed under - 

© ® © © 
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Q.2 Solve / answer the following short questions: 

(i) If A c B and 8cC, then show that AcC, 

(ii) Show that A c B if and only if A n 8 = A . 

(iii) If A^B, then showthat (B-A)kjA = B. 


(iv) 

Let A and B be sets. Show that {A fl B) c a. 

(V) 

Let A and B be sets. Show that A c (A u B). 

(Vi) 

Let A and B be sets. Show that A fl {B - A) = 0. 

(vii) 

Which 

i of the following are binary operations in A/? 


(a) 

*: (m,n) —> m-n, where m,n e N * 


(b) 

m + n, where m,n eN 


(c) 

*: {m,n) -> mn, where m,n eN 


(d) 

*: ( m,n) -+m, where m,n e N 


(e) 

*: ( m,n ) —» m + n + m 2 , where m,n e N 


(f) 

*\{m,n)-+ m + n-m 2 , where m,neN 


(g) 

* .{m,n)-> —where m,n<=N 


(h) 

, . m + n 

*. ( m,n) -> - , where m,n e N 

(viii) 

Which 

of the following binary operations are commutative? 


(a) 

mo n - m + n + mn, where m,neN 


(b) 

m°n = m + n — mn, where m,n e N 


(c) 

m°n = m-n + mn, where m,n eN 

f 

(d) 

aob = -- ——where a,beQ 


(e) 

: 

a + b-ab 

aob = --- , where a,beQ 



3 


(f> 

’ a-b + ab 

aob = ---, where a,beQ 

4 

/ 

(g) 

a o b = where a,beQ 

O 
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(ix) 


Q.3 

(i) 

(ii) 

(Hi) 

(iv) 

(v) 


(vi) 

(vii) 


(viii) 


(ix) 


W 


(xi) 


(h) a »b = ?—^,where a,b<=Q 

Let o be the binary operation in R 2 defined by 
{x,y)o{x',y') = (xx'-yy^yx 1 + xy') for all (x,y), (x'.y')eft 2 . 

Show that © is commutative binary operation. 

Solve / answer the following short questions: 

Define the binary operation in a set A. 

Define a binary operation * in Q as a * b = 9 ab. Show that the 
commutative law holds in Q with respect to *. 

Define a binary operation * in Q as a * b = 9ab. Show that the 
associative law holds in Q with respect to *. 


Define a binary operation * in Q as a * b = 9 ab . Show that ^ is 
the identity element with respect to *. 

1 

Define a binary operation * in Q as a * b = 9 ab. Show that — is 


1 

the inverse of - with respect to *. 
3 


Define a binary operation * in Q as a * b = 9 ab . Find the inverse 
of 27 with respect to *. 


Define a binary operation * in Q as a*b = ±ab. Find the inverse 
of 36 with respect to *. 


Jab 

Define a binary operation * in Qas a * b = j xdx. Find the 

o 


identity element with respect to *. 

Define a binary operation * in Q as a * b = 



the inverse of - with respect to * 
9 


Find the Find 


Define a binary operation * in Q as a * b = 

identity element with respect to *. 

Define a binary operation * in Q as a*b = 


3 a 
0 

3a 

0 


1 

b 

1 

b 


. Find the 


■ Find the 


1 

inverse of — with respect to *. 
18 


Scanned by CamScanner 





1. uttoi i uiiuiiuna, emu pmary Operations 


_ Summa ry 17 



Q.4 Show that A-B = AnB c . 

9 

Q.5 Let A and B be subsets of a universal set U. Show that A c B if 
and only if B c g /\ c . 

Q.6 Prove that (Au(Bn C)) c = (C°uB*)nA c . 

Q.7 Provethat An(8uC) = (/lnB)u(/lnC). 



> The collection of well defined objects is called a set. The well 
defined objects of this collection are said to be the elements or 
points of the set. 

> A set can be expressed by descriptive statement and this way of 
expressing a set is called the descriptive method. 


> 

> 

> 

> 

> 

> 

> 

» 


If we list the elements of the set by writina them within braces, 
then this method of writing a set is said io be tne tabular method. 
For example, the set of first ten positive even integers is written as 

{2,4, 6, 8, 10}. 

t 

If we describe a set by stating a characteristic property which 
identifies all the elements of the set then this method is said to be 

set builder method. For example, 

A = { X: x j s an integer between 10 and 20} 

B = {x : x is a BS student of GCS during 2014} 


A set which contains no elements is called an empty set or 
vacuous set or null set. It is denoted by <|>. 


set A is said to the subset of a set B if every element of A is 
so an element of B. 

A i S a subset of 8 and 8 has at least one element which is not in 
then A is called the proper subset of 8. 

>t in A, then A is not equal to 8 and we write A*B. 
he difference A- 8 of two sets 4 and 8 is defined to be set of 
lose elements of A which are not in 8. 

. „ m je said to be the complement 

8c A then A - B = {x e A . x e B) , ement 0 f a set A in 

c B in A. This definition shows that the c P 
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A is an empty set. The complement of a set A is usually denoted 
by A c . 


> The union of two sets A and B is a set whose elements are 
elements of A or of B. 

The intersection of two sets A and B, denoted Ar>B, is a set 
whose elements are in both A and B. 

> Two sets A and B are said to be disjoint if they have no common 
points. 

> Given a set /, if for each ae I , there is a set A a , then { A a : ae /} is 

called an indexed family of sets and the set / is called the indexing 
set. 

> If all the under consideration sets are assumed to be the subsets 
of a single fixed set then this fixed set is said to be universal set. 

> Let A and B be two nonempty sets, then the set consisting of all 
ordered pairs (a, b), where aeA and beB, is called the Cartesian 
product of A and B and is denoted by Ax B. 

^ A subset ft of A x B is called a binary relation or simply a relation 
from A to B. 


^ A relation R from A to B is said to be empty or nullary if R = <b and 
full if R = A x B. 


> 

> 

> 

> 


If ft is a relation in A, then the complement of relation ft is denoted 
by R° and is defined as ft" = (A x A) - ft. Thus (a, b) e ft" if and 
only if (a, b) * ft. ' 


A binary relation / is called the identity relation on A if 

1= {(a, a): aeA} 

The inverse of a binary relation ft is a binary relation 

= {(*>, a): (a, b)<=R} 

3 Se * A ’ s sa '^ *° * 3e ^e reflexive relation if ft 
contains the identity relation /. 


> 


k r ± t,0 " R ° n3 Set A is symmetric if and only if R = R~\ Thus ft 
a ^ metnc re,atlon °n A if and only if (a, b) eft => (b ,a)eft for all 


^ J h V^ ti0n ^ °n A is said to be a transitive relation if 
(a, b)eR, (0, c)eft => ( a , c)eft for all a, b, ceA. 

^ Relation ft on A is said to be anti-symmetric relation if ft ^ ft -1 = /. 
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> A relation R on a set A is called an equivalence relation if and only 
if R is reflexive, symmetric, and transitive. 

> The identity relation and the full relation on a set A are 
equivalence relations. 

> If R is an equivalence relation on A, then the set of those elements 
of A which are related to a fixed element a of A under the relation 
R is called an equivalence class determined by the element a and 
is denoted by C s . Thus, C a = {beA : (a, b)eR}. 

> A collection {A a : A a <^A,a e /} of subsets of A is said to be the 
partition of A if A a n A p = <f> for a *J3 and U ae / K= A - 


> Each equivalence relation on a set A determines a partition of A. 

> Let X and Y be two non-empty sets. A rule f which assigns to each 
element x in X a single element y in Y is called a function. The 
element y which corresponds in this way to a given x is usually 
written f(x), and is called the image of x under the rule f, or the 
value of f at the element x. The element x is called the pre-image 
of f (x). 


> A function f is called an extension of a function g if the domain of f 
contains the domain of g and f(x) = g{x) for each x in the domain 
of g. In this case the function g is called the restriction of f. 

> A function whose range consists of just one element is called a 
constant function. 


> 


> 


> 


> 


If the range, R„ of a mapping f :X^>Y is the set Y, then we call f 
a mapping of X onto Y. Such a mapping is also called the 
surjective mapping. 

If different elements in X have different images in Y under 
f ■)( —>Y / then f is called one-to-one mapping of X into Y. Such a 

mapping is also called the injective mapping. 

If a mapping f :X-+Y is both one-to-one and onto, we call f a 
one-to-one mapping of X onto Y. Such a mapping is also called 


ie bijective mapping. 

' f :X->Y is a bijective mapping, then we can find a rule 

- 1 :Y -> X which assigns to each element y in Y a smg'e 
in X. This rule is said to be the inverse mapping, an 
■ of y under the inverse mapping is written as f (y) 
obtained by solving the equation y = f(*) f° r x - 
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> The mappings f and g of X into Y are said to be equal 

f(x ) = g(x) for every xeX. If 

> Any mapping * of XxX into X, where X is any nonempty set 

called a binary operation in X. y ei> '$ 


> If a binary operation * can be defined on a set A, then the set A • 

said to be closed under the binary operation *. This propert S 
the set is called the closure property. ^ ^ of 

> Let * be a binary operation in a nonempty set X then an element 

e e X is said to be the identity element (with respect to *) 0 f y i 
e*x = x*e = xVxeX. " 


The mverse o f an e| em e nl x<=X with respect to * is an element 
element of X *f,*'*—*'*• where e is the identity 


” r”*" a “ re '■»" *• 

" X* **“ 10 •» »-■- law in x. 



***** 
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The study of groups arose early in the nineteenth century. Originally a 
group was a set of permutations with the property that the combination of 
any two permutations again belongs to the set. Subsequently this 
definition was generalised to the concept of an abstract group, which was 
defined to be a set, not necessarily of permutations, together with a 
method of combining its elements that is subject to a few simple laws. 

Group theory plays an important part in present day mathematics and 
science. Groups appear in quantum mechanics, geometry, topology, 
physics, chemistry and even in biology.. 

Although groups arose in connection with other disciplines, the study 
of groups is in itself exciting. Currently there is a vigorous research in the 
subject, and it attracts the energies and imagination of a great many 
mathematicians. 

In this chapter we shall first give some definitions and then we shall 
give several examples of groups. The concepts of orders of elements of 
groups are discussed in the second section of this chapter. Cyclic groups 
and Lagrange’s theorem are also discussed at the end. 


12-1 Definition. Examples and Formation of Groups] 


In this section we shall define a group and we shall also give several 
examples of groups. Some basic concepts concerning to groups are also 
discussed in details. Keeping in mind the difficulties of students to 
understand the subject, the examples are solved in details. 


Let G be a nonempty set. The ordered pair (G,*) is said 
to be a group if it satisfies the following axioms: 
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G!): a * b e G V a, 6 e G (closure property) 

G 2 ): a + {b*c) = (a*b)*c Va,b,c e G (associative law) 

G 3 ): For each aeG, there exists an element eeG, known as the 

identity element, such that 

a*e = e* a = a 
This is called the identity law. 

G 4 ): For each aeG, there exists an element a' e G, known as the 
inverse qf a, such that * 

a*a' = a'*a = e 

This law is called the inverse law. 

The first axiom of group shows that * is a binary operation in G. 


2-1.2 Definition: 


If the commutative law holds in a group, then such a 
group is called an abelian group or commutative group. Thus the group 
(G,*) is said to be an abelian group or commutative group if 

a*b = b*a Va,beG 

A group which is not abelian is called a non-abelian grpbp. The group 
(G,+) is called the group under addition while the group -(&,.) is known as 
group under multiplication. 


[2-1.3 Example: 


addition. 


Solution: 


Show that the set of integers is an abelian group under 


G 2 ): 


G 3 ): 


G 4 ): 


G 1 ): Since the sum of two integers is also an integer, therefore 
m + neZ Vm,neZ 

G 2 ): Associative law under addition holds in integers, so 
I + (m + n) = (I + m)+ n Vl,m,n <= Z 
G 3 ): Additive identity, 0, is also an integer, so there exists 
0 e Z such that n+ 0 = n = 0 + n \/n e Z 
G 4 ): The additive inverse of each integer is also an integer, so 
-neZ VneZ such that n + (-n) = 0 = -n + n 
05 ) : 7Tle c °mmutativ e law under addition holds in integers, so 
m + n = n + m Vm,n e Z 
Hence (Z,+) is an abelian group. 

1 ^Lmd^add ition* ^ ^ Set ° f real numbers is an abelian group 

■ ^* nce the sum of two real numbers is also a real number, 
therefore, x + yeR Vx.ye R . 

G 2 ): Associative law under addition holds in realnurrtoers, so 
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x + (y + z) = (x + y) + z Vx,y,zeR 
G 3 ): Additive identity, 0, is also a real number, so there exists 
0 e R such that x + 0 = x = 0 + x VxeR 
G 4 ): The additive inverse of each real number is also a real number, so 
-xeR VxeR such that x + (-x) = 0 = -x + x 
G 5 ): The commutative law under addition holds in real numbers, so 
%. x + y = y + x Vx,y e R 

Hence (R,+) is an abelian group. 


2-1.5 Example: 


Show that the set of rational numbers is an abelian group 

under add ition. 

kful&uyiH Gf),: Since the sum of two rational numbers is also a rational 
number, therefore, x + yeQ Vx,y eQ. 

G 2 ): Associative (aw under addition holds in rational numbers, so 
x + (y + z) = (x + y) + z Vx,y,z e 0 
Additive identity, 0, is also a rational number, so there exists 
0 e G such that x + 0 = x = 0 + x VxeQ 
Additive inverse of each rational number is also a rational number, so 
-x e Q Vx e Q such that x + (-x) = 0 = -x + x 
The commutative law under addition holctein rational numbers, so 
x + y = y + x . V x,y e Q- — 

Hence (Q, +) is an abelian group. 


G 3 ): 

S 4 ): 

G 5 ): 


2-1.6 Example: 


Show that the set of complex^, numbers is an abelian 
group under addition. 


PU, 2014 (BS Math) 


Solution: 


G ,): Since the sum of two complex numbers is also a complex 
number, therefore, z,+z 2 eC Vz 1 ,z 2 e C. 

G 2 ): Associative law under addition holds in complex numbers, so 
Zi +(z 2 +z 3 ) = (z 1 +z 2 ) + z 3 Vz v z 2 f z 3 eC 
G 3 ): Additive identity, 0, is also a complex number, so numbers, so 
0 e C such that z + 0 = z = 0 + zVzeC 
G 4 ): Additive inverse of each ccyriplex number is also a complex 
number,so -zeC VzeC such that z + (-z) = 0 = -z + z 
G 5 ): The commutative law under addition holds in complex numbers, so 
Zi+Z 2 =z 2 +Zi Vz 1 ( z 2 eC 
Hence (C,+) is an abelian group. 
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Show that the set of even integers is an abelian group 

under addition. 

G 1 ): Since the sum of two even integers is also an even 
integer, so m + n <=E Vm,n e E. 

G 2 ): Associative law under addition holds in even integers, so 
/ + (m + n) = (/ + m) + n Vl,m,neE 
G 3 ): Additive identity, 0, is also an even integer, so there exists 
0 g E such that n + 0 = n = 0 + n VneE 
G 4 ): The additive inverse of each even integer is also an even integer, so 
> —n e£ V/ieE such that n + (— n) — 0 = —n + n 
G 5 ): The corrmutativ e law under addition holds in even integers, so 
m + n = n + m \fm,n e E 
Hence (£,+) is an abelian group. 


Show that the set of non-zero real numbers is an abelian 
group und er multiplication. 

Since the product of two non-zero real numbers is also a 
nonzero real number, so 
GJ: xy e R-{0) Vx,y e R-{0} 

G 2 ): Associative law under multiplica tion holds in nonzero real numbers, 
so x(yz) = (xy)z Vx,y,z e R - {0} 

G 3 ): Multiplica tive identity, 1, is also a nonzero real number, so there 
exists 1 e Rsuchthat x.1 = x = 1.x Vx e R-{ 0} 

G 4 ): The multiplica tive inverse of each non - zero real number is also a 
nonzero real number, so 

-eR-{ 0} V x e R - {0} such that xf— 1 = 1 = f— lx 
x UJ \XJ 

G s ): The corrmutativ e law under multiplica tion holds in nonzero real 

numbers, so xy = yx V x,y e R - {0} 

Hence (R - {0},.) is an abelian group. 



Show that G = {\co, co 2 }, vrtiere cd is the cube root of 


mmjM an abelian grou P under multiplication. 

bJ 3 rllFTi B VVe write the elements of G along a row and along a column as 
shown in the table below indicating the binary operation in the top 1®^ 
corner. The column headed by a y in the upper row is called the yth 


column and the row with a t in the left column is referred to as the /th ro^ 1 
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The empty places are then filled in by writing the product of an element a, 
in the /th row with the element a y in the yth column in the ij position. Filling 
all the nine places in this way we have the required table. 


• 

1 

CO 


1 

1 

CO 

« 2 

CO 

00 

CO 2 

1 

CO 2 

CD 2 

l 

1 

CO 


Since co is a cube 
root of unity, so 
6> 3 =1 


All the five axioms of the abelian group are obviously satisfied, 
therefore G is an abelian group under multiplication. 


2-1.9 Example: 


Show that the set C 4 = {±1,±/} of all the fourth roots of 
unity Is a group under the usual multiplication. , ' ■ , . 

The product table of elements of C 4 is given by 


• 

1 

-1 

/■ 

-/ 

1 

1 

-1 

/ 

-/■ 

-1 

-1 

1 

-/■ 

/ 

/ 

/ 

- / 

-1 

1 

-/■ 

- / 

/ 

1 

-1 


All the five axioms of the abelian group are obviously satisfied, 
therefore C 4 is an abelian group under multiplication. 

k&HLilsfWnfflBl Show that the set G of all non-singular matrices of order 
2 is a non-abelian group under matrix multiplication. 

EffUnTiffB GJ: Since the product of two non-singular matrices of order 

two is also a non-singular matrix of order two, so 

ABeG VASeG 

G 2 ) : The associative law under multiplication holds in matrices, so 

A(BC) = (AB)C VA,B,CeG 

G 3 ): Since identity matrix of order two is also a non-singular matrix, so it 
will be in G. Thus 

, I" 1 °1 r 

L = e G 

2 |0 1 J 

such that Al 2 = A = l 2 A VA e G. 

G 4 ): Since the inverse of a non-singular matrix of order two is also a 

matrix border two, so it will be in G, i.e. 

^ y - 1 G GVA e G suchthat AA 1 =1 = A M 
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Hence G, the set of all non-singular matrices of order two, is a g roup 
/ under matrix multiplication. » 

In general, matrices do not satisfy the commutative law under 
multiplication, G is not an abelian group. 

kAMBJfT.'iI.ra Show that the set of all those complex numbers whose 
module ar e 1 is group under multiplication. 

Let G = {z :z e C,|z| = 1}. 

G ,): Let z 1f z 2 e G,then |z,| = 1 and |z 2 | = 1. 

Now \z,z 2 \ = |z 1 ||z 2 1 = 1 => z^ 2 e G. 

G 2 ): Associative law holds in complex numbers. 

G 3 ): 1eGsuchthat1.z = z.1 = z VzeG. 

G 4 ): Let z e G, then |z| = 1. Now z' 1 = - = ^ = 1. 

z \A 

Hence z _1 eGVzeG. 

This showsthat (G,.) is a group. 

Show that the set of all irrational numbers is not a group 
under mul tiplication. 

Since the product of two irrational numbers is a rational - ^ 
number, so the set of irrational numbers is not closed under multiplication. 
Hence the set of irrational numbers is not a group under multiplication. 


|2-1.13 Example: 


Show that the set of matrices 


. 1 °L T 1 ol 

/= 0 1.^-0 -1 ,s = 


forms^group under matrix multiplication. 
WOSsSi Let G = ^ A B,C }, then 

G^: ao n 0T-1 Ol f- 


-1 0 

0 1 


i.c = 


AB = 


0 -1 


-1 Oil 


-1 0 T -1 


ba= 1 °T 1 °i r-i oi 

.0 lj_0 -ij [o -lJ _C 

ec= -1 °T _1 0] ri o] 

.o 1± o -ij [o -1 ~ A 

cs=M T 1 0 -T 1 °1 * 

.0 -iJL 0 lJ-[o _ij"* 
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and Formation of nrn,,n. 


AC J r ' oT-i oir-i 
0 -iJL o -ij [ 0 


CA = 


A 2 = 


B 2 = 


-1 OTI O' 

. 0 -ijo -1 
1 oil O' 

o -iJ[o -1 

-1 Oj-1 Ol 
0 10 1 


-1 0 


0 1 


0 1 


1 0 


c 2 = _1 °T“ i °ir i oi 

L 0 -1. o -1 “ 0 1 =/ 

Jhls sh ° ws that G is closed under matrix multiplication. 

G 2 ). Associative law under multiplication holds in matrices, so it will 
also hold in G. 

G 3 ): Al =IA = A,BI =IB = B,CI = IC = C 


G 4 ): 


A 2 = I 


B 2 =1 
=> S " 1 = B, 


C 2 =1 


Hence G is a group under matrix multiplication. 


u-1^^Example 
Solution 


, ^ ow that G = {2 k :k sZ} is a group under multiplication. 
G 1 ): Let x,y e G, then x = 2\y = 2 1 ,k,l e 2. 

Now xy = 2 k 2' = 2 k+l e G v/c + /eZ 
G 2 ): Let x,y,z e Z, then x = 2\y = 2 , .z = 2 m ,k,l,m e Z 
=>x(yz) = 2' f (2 / 2 m ) 

_ ^l+m j _ 2^k+l+m 

= {2 k 2')2 m ={xy)z 
G 3 ): 1 = 2° e G 

GJ: 2~ k eG V2 k eG (v k e Z => -/c e Z) 

Hence G is a group under multiplication. 


Eg " l *l"rir ||,|| ' iirai Show that 

G = {a + bj2 :a,beQ, either a * 0 or h * 0 } 
under multiplication. 

G 1 ): Let x,y e G, then x = a + bj2,y = c + dJ2 
=>xy = (a + b^)(c + dy[2) = [(ac + 2bd) + (bc+ady/2]eG 
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G 2 ): y x(yz) = (xy)z Vx,y ,z e G 

G,): 1 = (l + 0V2)eG . 

<1 a - bJ2 __ a ^2 

G <> : = 77bj2 = (T^/2)(a-<*/2) a 2 -2b 2 

= [a(a 2 -2b 2 )-'+b(2b 2 -a 2 r'^J eG 


JKMfflfll Show that 

e = {a + fcVIs : a, b e C , either a * 0 or b * 0} 

/s a group under multiplication. — 

> G.,):x,y eG => x = a + bV-5,y = c + dv-5 

=> xy = (a + bV-5)(c + cfV-5) 

= [(ac + 5£)d) + (fac +ad)V-5^e G 

... g 2 ): x(yz) = (xy)zVx,y,zeG ' " : 

G 3 ): 1 = (l + 0yP-s)e G 

i i _ , a-byf ^5 

G ^' * ~ a + byPH {a + bj^5){a-bj^5) 

_ a-b^F 5 f_a_ + ^—7^5 e G 

a 2 -25b 2 La 2 -5b 2 a 2 -5b 2 
This shows that G is a group under multiplication. 

Show that the set G = {0/ + yy: y e R} of vectors in a 
plane is an abelian group under vector addition. 

G^: a,beG 

=> a = 0/ +yj,b = 0/ + y 2 y‘,y 1 ,y 2 eR 

=> a + 5 = [o/ + (y, + y 2 )j] e G v (y, + y 2 )eR 
G 2 ): Associative law holds in vector addition. 

G 3 ): 0 = (0/+0y)€G 
G 4 ): •-a = (0i -y])eGVa eG 

G s ): a + b = b + a Va,beG 

Hence G is an abelian group under vector addition. 


2-1.17 Example: 


2-1.18 Example: 


Show that the set G - {x/ + Oy: y e R} of vectors in a plane is an 
group under vector addition. 


a beli af] 
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Chapter-2: Groups 


Solution: 


G i): 


and Formation of Groups. 


G 2 ) 

g 3 ) 

g 4 ) 

G 5 ): 


a,b e G 

=> a = V + Oy'.b = x 2 i + oy,^, x 2 g R “ 

=>a + fe = [(x 1 + x 2 )/ +0y]e G v (x 1 + x 2 )gR 
Associative law holds in vector addition. 

0 = (0/+0y)eG 

-a = {-xi + Oy') g GVa e G 

a + b = b + a Va.fi g G . 

Hence G is an abelian group under vector addition. 


2-1.19 Example: 


Solution: 


Show that the set G = {xi + yj: x,y g R} of vectors in a 
plane is an abelian group under vector addition. 


G-i): 


a, b g G 

£ 

a = x^i + yj,b = x 2 i +y 2 y,x 1 ,x 2l y 1I y 2ft g R 
^ ~ [(*i + *2 y + (yi + y 2 )./]<= G 


a + 


G 2 ) 

g 3 ) 

G 4) 

G s) 


V(Xt + x 2 ),(y 1 +y 2 )G R 
Associative law holds in vector addition. 

o = (o/ + oy) g g 

-a = —(x/ + y]) = (-x/ - yj) g G Va g G 
a + B = b + a Va,b e G 

Hence G is an abelian group under vector addition. 


2-1.20 Example: 


__ Show that the set of all non-singular upper triangular 

matrices of order two forms a non-abelian group under matrix 
Multiplication. 


! 

[a b 


10 c_ 

:a,b,c g R,a * 0,c * 0 ► 


Let G = l 


y.*- _i 

u Pper triangular matrices of order two. 


be the set of all non-singular 


G i ). Let A,B g G, then A = 


a b 
0 c 


,B = 


x y 
0 z 


AB = 

i 

i— 

-Q 

(0 

i_ 


ax ay + bz 

* 

i 

N 

O 

O 

o 

_1 


—i 

N 

O 

O 

_ i 


,a*0,c*0,x*0 p z*0 


g G 


G\.A . L. -II— J L J 

2 )' Associate law under multiplies tion holds in matrices. 
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G,):/ = 


: '1o 1 


G 4 ): Since the inverse of an upper triangular matrix is also an upp er 
triangular matrix, so the inverse of each element of G is in G. 

G 5 ): in general, commutative law under multiplication does not hold in 
matrices, so G is non-abelian group under matrix multiplication. 

Show that the set of all non-singular lower triangular 
matrices of order two forms a non-abelian group under matrix 
multiplication. 


Let G =« 3 ° : a,b,c e R,a * 0,c * 0 ► be the set of all non-singular lower 
|| _b cj 

triangular matrices of order two. 

G,) : Let A,B e G, then 

A= 9 °,B= X ° , a*0,c*0,x*0,z*0 
b cj y z_ 

[a Olx Ol f ax Ol 

AB = = , 6 G 

b cj|_y zj lbx+cy cz 

G 2 ): Associative law under multiplica tion holds in matrices. 

"1 Ol 

g 3 ): /=[ 0 

G 4 ): Since the inverse of a lower triangular matrix is also a lower 

triangular matrix, so the inverse of each element of G is in G. 

G 5 ): In general, commutative law under multiplication does not hold in 

matrices, so G is non-abelian group under matrix multiplication, 


2-1.22 Example: 


Show that the set G = \ X X :xeR-{0>l of matrices of order W° 

U° oj w j 

formsar^belian group under matrix multiplication. 

Gi): Let A,B e G, then 


solution: 


a x x r, y y 

A = ,6= / / x*0 v*0 

0 0’ 00 1 ,y - 


AB= X X P *y e G 

L° oJLo oj [o o. 

G 2 ): Associative law under rrultiplica tion holds in matrices. 
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G 3 ): 


1 1 
0 0 


e G such that 


x x 1 1 
0 0 0 0 


1 iTx x 
0 0 0 0 


x x 
0 0 


G 4 ): 


G s ): 


V* 1/xl fx xl 

.0 oJ eG |o oJ eGsuchthat 

V* VxTx xl = fl 11 fx xJVx 1/xl 

.0 o J[o oj [o oj [o oJ[ 0 0 

x x Jy y )J x y x y]Jyx yxify yix x - 
_0 0 j |_0 oj |_ 0 oj 0 0 _ _ 0 0 J [0 0 

This shows that G is an abelian group under matrix multiplication. 


2-1.23 Example:! 


x 0 


Show that the set G - - q q : x e R - {0} ► of matrices of order two forms 

anafre/jan group under matrix multiplication. 

G 1 ): Let A,B e G, then 

, fx 01 \y O' 

Mo oMo o]” a ^° 

abJ x op Oljxy 01 

0 0j|_0 OJ L 0 0 

G 2 ): Associative law under multiplica tion holds in rratrices. 


g 3 ): 


1 0 
0 0 


G such that 



This shows that G is an abelian group under matrix multiplication. 
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Show that the set 

G = \\ a b :a,b,c,deR,ad-bc* 0 

c d 


of matrices of order two forms a non-abelian group under 

multiplica tion. 

G^Let ASeG.then 

A = \ a b b= W X ,ad-bc*0,wz-xy**0 
[c dj [y z - 

/ [a bjw x]jaw + by ax + bzl 


Matrix 


^ AB= [c d]_y z\~[cw + dy cx + dz 
Now (aw + by){cx + dz) - {ax + bz){cw + dy) 

= {ad -bc){wz - xy) v 

* 0 v ad -be* 0 and wz - xy* 0 
AB e G V A,B e G 

G 2 ): Associative law under multiplica tion holds in matrices. 

.. n oi .... 


G 3) : 


0 . 1 


gG such that 


a faT 1 0 a b 10 a b 

c dj_0 led 0 1 c d 

\a b 

G 4 ): LetA = e G, then ad - be* 0 

c d 

d -b 

Now A -1 = — be ad — be 

- c a 

_ad-bc ad-be. 

( d Y a W _h V 


' lad - bcjlad^bcj ~(*7^J = ad ~ 6c * 0 

.• -4-'eG V/UG 

InmmMt°=.wl at Giaa grou P under matrix multiplication. In general, the 

non ahaiian n 3W undar multiplication does not hold in matrices, so 6 is 
non-abelian group under matrix multiplication. 


2-1.25 Example:! 


Show that the set G = J a b . k lx trims of 

j c ^ a ’b,c,d ^ R, ad - bc = '\\ of matnea 

dertwo forms a non-abelian group under matrix multiplication . 
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Chapter-2: Groups 


Solution: 


D efinitio ns, Examples and Formation of Groups 33 


A = 

AB = 


, ad -bc = \ wz - xy = 1 

aw + by ax + bz 
cw + dy cx + dz 


G,): Let AJB e G, then 

a ^1 o k x 
. ’ “ •= 

c d J [y z 
a bTw x' 

L c d\[y z_ 

Now (aw + by)(cx + dz) - (ax + bz)(cw + dy) 

= (ad -bc)(wz - xy) 

= 1 ad - be = land wz - xy = 1 

=> AB <=G\/A,B eG 

G 2 ) ■ Associative law under multiplica tion holds in matrices. 
’1 0 ' 


G 3 ): 


0 1 
a 


G 4 ): Let A = 


eG such that 

1 
0 

a b 


O' 


a 


1 0 a b 

1 


c d 


0 1 c d 


c d 

Now A -1 = 


eG, then ad - be = 1 
d - ib 


ad-be ad - be 
-c a 


d -b 
-c a 


G G 


.ad-be ad-be. 

=> A -1 gGVAgG 

This shows that G is a group under matrix multiplication. In general, the 
commutative law under multiplication does not hold in matrices, so G is 
non-abelian group under matrix multiplication. 


2-1.26 Example: 


Show that the set 
a b 
-b a 


G = 


: a,b g R,a 2 +b 2 * 0 


of matrices of order two forms an abelian group under matrix 
Multiplication. 

G 1 ): Let A,B e G, then 


A = 


AB = 


a b 
-b a 


,B = 


c d 
-d c 


, a 2 +b 2 =1,c 2 +d 2 =1 


abed 
-b a -d c 



ac-bd 

ad + bc 


-(ad + be) 

ac-bd 


Now ( ac - bd) 2 + (ad + be) 2 = (a 2 + b 2 )(c 2 + d 2 ) = 1 
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=> AB g G V A,B e G 

G 2 ): Associative law under multiplica tion holds in matrices. 


G 3 ): 


‘1 0 
0 1 

_ 


G such that 


[a bll 0 ]\a bl[1 Ola b 

-b aj[0 ij l-b aj L° lj_- b a 

G 4 ): Let A = a . ^ e G, then a 2 +b 2 =*\ 

4 L-b a 


-i_ a 2 + t> 2 a 2 +£> 2 = 


a -6 


Now A = - = Lb a J 

_a 2 +b 2 a 2 +b 2 J 

A -1 g GVA g G 

r a bT c d’ ac-bd bc+ad 

G 5 ) : A8= _ b a J[_cy c " -(bc + ad) ac-bd 

' c dir a b] T ac-bd bc+ad 

BA = = 

_d cj[-b aj [-(bc+ad) ac-bd 

=> AB = BA VA,S e G 

This shows that G is an abelian group under matrix multiplication. 


12-1.27 Example: 


Show that the set 

La 0 1 

G = 4 , : a g R,a ^ 0 

0 a" 1 


of matrices of order two forms an abelian group under matrix 
multiplica tion. 

G,): Let ABeG, then 


A a 0 b 0 

A= 0 a-’ ' e= 0 b-' • a *°' b *° 


0 (aby 


_ > Ag = a 0 0 _ ab 0 ' Jab C 

|_0 a _1 J[_0 b _1 J _ L 0 a' 1 b" 1 J = L 0 (ab 
•/ a * 0,b * 0.*. ab*0 
=> AS g G VA.B g G 

G 2 ): Associative law under multiplica tion holds in matrices. 


G 3 ): 


"1 0" 
0 1 


eG such that 
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'a OTl 0 "| I"a 0 1_ri oir, 

o a^Xo ij [o a _1 J [o lj|_i 


a 0 
0 a" 1 


G 4 ): 

Let A = 


=> /r 1 e 

e*y- 

a 

/\fl = 

0 


eG.thend = eG 

J 0 a 


a" 1 0 


>ab= 8 0 r ° = aib 0 

Lo a -1 J|_0 b~'\ [o a-V 1 

sb 0 ITda 0 1 pb 0 Ta 0] 

LO (ab) _1 J~[ 0 (toa)" 1 J = [o Jb" 1 J[o a~'\ = BA 

=>AB = BA VABeG 

This shows that G is an abelian group under matrix multiplication. 


b 0 a 0 
0 Jb" 1 0 a' 1 


= BA 


2-1.28 Example-] 


Let (G,*)and(G',o) be two groups. Prove that the set 

GxG' = {(a t a , )aeG,a'eG'} forms a group under the multiplication 
defined by 

(a,,a;).(a 2 ,a') = (a, »a 2 ,a; oa' )v(a, ,a\),(a 2 ,a' 2 )eGxG' 


Solution: 


G!): Since (G,*) and (G',o) are groups, so a 1 * a 2 e G, 

ai ° a' 2 e G' Va 1 ,a 2 e G,a^,a 2 e G' 

^.(a 1 *a 2 ,a\ °a 2 )eGxG' 

=> (a 1 , a\ ) • (a 2 , a 2 ) e G x G' Vfo,a|),(a 2 , a 2 ) e G x G' 
G 2 ): Let x,y,z e GxG', then x = (a 1 t a;)y = (a 2 ,a^), 
z = (a 3 l a 3 ) I wherea 1 I a 2 l a 3 eG,ai,a 2 ,a 3 eG'. 

Now x • [y • z] = (a 1 ,a;) • [(a 2 ,a^) • (a 3 ,a')] 

= (a 1 ,ai)*(a 2 *a 3 ,a' <>a') 

= (a 1 *(a 2 *a 3 ),a;o(a'o 3 ')) 

= ((a 1 *a 2 )*a 3 ),(a;oa')oa') 

= (a 1 *a 2 ,a\ oa^)*(a 3 ,a') 

= [(a 1 .ai , )*(a 2 .aj)]«(a 3 l ai) 

= [x*y]«z 

=> x*[y *z]= [x*y]«z Vx.y.zeGxG' 

G 3 ): Let (a, a') e G x G', and e, e' be the identities of G, G' 
then (a, a') • (e, e') = (a*e,a' o e') = (a, a') 
and (e, e') • (a, a') = (e * a, e' o a') = (a, a') 

This show sthat (e, e') is an identity element of G x G'. 
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G 4 ): If b, b' are inverses of a, a'respectively, 

then (a, a') • (i>, b') = (a * M'»*>') = (e. »') 
and (b,b')»(a,a') = (b* a, b' »a') = (e, a') 

This showsthat (*b, t>') e G x G' is the inverse of (a, a'). 

Hence the inverse of each element of G x G' is in G x G'. 

This show sthat (G x G» is a group. 

Show that the set 

G = {a + b42 + cj3.a,b,c e Q, either a * 0 or b * 0 or c * 0} 

/s not a gr oup under multiplication 

G^iLetx.y eG,thenx = a 1 + 5 1 V2+c 1 v3 

and y = a 2 + b 2 V 2 + c 2 V3 

=> xy = ( a i + /> 1 V 2 +c 1 V 3 )(a 2 + b 2 V 2 +c 2 >/3) 

= a,a 2 +2b,b 2 +3c,c 2 +(a,b 2 + b,a 2 +b,c 2 j3+b 2 c,j3 )V 2 
+ (a^c 2 + a 2 c^ )V3 

Since a, J > 2 + ft,a 2 + fc,c 2 V3 + b 2 c, V3 is not rational in general 

due to irrational V3, so G is not closed under nnultiplica tion. 
This shows that G is not a group under multiplication. 


= a«a, + 


Show that the set G = {a ol a 1t ...,a 6 } is an abelian group 

under the multiplication defined as 

a i+j if i + j <7 

a i' a i " U ’rf 


Solution: 


7 [ a /+y -7 ‘ rf / + y^7 

GJ: By the given definition of the product it is clear that the set 

G is closed under that particular product. 

G 2 ): Associative law also holds in G. 

G 3 ). a a .a, — a 0+i — a ; - — a B+ j — d/.a o Va f - e G. 

This showsthat a 0 is an identity element of G. 

G 4 ): a i .a J =a e =a j .a i if / + 7 = 7 

This show sthat the inverse of each element of G is also in G. 

G 5 ): a /* a y = a /+; = a y+/ = 3y.3/ if i + j <7 

dj.dj = a /+ y _ 7 = ay +/ _ 7 = a j.d/ if i + j >7 

This showsthat the commutativ e law holds in G. 

Hence G is an abelian group under the given product. 
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under the multiplication defined as 

\a. 


a,.a, = i 


i+j 

a i+j-n 


if i + j <n 
if i + j >n 


GJ: By the given definition of the product it is clear that the set G is 
. closed under that particular product. 

G 2 ): Associative law also holds in G. 

*G 3 ) : a >- a i = a °+> = a i = a o +i = a, .a, Va, e G. 

This show sthat a 0 is an identity element of G. 

G t ): a l .a l =a.=a,.a, if i + j = n 

This show sthat the inverse of each element of G is also in G. 

G 5 ): a,.aj = a l+j = a J+l = a y .a, if i + j<n 

a i -a y = a /+y _ n = a J+I _ n = a j.a, if i + j>n 

This show sthat the corrmutativ e law holds in G. 

Hence G is an abelian group under the given product. 


2-1.32 Example 


Let G = {0,1,2,3,4} be the set of residue classes modulo 5 such that 


a +b = r \/a,b eG,where r 

is 

the remainder obtained after division of 

a + b by 5. Show that (G,+) is an abelian group. ^ 

PfflWlffffn The sum of elements of G is shown by the table 

+ 

0 

T 

2 

3 

4 

0 

0 

T 

2 

3 

4 

T 

T 

2 

3 

4 

0 

2 

2 

3 

4 

0 

T 

3 

3 

4 

0 

T 

2 

4 

4 

0 

T 

2 

3 


+> 


G i): This table shows that G is closed under addition. 

G 2 ): The associative law also holds in G. 

G 3 ): The identity element 0 belongs to G. 

G 4 ): The table shows that the inverse of each element of G is also in G. 
) • The commutative law under addition also holds in G. 

Hence G is an abelian group under addition. 
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2-1.33 Example: 



_ l_ e t 6 = { 1 , 2 ,3,4} be the set of nonzero residue 

ZZ'o~ that ab=r Va.bj G where f „ the ^ 

obtained after division of a b by 5. Show that (G ) is an abelian gr 0u 
nnnM| The surn of elements of G is shown by the table A 


Solution: 



12 3 4 

T 

12 3 4 

2 

2 4 13 

3 

3 T 4 2 

4 

4 3 2 T 


G 1 ): This table shows that G is closed under multiplication. 

G 2 ): The associative law also holds in G. 

G 3 ): The identity element T belongs to G. 

G 4 ): The table shows that the inverse of each element of G is also in G. 
G 5 ) :The commutative law under multiplication also holds in G. 

Hence G is an abelian group under multiplication. 


Let G = {1,3,5,7} be the set of nonzero residue classes 
modulo 8 such that ab=r \/a,beG, where r is the remainder 
obtained after division of a- b by 8. Show that (G, •) is an abelian group. 


2-1.34 Example: 


Solution: 


The sum of elements of G is shown by the table 


PU, 2014 (B3 Math) 


• 

T 3 5 7 

T 

T 3 5 7 

3 

3 T 7 5 

5 

5 7 T 3 

7 

7 &' 3 T 


G^. This table shows that G is closed under multiplication. 
G 2 ): The associative law also holds in G. 


G 3 ): The identity element T belongs to G. 

G„): The table shows that the inverse of each element of G is also in a 
G 5 ) :The commutative law under multiplication also holds in G. 

Hence G is an abelian group under multiplication. 


2-1.35 Example: 


Let G = {1,2,4,5,7,8} be the set of nonzero residue 
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classes modulo 9 such that a b =rVa,b eG, where f is the remainder 
obtained a fter division of a b by 9. Show that (G, •) is an abelian group. 

1 The sum of elements of G is shown by the table 


Solution: 


• 

T 

2 

4 

5 

7 

8 

T 

T 

2 

4 

5 

7 

8 

2 

2 

4 

8 

T 

5 

7 

4 

4 

8 

7 

2 

T 

5 

5 

5 

T 

2 

7 

8 

4 

7 

7 

5 

T 

8 

4 

2 

— 

. 

_ 

_ 

___ 

_ 


8 

8 

7 

5 

4 

2 

T 


Gi): This table shows that G is closed under multiplication. 

G 2 ): The associative law also holds in G. , 

, * ' . ■ i 

G 3 ): The identity element 1 belongs to G. > 

G 4 ): The table also shows that the inverse of each element of Gds in G. 
G 5 ): The commutative law under multiplication also holds in G. 

Hence G is an abelian group under multiplication. 


2-1.36 Example: 


Show that the set G = {±1,± /,± j^t k) where 

ij = kjk = i,ki = jji = -k,kj = -ijk = -jj 2 = j 2 = k 2 = -1 
is a non-a belian group under this multiplication of symbols. 

EMHlWill Since all the axioms of the group are satisfied under the given 
multiplication of symbols, so G is a group. 

Since ij = k*-k = ji, so G is a non-abelian group. 


2-1.37 Example: 



Show that the set of all n, nth roots of unity forms a 
under the multiplication of complex numbers. 

Let G = {1,co,(o 2 ,...,a> n ~ 1 } be the set of all n, nth roots of unity, 


2 in 

then (o=e n . Since all the axioms of an abelian group are satisfied, so G 
i8 an abelian group under the multiplication of complex numbers. 


2-1.38 Theorem 


1 . 

2 . 




For any three elements a, b, c of a group G, 
ab = ac=$b = c (Left Cancellation Law) 

ba = ca=> b = c (Right Cancellation Law) 


1 . 


Since G is a group, so a e G => a -1 e G. 
ab^ac=> a~\ab) = a _1 (ac) => ( a~'a)b = (a _1 a)c 
=> eb = ec => b = c 


f 
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2 . ba=ca=»(ba)a~' =>b(aa-')^c(aa~') 

=> be~ce=> b — c 


£•*■ B/Ja 


2-1.39 Definition^ 


If G is a non-empty set then the order pair (G,*) j s 


to be semi group if 

Gi ) ; a *beG Va,beG 

G 2 ): a*(b*c) = (a*b)*c Va,b,ceG 

gg|W» gieffgffBj is (Q )0 ) a semi group? Where Q is the set of rational 
^mbeiTando is defined in Q as aob = a + b-ab. Find the identity 
element if it exists. 

G 1 ): Since a + b-ab eQ Va,b eQ, therefore 
aoheQ \fa,b e Q 


G 2 ): Let a,b,C(=Q, then 

ao(b°c) = a°(b + c- be) = a + (b + c- be) - a(b + c-bc) 
(ao b)°c = (a +b- ab) °c = {a + b- ab) + c-(a + b- ab)c 
=>ao(b°c) = (a°b)oc Va,b,ceQ 
This showsthat (Q,o)is a semi group. 

G 3 ): Since a°0=a+0-a(0) = a = 0 + a -(0)a = 0 ° aVa e Q 
Hence 0 is the identity element of Q w ithrespect to o. 


Is (Z,o) a group? Where ° is defined by a ° b = 0 Va,b e Z 
kfflltHBBH Obviously Z is closed under o but the identity element with 
respect to ° does not exist, so (Z,°) is not a group. However, (Z,°) is a 

semi group, because the associative law holds under the binary operation 


2-1.42 Theorem:! 
Proof:I 


In a group G, the identity element is unique. 

Let, if possible, eandf be two identities of G, then taking » as 
identity, we have 

ef = f = fe 

Similarly, taking f as identity, we get /2) 

ef = e = fe 

Comparing (1) and (2), we have 

TU . . e = f 

is shows that the identity element in a group is unique. 


In a group G, the inverse of each element is umq ■ 
Let, if possible, b and c be two inverses of an element a e • ^ 

ab = e = ba 


2-1.43 Theorem: 
Proof: 
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2-1.44 Example:! 


ac = e = ca ...( 2 ) 

( 1 ) => c{ab) = ce 

=> ( ca)b = c 

=>eb = c (using ( 2 )) 

=> b = c 

This shows that the inverse of each element of a group is unique. 

__ Define a binary operation * in Q as a*b = 9 ab. Show 

that the commutative and the associative laws hold in Q with respect to *. 

1 -1 

Also show that — is the identity element with respect to * and — is the 

1 

inverse of — with respect to *. 

3 

v a *b = 9ab = 9ba = b*aVa,b e Q. 

This shows that the commutative law holds in Q. 

Now 

a * (b * c) = a * (9bc) = 9a(9bc) = 9(9 ab)c 
= 9 (a * b)c = {a*b)*c 

This shows that the associative law holds in Q. 

Since 

a*- = 9a- = a = 9-a = ^*a VaeQ 
9 9 9 9 

1 

so — is the identity element of Q with respect to *. 

1 ,1 

Since —*- = 9— - = - = identity, so — is the inverse of -. 

27 3 127 A 3 J 9 27 3 


2-1.45 Definition: 


a* = a. 


An element a of a group G is said to be idempotent if 


The only idempotent element in a group is the identity 

element. 

^2*2 Let a e G be an idempotent element, then 


a 2 = a 

=>a _1 a 2 =a _1 a 
=> a _1 aa = e 
=> ea = e 


=> a = e 
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For any two elements a and b of a group g 
^Ssa^ band ya = b have unique solutions. ■ 

For a,beG,ax = b = * a~'(ax) = a'b 

(a _ 1 a)x = a~'b => ex = a 'b=> x = a 'b 


Proof: 


So x = a~'b is the solution of ax - b. 

If x, and x 2 are twosolutions of ax = b, then these must 
satisfy the equation ax = b, that is ax ^ = b and ax 2 = b. 
Hence ax, = b = ax 2 => ax, =ax 2 =>a~ 1 (ax,) = a''(ax 2 ) 


=> (a _ 1 a)x, = (a~'a)x 2 => ex, = ex 2 => x, = x 2 . 

This show sthat the solution of ax = b is unique. 

For a,b e G.ya = 6 => (^)a ' 1 = ba ~ 1 => y(aa _1 ) = be 1 
=> ye = ha -1 => y = ba~\ So y = ba _1 is the solution of 
ya = If y 1 and y 2 are tw osolutions of ya = b, then these 
must satisfy the equation ya = 6 , i.e. y,a = b and y 2 a = b. 
Henfe y y a = b = y 2 a => y^a = y 2 a => (y.,a)a _1 = (y 2 a)a _1 

=>yi(aa _1 ) = y 2 (aa" 1 )=>y 1 e = y 2 e=j> y 1 =y 2 . 

This show sthat the solution of ya = b is unique. 


2-1.48 Theorem: 


Proof: 


If G is a group, then (a -1 ) _1 = a VaeG. 
Since G is a group, so 
aeG 


=> a 1 e G 


v G is group 
v G is group 


=>(a 1 )~ 1 eG 

If e is the identity element of G, then 

(aVa^e (inverse law) 

[( a_ 1 ) _ 1 a _1 ]a = ea 

^( a ) (a a) = a (associative and identity laws) 
=>(a~ 1 )' 1 e = a 


^( a -1 )" 1 = 


(inverse law) 
(identity law) 


2-1.49 Theorem - 


If G is a group, then (ab)-' = b -i g -i va,/>eG. 
Since G is a group, so 



' j 
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a,b e G 
=> ab eG 
=>(ab)~ 1 e G 

If e is the identity element of G, then 

(ad) -1 ad = e 

=> (ad) -1 ad(d -1 a -1 )“= e(d -1 a -1 ) 
(ad) -1 a(dd -1 )a -1 = (d -1 a -1 ) 

=> (ad) -1 aea -1 = d -1 a. -1 
=> (ad) -1 aa -1 = d -1 a -1 
=> (ad) -1 e = d -1 a -1 

=> (ad) -1 = d -1 a -1 
Similarly, we can show that 

(ad) -1 = d -1 a -1 

In general, (a 1 a 2 ...a^_ 1 a k ) -1 = a^V-^V 


2-1.50 Theorem: 


For any element a of a group G, 

1. a n = aa...a (n factors) 

2. (a -1 ) n =a - " 

We shall prove these assertions by induction. 

1. For n = 2,a 2 = aa, so C -1 is satisfied. 

Let a k = aa...a(k factors) 

=>aa* = aaa...a(/c+1factors) 

=> a* +1 = aaa...a{k +1 factors) => C -II is satisfied. 

Hence a n = aa...a (/? factors). 

2. For n = 1,(a -1 J 1 = a -1 , so C -1 is satisfied. 

Let (a -1 )* = a - \then(a -1 )*a -1 =a - *a -1 
=>(a -1 )* +1 a -1 = a -( * +1) => C- II is satisfied. 

Hence (a -1 ) n = a -n . 

that a group G is abelian if and only if 
(ab) 2 = a 2 b 2 Va,b e G 

law 

Let G be an abelian group, then 
(ad) 2 =(ad)(ad) 

= a(ba)b (applying associative law) 


PU, 2013 (BS M.ith) 
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(ab) 2 = a(ab)b 
= ( aa)(bb) 
= a 2 b 2 


(since G is an abelian group} 
(applying associative law) 


Conversely, suppose that (abf = aV Va.beG, then 

(ab) 2 = a 2 b 2 
=> (ab)(ab ) = (aa)(bb ) 

=> a(ba)b = a(ab)b (applying associative law) 

=> a _1 a(ba)bb _1 = a" 1 a(ab)bo' 1 
=> e(ba)e = e(ab)e 
=> ba = ab Va.be G 
This shows that G is an abelian group. 


2-1.52 Example: 


If G is an abelian group then show ( ab) n - a n b n for all a, b e G, r? e Z 

kfflWIWni We shall prove it by mathematical induction. 

Case-1: Whep n is a positive integer. 

For n = l.(ab) 1 = a 1 /) 1 = ab, whichis true. 

Suppose that the result is true for n = k. that is 
(ab) k = a k b k 

=> ( ab) k {ab) = a k b k {ab) 

=>(ab) fc+1 =a k (b k a)b (using associative law) 

=> (ab)* +1 =a k {ab k )b (v G is abelian b k a = ab k ) 

= {a k a){b k b) (using associative law) 

= 


Thus, the result is true for n = k + '\. This shows that ( ab) n = a n b n for all 
positive integral values of n. 

Case-ll: When n is a negative integer. 

Let n = -m, w here /77 is a positive integer. 

(ab) n = (ab)~ m =[(ab) m ]" 1 

= [a m b m Y (by case-1) 

= [b m a m Y (vG is abelian :.a m b m =b m a m ) 

= {a m )~\b m )~' 

= a~ m b~ m = a n b n 

This shows that ( ab) n = a n b n for all negative integers n. 
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Case-Ill: When t? = 0, then 

(ab) n = (ab)° =e = ee = a°b° = a n b n 
Hence \ab) n = a n b n for all a, b <= G, n e Z. 


[2-1.53 Example:! 


Show that if a group G is such that a ■ a = e, for all 
aeG, whe re e an identity element of G, then G is an abelian group. 

ISESaS Let a^eG, then by the given definition of G a a = e and 
b b = e. Now 

a a = e 

=> a -1 (a a) = a -1 e 
=>(a _1 a)a = a _1 
* => e • a = a -1 

=> a = a -1 

Similarly, we can show that b = b~\ Since G is a group, so 

a,b e G 

=> a ■ b e G 
=>(a-b)(ab) = e 
=> a • b = (a ■ by 1 

Now a • b = (a • b) -1 = b _1 • a -1 = b • a 
This shows that G is an abelian group. 


2-1.54 Example: 


If G is a group such that ( ab) n = a n b n for three 
consecutive natural numbers n and all a,beG, then show that G is an 
abelian group. _ 

^203 Let k,k + \k + 2 be the three consecutive natural numbers 
satisfying the equation (ab) n = a n b n , then 

(ab) k =a k b k ...(1) 

(ab)* +1 =a* +1 b* +1 ...(2) 

(ab) k+2 = a k+2 b k+2 ...(3) 

(3) => {ab) k *'{ab) = a k *'ab M b 
=> (a k *'b k *' )(ab) = a k "ab k *'b (by (2)) 

, => a k *'(b k *'a)b = a k *\ab k *')b (by associative law) 

=> a-'[a k *\b k+ 'a)b]b-' = a -'[a kt '(ab k ")b]b'' 

=> a k (b k *'a) = a* (ab kt ') 

=s> a* (b k ba) = a' l+1 b''* 1 ) 
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=>(a k b k )(ba) = (ab) k+ ' (by (2)) 

=>(ab) k (ba) = (ab) k+ 1 (by (1)) 

=>(ab) k (ba) = (ab) k {ab) 

=>ba = ab (by left cancellation law) 

This shows that G is an abelian group. 

if each element of a group G is its own inverse, then 
sho^hat G is an abelian group. 

Leta.beG, then by the given definition of G a = a _1 and 
b = b~\ Since G is a group, so 

a,beG 
=> ab e G 
=> (ab) = (a.b) _1 

Now ab = (ab) -1 = b _1 a -1 = ba 
This shows that G is an abelian group. 

lfa group G has three elements, then show that G is an 

abelian gr oup. 

■■■19 *" et ^ = where e * a * b * e. The multiplication table for 

G is 


e 

a 

b 

e e 

a 

b 

a a 

a 2 

ab 

b b 

ba 

b 2 


This table shows that a 2 eG. So the following three possibilities arise: 

(i) either a = e or (ii) a 2 = a or (iii) a 2 = b 
(i) If a 2 = e 

cases either'if® 3 ' S ° Shows that ^eG, so there are further three 
cases either ab = e or ab = a or ab = b. Now 

ab = e 

=> a(ab) = ae 
=> a 2 b = e 

=>eb = a .. 


b = a 


v a = e 


This is not possible. 

Now ab = a=>b = e w hichis also not possible. 
Finally ab = b a = e w hichis again not possible 
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The failure of these three possibilities shows that a 2 * e. 
(ii) If a 2 = a, then a = e. 

Hence a 2 * a. 


Thus the case (iii) is valid, that is a 2 = b. 

This shows that the group G consists of e, a, a 2 . These elements clearly 

obey the commutative law with respect to multiplication showing that G is 
an abelian group. 



In this section we shall discuss further concepts in details and we 
shall also discuss the groups in light of these new defined concepts. This 
section will be very helpful in studying the next sections. Just like the 
previous section, examples are solved in details in this section. 


*^rmuToTw The number of elements in a group G is called the order 
of group G and is denoted by o(G) or \G\. If the group G consists of finite 

number of elements then it is said to be a finite group cthervise it is said 
to be an infinite group. 


2 - 2.2 Definition: 


If G is a group and a e G, the order or peqod of a is the 
least positive integer n such that a n = e. 

The order of a is denoted by o(a) or |a|. 

In the group G = {-1,1,-/,/}, the order of ±1 is 2 while the order of ± / 
is 4. 

For any element a e G, we always take a 0 = e. If n = 0 is the only 
integer for which a n =e then a is said to be of infinite order. 


KWcaiifWrO If n is the order of an element a of a group G, then for 
any integer m,a m =e if and only if m = qn, where q is an integer. 

BJJti If n is the order of an element a of a group G, then a m = e if and 
only if n divides m. 

BflSI Let a m =e for some integer m, then n, being the order of a, will 
be lesser or equal to m. By the division algorithm, there are integers q 
and rsuch that 

m = nq + r, 0<,r<n ...(1) 


g m = g nq + r 


=> e = a nq a r =(a n ) q a r =ea r = a r 
=> a r = e 
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Since n is the order of a and r<n, so a r =e is only possible if r = 0 
Hence (1) takes the form m = nq. 

Conversely, suppose that m = qn, then 

a m -a nq = (a n ) q =e q =e 


2-2.4 Example:! 


Show that in a group, the order of an element is same as 
that of its inverse. 

kMWrWffl : Let G be a group and a be its arbitrary element. Let m and n be 
orders of a and a^ 1 respectively, then 


a m = e 
(a -1 )" =e 


'••( 2 ) 


=>a n =e 
=>a n -a~ n = a n e 


=> e = a 

Since m is the order of a, so (3) shows that m divides n. 
Similarly 

(1)=> a~ m ■ a m = a~ m e 


=> e = a 


=> e = (a 1 ) m 

Since n is the order of a 1 , so (4) shows that n divides m. 
Hence m = n 


...(4) 


o(a) = o(a~ 1 ) 


Sho w that in a group G, o(ab) = o(ba) Va.beG. 

knrni ffjj Let m and n be the orders of ab and ba respectively, then 

{ab) m = e 
and ( ba) n = e 

• *-• 

=> ba.ba.....ba = e (n factors) 

=> ab.ab.....a = b~'e 

=> ab.ab .a = b _1 

=> ab.ab . ab = b~^b 

=> ab.ab . ab ^ e 

4 => {ab) n = e 

S**.from TJCT <3> Sh ° WS *"** divideS "■ ', 

abab . a6 = e (m factors) 
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=> ba.ba....b = a -1 e 

i • 

=> ba.ba....b = a -1 
=> ba.ba....ba = a -1 a 
=> ba.ba....ba = e 

=> {ba) m = e 

Since n is the order of ba, so (4) shows that n divides m 
Hence m = n, i.e., o(ab) = o{ba). 


2-2.6 Example: 
Solution: 


Show that in a group G, o(a) = o(dad" 1 ) Va,b e G. 

Let m and n be the orders of a and (dab -1 ) respectively, then 

am=e -.(I) 

and (bab 1 ) n =e ^ 2 ) 

=> (bab )-(bab^)- . (bab -1 ) = e (nfactors) 

=> b • a n • b _1 = e 

=>b _1 -(b a n •b~ 1 ) b = b" 1 e b 
=> (b _1 • b) • a n ■ (b _1 ■ b) = b -1 • b 
=> e a n e = e 

■ ' =>a n =e ...(3) 

Since m is the order of a, so (3) shows that m divides n. 

Similarly (1) 

=>a m =e 

—> e. . e = e 

=> (b -1 • b) • a m • (b _1 • b) = e 

=> b' 1 -(b-a m -b _1 ) b = e 

=> b b' 1 -(b a m b'^ b -b -1 = b e b -1 

=> e • (b • a m • b _1 ) • e = b • b _1 

t 

=> (b a m b _1 ) = e 

=> (bab 1 ) • (bab -1 )•.• (bab -1 ) = e (m factors) 

=> (bab -1 ) m = e ...(4) 

Since n is the order of b • a • b _1 , so (4) shows that n divides m. 

Hence m = n, i.e., o(a) = o(bab _1 ). 


P'2.7 Example: 


Show fbaf in a group G, o(a) = o(b ^b) Va.be G. 
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Let m and n be the orders of a and (b~ a b) respectively, then 

- (1) 


and (b~'abf - e 
=> (b-'ab)■ (b-'ab )•.... • (b"'ab) = e 

■ a n ■ b = 6 

=>b (b'' a" b) b'' =b e b~' 
=>(bb~')a"-(bb"') = bb'' 


...( 2 ) 

{n factors) 


=>ea n e = e 
=>a n =e 

Since m is the order of a, so (3) shows that m divides n. 

Similarly (1) =>a m =e 
=> e.a m .e = e 

=>(b-b“ 1 )-a' n -(b-£-') = e 
=>b-(b-' a m -b)-b~' =e 
=>b~'-b-(b-a m -b) b~' b = b _1 -e-b 
=> e(b _1 -a m -b) e = b -1 -b 
=>(b~'-a m b) = e 

=> (b^ab) • (b _1 ab) •... • (b _1 ab) = e (m factors) 

=> (b _1 ab) m = e ...(4) 

Since n is the order of b _1 ab, so (4) shows that n divides m. 

Hence m = n, i.e. o(a) = o(b^ab). 

If every non-identity element of a group G is of order two 
then show that G is abelian. 

Let a and b be arbitrary elements of the group G, then 
a 2 = eandb 2 =e 
=> a = a _1 and b = b _1 
Now a,b e G => ab e G 

=> (ab) 2 = e 
=> ab = (ab) -1 

Since (ab)' 1 = b _1 a _1 ...(1) 

sousing above values in (l).wehave ^ 

ab = ba 

Since a,b w erearbitrary elements of G, so (2) show sthat 
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ah = ha Va.be G 

This shows that G is an abelian group. 


If a group G has only one element a of order two then 
show that ax = xaforall xeG. 

Since G, is a group and a e G, so x _1 ax e G Vx e G . 

Next consider 

(x -1 ax) 2 = (x _1 ax)(x _1 ax) 

= (x“ 1 a)xx‘ 1 (ax) 

= (x _1 a)e(ax) 

= (x _1 a)(ax) 

= x~\aa)x 

' -12 
= x ax 

= x _1 ex v a is of order 2, so a 2 = e 
= x _1 x 


This shows that o(x _1 ax) = 2. But a is the only element of G whose order 
is 2, so 

(x _1 ax) = a 
=> x(x _1 ax) = xa 
=> xx _1 (ax) = xa 
=>e(ax) = xa 
=>ax = xa VxeG 


if j n a group G, b = xax -1 . Show fhaf b 2 = xa x and 
hence show that the elements a and b are of the same order. 


EfllWETiW Consider 


b 2 = (xax -1 )(xax -1 ) 
= xa(x _1 x)ax _1 


= xaeax' 
= xaax -1 
= xa 2 x 1 


Let m and n be the orders of a and b respectively, then 


a m =e 
b n =e 


...(D 

...( 2 ) 
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^ R- B/iaffl 



I 


=>xa n x =t* 

=t> x~\xa"x~' )x = x'ex ■ 
=>(x-’x)a”(x'V) = x-'x 
=> ea n e = e 
=>ea n e-e 

—^ 3^ — 0 

Since m is the order of a, so (3) shows that m divides n. 

Similarly, (1) 


xa m x~ 1 = xex 1 


=> b m = xx 1 


= xa m x 


,m ^,-1 


=>b m =e 


Since n is the order of b, so (4) shows that n divides m. 
Hence m = n, i.e. p(a) = o(b). 


[2-2.11 Example 

IPPWP 

wmTiW-W^l* 

UltiA icjb 

[Solution 


If in a group G, xa = ax, then show that xa 2 = a 2 x and x*a = ax 


xa = ax 

=> ( xa)a = (ax)a 
=> x(aa) = a(xa) 

=> xa 2 = a(ax) 

=> xa 2 = ( aa)x 
2 2 

=> xa = a x 
(1) => x(xa) = x(ax) 
=> ( xx)a = ( xa)x 
=> x 2 a = (ax)x 
=> x 2 a = a(xx) 

=> x 2 a = ax 2 


....( 1 ) 


xa = ax 


xa = ax 


|2-2 12 Example: 


[Solution: 


Determine the order of 


0 -1 

1 0 


0 -1 

1 0 


Jo -iTo* -il_p-i o 

.1 0 1 o “ o -1 
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° _i i _r° - 1 ! r° -ii r - 1 oto -11 ro v 

i °J "L 1 °J Lr, °J"Lo -ij|_i oJ = 1 o 

0 -fl 4 _r° - 1 1 3 f° -liro ijo -il [i o' 

i °J "h °JL i oJ~i oJLi oj’Lo i 


*, o -1 

This shows that the order of is 4. 

1 0 


[2-2.13 Exam pie:] 


Solution: 


If G is a finite group such that xy = yz => x = z for x,y, z e G, then show 
that G is abelian. 

Let a,b e G, then using associative law, we have 
( ab)a = a(ba) 

=> ( ab) = ( ba ) (using given condition) 

=>ab = ba Va,beG. 

This shows that G is an abelian group. 


12-2.14 Example: 
[Solution!] 


If in the group G, a 5 -e,aba 1 =b 2 for a,beG, then 


= ebe = a 5 ba 5 v 
= a 4 (aba -1 )a -4 

v a 5 = e = a -5 

= a 4 (b 2 )a -4 
= a 3 (ab 2 a - ])a -3 

v aba -1 = b 2 

= a 3 (b 4 )a -3 
= a 2 (ab 4 a -1 )a -2 

v ab 2 a -1 = b‘ 

= a 2 (b 8 )a -2 
= a(ab 8 a -1 )a -1 

v ab 4 a -1 = b 

= a(b 16 )a -1 

v ab 8 a -1 = b 16 

= b 32 * 

v (ab 16 a -1 ) = b 32 


=> b 31 = e 


=» o{b) = 31 

Let an element a of a group G be of an odd order, then 

show that there exists.an element b in G such that b = a. , ^ , 

Since a is of an odd order, so let 2m + \m ^ 0, be e or e 

a - Then a 2m+1 = e 
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..g^eG.solet b = a 
=> Z> 2 = (a™* 1 ) 2 = a 


m+l 


2 m +2 __ a 2m+1 a = ea = a 


=>b 2 = a 


In a group of even order, show that there is at least one 
element of order too. Qfeven order . Further suppose that 

G = {e,a.,,a2. a 2 n-i) 


2-2.16 Example: 


Solution: 


This clearly shows that there is an odd number of non-identity elements i n 
G. Let o(a)* 2 VaeG,a*e, then the inverse of each non-identity 
element must be another non-identity element. If we collect the non¬ 
identity elements along their inverses then, due to odd in numbers, there 
must be one non-identity element of G without its inverse. This is 
impossible, so o(a) = 2 for at least one non-identity element a of G. 


2-3 Subgroups 


Before turning to the study of groups we should like to change our 
notation slightly. It is cumbersome to keep using the for the group 
operation; henceforth we shall drop it and instead of writing 
a.b fora,b <=G we shall simply denote this product as ab. 


In general we shall not be interested in arbitrary subsets of a group G 
for they do not reflect the fact that G has an algebraic structure imposed 
on it. Whatever subsets we do consider will be those endowed with 
algebraic properties derived from those of G. 


In this section we shall study those subsets of groups which 
themselves will be groups. 

^ subset H of a group G is called the subgroup of G if H 
.itself is a group under the same binary operation as defined in G. 

necessarih! n h e t = t i’ iS h definiti0 . n ' an arbitrar y subset of a 9™P G need not 
orouD under«„ subgroup of G. A subset H of a group G may itself be a 

be a P suboroun r P r ° n dlfferent from that of in G > in this case H will not 
m a r 0U ' nStanCe the sel H - (±t ±0 is a subset of set of 

not a subgroup^f c because^ ii^ 9r ° UP U " der mult iP lica,ion - But H iS 
K ’ ecause C is a group under addition. 

iteptfn h thi f ^ VGr ^ ^ rou P ® bas at least two subgroups namely G 

, ! y 9r ° UP {S> • These are called <™ al subgroups of 

G. Any other subgroup of G is called a non-trMa, subgroup of G. 
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1. «^ e set ^ ' n ^ e 9e r s under addition is a subgroup of the group Q of 
rational numbers under addition, Q is a subgroup of the group R of 
real numbers under addition and R is a subgroup of the group C of 
complex numbers under addition. 

2. The set {±1} is a subgroup of {±1,±/} under complex multiplication. 

3. The set R of all positive real numbers under multiplication is a 

subgroup of the group JR' of all non-zero real numbers under 
multiplication. 

4. The set of cube roots of unity is also a subgroup of a group of non¬ 
zero complex numbers under multiplication. 

5. The set {±1} is a subgroup of the group of non-zero rational numbers 
under ordinary multiplication. 

The following theorem gives a necessary and sufficient condition for a 

subset of a group to be a subgroup. 


2-3.4 Theorem: 


Let (G,*) be a group. A nonempty subset H of G is a 
subgroup of G if and only if for all a,b&H , the element a*b' eH, .where 
b' is th e inverse of b. 

552J2 Let H be a subgroup of G. Let a,beH. Since H is a subgroup of 
G, so by the definition of subgroup, ( H ,*) is a group. Since the inverse of 
each element of a group also belongs to the group, so 

beH 


=>b'eH 

Since the group is always closed under the binary operation defined on it, 
so H is also closed under *, i.e. 

a,b'eH 
a*b' g H 

Hence a*b'eH Va,beH 

Conversely, let a*b' eH for all a,beH , where b' is the inverse of b. 
Then we have to show that H is a subgroup of G. For this we shall show 
that ( H ,*) is a group. By the given condition, 

a,a e H 

=> a*a' eH Va eH 
=> e e H 

Since H is a subset of G, so 

e eH 
=> e e G 

This shows that e is an identity element of G. Since H is a subset of G, so 
e will also the identity element of H. 
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This shows that the identity element of H is also in H. 

Once again, by the given condition 

e,a e H 

=>e*a'eH VaeH 
=>a f eH VaeH 

This shows that the inverse of each element of H is also in H 
Let a,b e H , then b e H => b’ e H , so by the given condition 

a.b'eH 

=> a*{by eH 

=>a*bEH Va,beH 
This shows that H is closed under *. 

Finally, the associative law holds in H, because it holds in G 
ince all the axioms under * of a group are satisfied in H so (H \ • 
group. Hence H is a subgroup of G. {H ^ ls 


Let (Gr) be 3 9mu P A nonempty subset H of G is a 
^f^ontyifforet, a ,b.H, the element ab~' e „. 

G, so by the definition of^bgLup SlnC ® H is 3 sub 9 rou P of 

be H 

SO H is alMclosed undCT‘Ue ed UndSr * h ® binary operation defined on it, 

a,b-'eH 

Hence ab-' sH Va,b eH . ~ ab ~'* H 

Conversely, let ab 1 e H f \ 

subgroup of G. For this t,len we bave to show that H is a 

condition, 3 s ^ ow that (/-/, ) is a group. By the given 

a.aeH 

^ aa 1 eH VaeH 

Si nce His a subset of G(S r 6 €H 

eeH 

This shows that e is an irw-* ^ e e G 

o e f «° the identit y element on? G ' Since H is a subset of G ' S ° t 

of H ,s a,so ,n H. H - This shows that the identity element 
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Once again, by the given condition 

e,aeH 

=> ea -1 e H VaeH 
=> a -1 eH VaeH 

This shows that the inverse of each element of H is also in H. 

Let a, beH, then 

beH 
=> b _1 e H 

so by the given condition 

a,b _1 eH 
=> aCb -1 )' 1 e H 
=>abeH Va,beH 
This shows that H is closed under multiplication. 

Finally, the associative law holds in H, because it holds in G. 

Since all the axioms under multiplication of a group are satisfied in H, so 
(H,) is a group. Hence H is a subgroup of G. 


2-3.6Theorem; 


Let (G, +) be a group. A nonempty subset H of G is a 
subgroup of G if and only if for all a,beH, the element a + (-b) e H. 


Let H be a subgroup of G. Let a,beH. Since H is a subgroup of 
G, so by the definition of subgroup, (H,+) is a group. Since the inverse of 

each element of a group also belongs to the group, so 

beH 


=> -b eH 

Since the group is always closed under the binary operation defined on it, 
so H is also closed under *+’, i.e. 

a,-b eH 
=> a + (-b) e H 

Hence a + {-b)eH Va,beH 

Conversely, let a + (-b)eH for all a.beH, then we have to show that H 
is a subgroup of G. For this we shall show that (H.+) is a group. By the 
given condition, 

a,aeH 

=>a + {~a)eH VaeH 

=> e e H 

Since H is a subset of G, so 


eeH 
=> e e G 


Scanned by CamScanner 










of H is also in H. 

Once again, by the given condition 

e,aeH 

=>e + (*a)eH VaeH 

=> -a e H V a G H 

This shows that the inverse of each element “ijl^conditio^ 
Let a,b e H , then beH=>-beH,so by the given condition 

a, - b e H , 

=> a+ [-(-/?)] etf 




This shows that H is closed under addition. . 

Finally, the associative law holds in H, because it holds in G. 

Since all the axioms under addition of a group are satisfied in H, so (/-/,+) 

is a group. Hence H is a subgroup of G. 


2-3.7 Theorem: 


Let (G, *) be a group. A nonempty subset H of G is a 

subgroup of G if and only if 

1. a,b eH=>a*beH, 

2. aeH=>a' eH , where a' is a the inverse of a. 

Let H be a subgroup of G, then (/-/,*) is a group. 

Let a,beH , then a*beH , since (/-/,*) is a group. 

Let aeH , then a' <=H , since (H,*) is a group. 

Conversely, let 

1. a,beH =>a*beH, 

2. a&H=>a’eH. 


Proof: 


1 . 

2 . 


Then we have to show that H is a subgroup, for this it is enough to show 
that (H,*) is a group. 

G i): (1) => a * b g H \/a,b € H . 

G 2 ). The associative law holds in H, because it holds in G and H is a 
subset of G. 

G 3 ): Let a e H , then by (2) a' e H . 

Now by ( 1 ) a,a' eH z=>a*a’eH=>eeH. 

G 4 ): (2) =$> a' eH Va e H. 

This shows that (/-/,*) is a group. Hence H is a subgroup of G. 


■■SEBSiEfi ^ a 9 r oup. A nonempty subset H of G is & 

ibgroup of G if and only if 
a,beH=>abeH, 
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2 . a eH=>a 1 eH. 

Let H be a subgroup of G, then (/-/, ) is a group. 

1. Let a,beH, then abeH, since (H,•) is a group. 

2. Let a e H, then a -1 e H , since (H,) is a group. 

Conversely, let 

' 1. a,beH =>ab eH, 

2. aeH=>a~ } eH. 

Then we have to show that H is a subgroup, for this it is enough to show 
that (H. ) is a group. 

G,): (1) =>abeH Va,b e H 

(j 2 ): The associative law holds in H, because it holds in G and H is a 
subset of G. ; 

G 3 ): Lei a eH , then by (2) a -1 e H . 

Now by (1) a,a -1 eH =>aa -1 eH=>eeH. 

G 4 ): (2) => a -1 g H Va e H. 

This shows that (/-/, ) is a group. Hence H is a subgroup of G. 


(G,+) be a group. A nonempty subset H of G is a 
subgroup of G if and only if 

1. a,b e H =$ a + b e H, 

2. a eH =>-a eH. 

[22B Let H be a subgroup of G, then (/-/,+) is a group. 

1. Let a,beH, then a + beH, since (H,+) is a group. 

2. Let aeH, then -a eH, since (/-/,+) is a group. 

Conversely, let 

1. a,beH =>a + beH, 

2. a eH=$-a eH. 

Then we have to show that H is a subgroup, for this it is enough to show 
that (H,+) is a group. 

) : 0) => a + beH Va,beH 

q 2 ): The associative law holds in H, because it holds in G and H is a 
subset of G. 

G 3)- Let aeH, then by (2) -aeH . 

Now by (1) a,-aeH 

=> a + (-a) e H 
=> e e H 

G 4 ): (2) => - a e H VaeH 

This shows that (H,+) is a group. Hence H is a subgroup of G. 
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Let (G.) be a group and H be a nonempty finite subset 

0 fGlsuchthatHis closed under multiplication, then H is a subgroup of g. 
[3Bmi In order to prove that H is a subgroup of G, we to have show that 

(/-/,•) is a group. 

G,): It is given that H is closed under multiplication, so abeH Va, beH. 
G 2 ): The associative law holds in H, because it holds in G and H is a 
subset of G. 

G 3 ): Let aeH, then a 2 =aa eH,a 3 =a 2 a eH . a eH,... since H is 

closed under multiplication. Thus the infinite collection of elements 
a,a 2 ,a 3 ,...,a m ,... must all belong to H, which is a finite subset of G. 
Thus there must be repetitions in this collection of elements; that is, 

for some integers r, s with r > s > 0,a = a . 

Since r-s >0, so a r " s e H. But a r = a s ^ a r ' s = e. Hence eeH, 

G 4 ): Since r-s- I^O.soa^ 1 eH. Now aa^ 1 =a r ' s = e, shows that 

a -1 = a r_s_1 . Thus a" 1 g H for all aeH. 

This shows that (/-/, ) is a group. Hence H is a subgroup of G. 


FRTnniEKfEffl Lef (G,+) be a group and H be a nonempty finite 
subset of G such that H is closed under addition, then H is a subgroup of 
G. 

fSfTffTB In order to prove that H is a subgroup of G, we have to show that 
(H,+) is a group. 

G 1 ): It is given that H is closed under addition, so a + b e HVa,b eH. 
G 2 ): The associative law holds in H, because it holds in G and H is a 
subset of G. 

G 3 ): Let aeH, then 

2a = a + a eH,3a = 2a + ae H ma eH,... 

Since H is closed under addition. Thus the infinite collection of 

elements a,2a,3a. ma,... must all belong to H, which is a finite 

subset of G. Thus there must be repetitions in this collection of 
elements; that is, for some integers r, s with r > s> 0 ,ra = sa. 

Since r-s> 0, so {r-s)aeH. 

But ra = sa=>(r~s)a = e. Hence e eH. 

G A \: Since r-s-l£0,so(r-s-1)aeH. 

Now a + (r - s - 1)a = (r - s)a = e, shows that 
-a = (r-s-1)a. Thus -aeH for all aeH. 

This shows that (H.+) is a group. Hence H is a subgroup of G. 
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[2 -3.12 Theorem: 
[Proof: 


The intersection of any collection of subgroups of a 
group (G,*) is a subgroup ofG. 

Let G be a group and {H a : ae 1} be a collection of subgroups of 
6, then we have to show that fL is a,so a subgroup of G. For this let 

c,*H a 

=> a,b e H a V a e / 

a*b'eH a Vael v each H a is a subgroup 
This shows that C\ ae i H a is a subgroup of G. 


[2-3.13 Theorem 
Proof: 


The intersection of any collection of subgroups of a 
group (G, ) is a subgroup of G. 

Let G be a group and {H a : ae 1} be a collection of subgroups of 
G, then we have to show that^ f| a6/ H a is also a subgroup of G. For this let 

a,ben ael H a 
=> a,5 e H a Va e I 

=> ab -1 e H a Vael v each is a subgroup 
=>ab _1 

This shows that is a subgroup of G. 


The intersection of any collection of subgroups of a 
group (G,+) is a subgroup of G. 

man Let G be a group and {H a :ae 1} be a collection of subgroups of 
G*then we have to show that f] ad H a is also a subgroup of G. For this let 

Q,b e f] ad H a 
=>a,beH a Vael 

' => a + {-b) eH a Vael v each H a is a subgroup 
=> a+ (-£>) ef \ ael H a 

This shows that f] ae i H a is 3 subgroup of G. 

The union of two subgroups H and K of a group G is a 
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[2-3.15 Theorem:| 


subg 


IsTKWH Let H and K be the subgroups of G. Let 

H c K 

then we have to show that H <jK is a subgroup of G. Now 
(1 )=>HuK =K 


...(1) 

...( 2 ) 


Scanned by CamScanner 
















Since G is abelian group, so 

(ab -1 )™ = a' m (b -1 )' m " 

= {a m ) n [{b~ 1 ) n ] m 

= (e) n (e) m (by(l)and (3)) 
= (e)(e) 


This shows that ab 1 is of finite order of mn. Hence ab -1 e H. Since 


so H is a subgroup of G. 


[2-3.17 Theorem: 


a,b g H 
ab 1 e H 


Let G be a group and H a subgroup of G then for any 
a eG, the set aHa~ : = {aba -1 : b e H} is a subgroup of G. _ 


Let x,yeaHa 1 , then there exist b,,b 2 eH such that x = ab 1 a 


Proof: 


and y = ab 2 a -1 . Next consider 

xy -1 = (ab 1 a -1 )(ab 2 a“ 1 ) -1 

= (ab 1 a -1 )(ab; 1 a -1 ) 

= a/^a^ajb^a -1 

= afyeb^a -1 

= afyb^a -1 

= ab 3 a'\ hj 

Since H is a subgroup of G, so 

b 1( b 2 eH 

=> h^2 e H 

- "• =>h 3 eH 

=> ah 3 a -1 e aHa -1 


fyb 2 -1 = h 3 


=> xy 1 s aHa 1 

Since x.yeaHa -1 

=> xy; 1 e aHa -1 , so aHa -1 is a subgroup 
This completes the proof. 

Let G be a group and H a subgroup of G, then the set 

a -1 Ha = {a -1 ba:beH} 

/s a subgroup of G. 


2-3.18 Theorem: 
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■64 'Smu Group Theory 


Let x,y ea _1 Ha, then there exist h„h 2 eH such that * = a~% a 

and y = a~'h 2 a . Next consider i 

xy _1 = (a _1 bia)(a _1 b 2 a)" 

= (a- 1 h 1 a)(a' 1 /i 2 - 1 a) 

= a - 1 /7 1 (aa' 1 )h 2 - 1 a 

= a~'h,eh 2 a 
= a~'h y h 2 a 

= a -1 b 3 a, ^ 1 ^ 2 1 = ^3 

Since H is a subgroup of G, so 

h v h 2 eH 
=> e H 


h,h 2 = b 3 


/? 3 eH 

a -1 ft,a € a _1 Ha 


=> xy" 1 e a 1 Ha 

Since x,y e a^Ha => xy -1 e a -1 Ha, so a” 1 Ha is a subgroup. 
This completes the proof. 


gCTEWTIEWfM Let (G,*) be an abelian group and H a subset of G 
consisting of those elements a eG such that a’ = a, then H is a subgroup 
of G. 


faffTSTO By the definition of H, 

H = {aeG:a' = a} 

Let a,beH then a' = a,b' = b. Next consider 

(a*b')' = b*a' 

= b*a v a' = a 
= a * b v G is abelian 
= a*b' •: b' = b 
=> a*b' eH 

Since a,beH =>a*b' eH, so H is a subgroup of G. 

ijSJyjklZSE&l L- e t (G, ■) be an abelian group and H a subset of G 

consisting of those elements aeG such that a _1 =a, then H is a 

subgro up of G. 

fjIHSTfl By the definition of H, 

H = {a eG:a~' =a) 

Let a,beH then a -1 = a.b" 1 = b. 
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Next consider 


Since a, b e H 


(ab" 1 )" 1 =ba~ 1 


= ba 

v a 1 = a 

= ab 

v G is abelian 

= ab -1 

v b' = b 

=> ab -1 e H 


b 1 e H, so H is a subgroup of G. 


12-3.21 Theorem: 


Let (G, +) be an abelian group and H a subset of G 

consisting of those elements aeG such that -a = a, then H is a 
subgro up of G. 

EW By the definition of H, 

H = {a eG:-a = a} 

Let a,beH then- a = a - b = b. 

Next consider 

- [a + (-b)] =-a+ b 

= a + b v -a = a 
= a + (-b) v -b = b 
=> a + (-b) e H 

Since a,b e H => [a + (- b )] e H, so H is a subgroup of G. 

r&Jkkftj Let G be an abelian group and H a subset of G 
consisting of those elements of G which are of the second order, then H 
is a sub group of G. 

EWBT3I By the definition of H, 

H = {a eG .a 2 =e} 

Let a,b e H then a 2 = e,b 2 = e. 

Next consider 

(at)' 1 ) 2 =(ab-')(ab-') = a(b-'a)b-' 

= a(ab _1 )b -1 *•' G is abelian. 

= (aa)(b~'b~') = a 2 (b~' ) 2 
= e(b-' ) 2 ■■■ a 1 =e 

= (b-') 2 =(b 2 )-' 

= o -1 = e v b 2 - 6 


v a 2 = e 


= e' 1 = e 


=> ab 1 e H 

Since a,beH=> ab ~ 1 e H, so H is a subgroup of G. 
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kBcMcl Let (Z,+) be a group and H a subset of Z consisting of 

all the mul tiples of 5, then show that H is a subgroup of G 
By the definition of H, H - {a e 6: a - 5 k,k e } 

Let a,beH then a = 5k v b = 5k 2 , where k v k 2 eZ. 

Next consider 

a + (-b) = a-b 

=5k^5k 2 

= 5 (k,-k 2 ) 

=>a + (-b)sH a) sZ 

Since a.beH =>[a + (-b)]eH. so His a subgroup of G. 


Lef G be fbe group of all non-zero complex numbers 
under multiplication, and let 

H = {a + ib e G : a 2 + b 2 =1} 

then show that H is. a subgroup of G. 
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Solution: 


Let x,y e H, then 

x = a + ib,y = c + /d, where a 2 + b 2 = 1 ,c 2 + d 2 = 1 
Next consider 

xy _1 = (a + /b)(c + /d ) _1 
_ a + ib 
c +id 

_ (a + ib)(c - id) 

(c + id)(c - id) 

_ ac + bd + i{bc - ad) 


c +d‘ 


Now 


= ac + bd+ i{bc-ad) vc 2 +d 2 =1 


(ac + bd) 2 +(bc-ad) 2 =(a 2 + b 2 )(c 2 + d 2 ) 

-1 va 2 + b 2 -1,c 2 + d 2 = 1 

This shows that xy 1 e /-/. Hence H is a subgroup of G. 

* 


|2-3.25 Example:! 


_ -- H be fbe sef of real numbers a i byl 2 , where 

a,b e Q and bofb are not simultaneously zero. Show that H is a subgroup 
offbegnoup of non-zero real numbers under multiplication. 
gQQjgg Let x,y e H, then 

x = a + byl 2, a,b e <Q, either a * 0 or b * 0 
and y = c + d-v/2, a, b e Q, either c * 0 or d * 0 
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Next consider 

-i _ a + bj2 _ (a + bV2)(c-c/V2) 
Xy ” c + d\l2 ~ (c + dV2)(c-dV2) 
(ac-2bd) + (bc-ad)>l2 
c 2 -2d 2 


ac-2bd \ ( bc-ad ^ rr 
c 2 - 2d 2 Jvc 2 -2c/ 2 


bc-ad 
c 2 -2d 2 


=>xy = a' + b'V2, where a'= (^-—- bd , b'= 

[c 2 -2d 2 J 

Since a\b' e Q such that a' * 0 or b’ * 0 , so 

a' + W2eH 
=> xy -1 e H 

This shows that H is a subgroup of G. 


k&m Let H be the set of complex numbers of the form 
a + bV-5, where a,beQ and both are not simultaneously zero. Show 
that H is a subgroup of the group of non-zero complex numbers under 
multiplicat ion. 

Let x, y e H, then 

x = a + by[^ 5, a,b <= Q, either a * 0 or b * 0 

and y = c + dy[^ 5, a,beQ, either c * 0 or d * 0 
Next consider 

_ a + bV^ 5 _ (a + bV^5)(c-c/V^5) 

^ c + d-<f—~5 (c + c/V^5)(c-c/V^5) 

# _ .ai 

_ (ac + 5bd) + {bc-ad)yh5 

c 2 +5d 2 

fac + 5bd) ( bc-ad ^ r^ 

"ic 2 +5c/ 2 J + U 2 +5cf 2 / . 


i /— / r ec 5b c/ 

=> xy = a' + b'v- 5* w here a = 1 2 +5( y 2 

Since a\b' e Q such that a' * 0 or b' * 0, so 

, a' + b'V-5 e H 
=>T?y _1 e H 

This shows that H is a subgroup of G. 


bc-ad 
c 2 + 5c/ 2 


2-3.27 Example 


Lef H be the set of complex numbers of the form 
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a + byf-7, where a,beQ and both are not simultaneously zero. Show 

that H is a subgroup of the group of non-zero complex numbers under 

multiplicat ion. 

Let x,y eH, then 

x = a + b7l7, a,beQ, either a * 0or b *0 
an d y = c + dJ-7, a.beQ, either c * 0or d *0 
Next consider _ — 

_ a + b^ = (a + b4^)(c -d4- 7 ) 

Xy ~ c + dJ^7 (c + d4-7)(c-d4-7) 

(ac + 7bd) + (bc^ad)4-7 
c 2 +5d 2 


ac + 7bd ^ | f be-ad 


c 2 + 7d‘ 


c 2 +7d 4 


4-7 


i , u, r~^ u r (ac + 7bd , bc-ad 
=> xy = a' + b4- 7, w here a = ———j , b - ———j 

W+7d 2 ) W+7d*J 

Since a',b' g Q such that either a' * Qor b' * 0,so 
a' + b'4^7 gH 
=> xy -1 g H 

This shows that H is a subgroup of G. 

kMskli i iEETECT Let H be the subset of a group G, then H is a subgroup 
of G if and only if, 

(i) H 2 = H 

(ii) _ H~'=H .. ... 

f=Trm Let H be a subgroup of G, then we have to prove conditions (i) 

and (ii). 

(i) Let x g H 2 , then x = h : h 2 for some h v h 2 g H . 

Since H is a subgroup of G, so 

h v h 2 gH 

=> h y h 2 g H 
=>xeH 

i f. y2 i_i •••V •/ 

Let yeH. Since H is a subgroup of G, so the identity element is also 
in H. Let e be the identity element, then 

eeH 

=> ey g H 2 
=>y<=H 2 =>Hc:H 2 
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Combining (1) and (2), we get H 2 = H. 

(ii) Let xeH' 1 ,thenx = /r 1 forsomB heH 
Since H is a subgroup of G, so 

heH 
=> eH 
=> xeH 
=> H -1 c: H 

Let y eH Since H is a subgroup of G, so 

y eH 

¥ 

=> y" 1 e H 
=> (y -1 ) -1 e h -1 

=> y e H -1 

* =>H a H _1 

Combining (2) and (3), we get H _1 = H. 

Conversely, suppose that 

(i) H 2 -H 

(ii) H" 1 = H 

then we have to show that H is a subgroup of G t . 
x,yeH, then, by (ii) y“ 1 e H and by (i) xy -1 e H. 

This shows that H is a subgroup of G. 


• • • 




For this let 


2-3.29 Theorem: 


_ If H, K are subgroups of an abelian group G, then HK is 

a is a subgroup of G. 


Proof: 


HDEnaGESEES 

Let x,y e HK , then 

x = h,k v y = h 2 k 2 for some h v h 2 e H,k v k 2 e K 

Consider 

xy -1 =(h,k,)(h 2 k 2 )~' 

= (h^)(k?h?) 


- h)(kjk 2 )h 2 

= h<\k 3 h 2 {kz=kjk 2 ) 

= h^h 2 k z vG is abelian 

— h 2 k z (/) 3 = h^h 2 ) 

Since H and K are subgroups of G, so 

h v h 2 eH 

—v = h^h 2 e H 
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and k v k 2 eK 

=> k 3 — k\k 2 € K 
=> h 3 k 3 e HK 
=> xy _1 e HK 

This show sthat HK is a subgroup of G. 

k&iciJJ fBHH If G is a group and a is a fixed element of G, then show 
“fSSH = {xeG:ax = xa} of G is a subgroup of & 

kfflI F M : Let x,y e H , then by the definition of H, 

ax = xa ...( 1 ) 

and ay = ya ...(2) 

Next consider 

a(xy _1 ) = (ax)y _1 (associative law) 

= (xa)y _1 (by (1)) 

= x(ay -1 ) (associative law) 

=>a(xy- 1 ) = x(ay“ 1 ) ...( 3 ) 

v (2)=> y -1 (ay)y -1 = y~ 1 (ya)y _1 
=>y" 1 a(yy- 1 ) = (y- 1 y)ay" 1 
=> y _1 ae = eay -1 

=>y _1 a = ay _1 # 

Using this in (3), we get 

• ' - =>a(xy~ 1 ) = x(y~ 1 a) 

=> a (*y _1 ) = (xy -1 )a (associative law) 

=> xy' 1 e H 


Hence H is a subgroup of G. 

Sf7ow that every subgroup of an abelian group is 

havp t!f abe,ian Qroup. Let H be a subgroup of G, then wb 

Z1 h o a ‘ Hls alsoabelian ’ for 'Ws let a.beH 
tnena.beG vHcG 

ince G is abelian, so ab = ba. This show sthat H is abeli 


Let (G. ) be a group and ‘a’ be a fixed element of G, 
snow that H = ( a k ■ u c 7 \ __ _ 


show sthat H is abelian. 




. - - — Wl 

a zZ) is a subgroup of G. 
x >y ^H, then there exist integers n 


such that 
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Consider 


x = a m and y -a n 


xy 1 = a m (a n )~' 
= a m a~ n 


m-neZ,:. a m ~ n e H 


=> xy 1 e H 

This shows that H is a subgroup of G. 


j ffifrfrlHSSiflSEB If H is a subgroup of K and K is a subgroup of G, then 
show that H is a subgroup of G. 

Since H is a subgroup of K and K is a subgroup of G.^so H is a 
subset of G. For any x,y e H,xy 1 e H, since H is a subgroup of K. Thus, 

H being the subset of G such that for any x,y e H,xy _1 eH, is a subgroup 
of G. 


(2,+) be the group of integers. Write two subsets of 
Zwhichare closed under addition but are not subgroups of Z. 

If we take H as a set of positive integers, i.e. 

H = {1,2,3,...} 

and K as a set of non-negative even integers, i.e. 

K = {0,2,4,...}, 

then both H and K are closed under addition, but the additive inverses do 
not exist in these sets. Therefore, both H and K are not subgroups of Z. 

FMcU JETSffTBI Let H and K be two subgroups of a finite group G. Prove 
that for any a e G, a(H nK) = aH naK . 


PU, 1999 (B.A./B.Sc.) 


Solution: 


Since H nKczH and HnKcK, therefore 
a(H nK)^ aH and a(HnK)czaK VaeG 
=> a(H nK)c aH naK 
•Let y eaH naK 

=> y eaH and y e aK 

=> a _1 y e H and a A y e K 
^>a^y eHnK 
=> y g a{H nK) 

=> aH naK n a(HnK) 

Combining (1) and (2), we have 

aH naK = a(H nK) 
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kMM;l JfffTHBB Let H be a subgroup of a group G. 

If (Ha)' 1 = {(/7a)' 1 \ he H), then show that (Ha)' 1 = a^H. 


Let x € (Ha)' 1 , then for some heH, 
x = (/ 7 a )" 1 

= a _1 A 7 _1 e a A H v h' 1 e H > 
=>(Ha) _1 ca _1 H 

Conversely, 

let y e a -1 H, then for some heH, 

y = a _1 /7 

= (h'V 1 e (Ha)' 1 
=> a _1 H c (Ha)' 1 
Comparing (1) and (2), we have 

(Ha)' 1 = a -1 H 


U, 2013; 20ia 


v*(2) 


[2-3.37 Example: 


fa hi 

G-{ :a,b,c,d e R,ad -hc*0 

L c ^ 


he /he group of all real 2x2 matrices under matrix multiplication. Show 
that 


a b 
0 d 


: a,b,d e R, ad * 0 


/s a subgroup of G and 


is a subgr oup of H. 
bSUiluu Let AS e H,then 


1 h 
0 1 


'.beR 


3 i ^1 o a 2 h 2 

0 hi ’ ~ 0 d 2 ■ whereat * 0, a 2 d 2 =/= 0 


=> AB _1 = 


i = f a i *>iTVa 2 -b 2 /a 2 d 2 

.0 d,J[ 0 1/d 2 

£i_ - a^ ~ 

= a 2 a 2 cf 2 g. 

d e H v——L?t0 
0 a 2 c/ 2 


This shows that His a subgroup ofG . 


Let A,BeK, then 
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"1 a"l „ n 
■[o ij -[o 


1 b 
0 1 


=> AB~' = 


1 al \ 1 -b 


0 10 1 


1 a-b 


This shows that H is a subgroup of G. 


24 Cyclic Groups 


In this section we shall discuss very important type of groups. Some 
theorems are also presented in this section about this particular type of 
groups. The concepts of subgroups and the orders of elements are also 
discussed in the light of this type of groups. 

A group G is said to be cyclic group under multiplication 
if each element of G is a power of one and the same element of G. Such 
an element of the group is called the generator of the group. 

If the generator of a cyclic group G is a, then we say that G is a cyclic 
group generated by a. 

If G is a cyclic group of finite order n generated by a, then we write it 


G=<a:a n =e> 

We read it as “G is a cyclic group of order n generated by a”. 

Show that the set of n nth roots of unity is a cyclic group 
under multiplication. 


Let 6 = {1, to, to 2 a }, w hereto = e » , be the set of n nth roots of unity. 

Since 


to" = e“ 


= cos2;r + /sin27r 


This shows that each element of G is a power of co , so G is a cyclic group 
under multiplication generated by co . 


2-4.3 Example: 


If G = {±1,±/}. Show that (G. ) cyclic group and find its 


generators . 

UUJIIMM Since each element of G = {±1,±/> is a power of i. so / is a 
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generator of G. Similarly, each element of G is also a power of -/, so 
is also a generator of -/. This shows that (G, ) is a cyclic group with ±j 

as its generators. 

This example also shows that a cyclic group may have two 
generators. 


kggli B fffff ffffll A group G te said to be a cyclic group under addition 
generated by a if each element of G is a multiple of a. That is 

G = {ka\k eZ} 


2JEBS033 Since each integer is a multiple of 1 and -1, therefore 
(Z.+) is a cyclic group generated by 1 and -1. 

kgMiBIflWMifl If G is not a cyclic group and H is a subgroup of G such 
that H = {a n :neZ} for some fixed aeG, then H is called the cyclic 
subgroup of G. 


2-4.7 Theorem 


Every cyclic group is abelian. 


|PU, 2013; 2012 (BS Math] 


[S BCT Let G be cyclic group generated by a. Let x.yeG, then there 
exist integers k, m such that 

x = a\ and y = a m 

Consider 

xy = a k a m =a k + m = a m+k =a m a k 
- yx 


This shows that G is an abelian group. 


2-4.8 Example: 
(Solution: 


Show that (Q,+) is an abelian group but not cyclic. 


|PU, 2014; 2012 (BS Math) 


Since the commutative law under addition holds in Q, so (Q,+) 
is an abelian group. 

Suppose, if possible, that (Q,+) is a cyclic group generated by a, then 

all elements of Q must be integral multiples of a. Since a is a generator of 
set of rational numbers, so a must itself be a rational number. Let 


a = —, p,qeZ,q* 0 

q 


Since ^ is a rational number, so it must be an integral multiple of a, i.0- 
there must exist some integer such that 


= na 
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2 = Pn -0) 
Since p, n are integers and the product of two integers is also an integer, 
so (1) cannot be satisfied for any integral values of p and n. This shows 

that 2g IS n0t 3n inte 9 ral mu ltiple of a. Hence a is not a generator of Q 

and, therefore, (Q,+) is not a cyclic group. 


2-4.9 Example: 


Generate the multiplicative cyclic group by 
Let 

"0 -1 


Solution: 


0 -1 

1 0 


A = 


A 2 = 


1 0 

0 -1 

1 0 


, then 


-T 


'-1 

0" 

0 


_o 



L 

=>A 3 = AA 2 = 

1 o 

i 

=1 

I 

o 

. 1_ 

L 

J 

'0 T 


1 

1 

o 

o 


-1 0 


=>/\ 4 = A4 3 = 


"o T 


'1 ol 

- 1 0 


(- 

o 

1_ 


2-4.10 Theorem: 


Proof: 


Every subgroup of a cyclic group is cyclic. 


PU, 2012 (B.A./B.SC.); PU, 2012 (BS Math 


Let G be a cyclic group generated by a, then every element of G is 
a power of a. Let H be the subgroup of G, then we have to show that H is 

cyclic. Let k be the last positive integer such that a k e H. Let b be any 
arbitrary element of H, then b will also be in G. Since G is cyclic, so there 
must exist an integer m such that b = a m . 

Since a m = b <= H and k is the least positive integer such that 

a e H , so k < m . Thus, by division algorithm, we have integers q , r such 
that 

' ...( 1 ) 


m = qk + r, 

0 <>r<k 

=> a m =a‘ ,kw , 

0 <r <k 

=> a m =a qk a', 

0 < r < k 

=>a r =a m a-«*, 

0<>r <k 

=>a r =a m (a k y q , 

0<,r <k 
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Since a" e H and H is a subgroup of G, so (a*) " e H ■ 

=.a m (a k y q 

=: >a'zH 

Since r <k,soa r eHis only possible if r = 0. Putting this value in (1), we 
have m = qk. Thus 

b = a m =a qk =(a k ) q 

This shows that b is a power of a k . Since b is an arbitrary point of H, so 
each point is a power of Q k . Hence H is a cyclic subgroup of G generated 

by a k . 

kMIBdiEWHffll The order of a cyclic group is equal to the order of Its 
genera tor. 

faTSffifl Let G be a cyclic group generated by at Let n be the order of G. 
The elements of G are of the form 


a, a 2 , a 3 a n ~\a n 

If e is the identity element of G, then first of all we show that 

a m * e for m < n 

For this we suppose on contrary that 

a m =e for some m<n ...(1) 

Then 


Thus in the collection 


the elements of G are 


a m+1 =a,a m+2 =a 2 ,. 


a,a 2 ,a 3 ,...,a n \a n 


a o ^ o I m f77 

>Cl ,a 13 

This shows that the order of G is m < n which is contradiction to the fact 
that the order of G is n. Thus our assumption that 

a m =e for some men 
is wrong. Consequently ' 


Next we show that 


a V m<n 


a,a 2 ,a 3 ,...,a n ~\a n 


...( 2 ) 


are distinct elements of G. For this once again suppose on contrary that 
there exist integers r, s such that 


a r =a s , 0 <r <s<,n 


=>a sr =e 


which is impossible, because s-r <n. 

Thus a,a 2 ,a 3 a n ~\a n are distinct elements of G. since these elements 
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are n in number and the order of G is also n, so the idem *y element must 
be one of them. The condition 

a m * e V m < n 


=> a = e 


This shows that the order of G is n. Hence the order of a cyclic group is 
same as that of its generator. 


b-4.12 Theorem: 


An infinite cyclic group has exactly two distinct 


generators. _ 

5H3B Let G be an infinite cyclic group generated by a. Let xeG, then 


x = a 


for some n e Z 
for some neZ 


=>x = (a _1 )~ n forsomeneZ 

This shows that each element x of G is also a power of a -1 . Hence a -1 is 
also a generator of G. Next we show that a" 1 * a. For this suppose on 

contrary that a -1 = a, then a 2 = e. This shows that the order of a is 2. 
Since the order of the cyclic group is same as that of its generator, so the 
order of G is also 2. But G is of infinite order, so a -1 = a is wrong. Hence 
a -1 * a. 

Finally suppose that fc> is also the generator oT G such that 
b ± a -1 and b * a . Since a and a -1 are elements of and b is its 
generator, so there must exist integers k and m such that 

a = b k and a -1 = b m 

=> a = b- m 

■=> b k = a = b“ m 

=>b k =b~ m 


This shows that the order of b is k + m which is again impossible, 
because G is of infinite order, so b is not a generator of G. Hence the 
infinite cyclic group has exactly two distinct generators. 


[2-4.13 Theorem: 


gMkfciflgprnfll If G /s a cyclic group of order n generated by a, then for 
each positive divisor d of n, there is a unique subgroup of G Qforder d. 

SWwra Let G be a cyclic group of order n generated by a, i.e. 

G =< a : a n = e> 

Let d be a positive divisor of n, then there exists an integer q such that 

n = qd ••■0) 

Let b = a q , then 

b d = (a q ) d = a Qd = a n = e 
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This shows that 


H =<b:b d = e> 

is the required subgroup of G. 

To see that H is unique, suppose that K is another subgroup of 6 of 
order d. Then K is generated by an element c = a k , where k is the least 
such positive integer. Since d is the order of K, so 

c d =e 
^>{a d ) k =e 

=>a kd =e, w here kd = n 

=>k = — = q 
d 

=> b = a q = a k = c 

This shows H and K have same generators. Since H and K are cyclic 
groups of same order having same generator, so H = K. 

3TEWHfffl If G is a cyclic group of even order, then there is only 
one su bgroup of G of order 2. 

BCTHI Let G be cyclic group of order 2n, where n is a positive integer, 
generated by a. 

By previous theorem, if a positive integer d divides 2 n, then G has 
exactly one subgroup of order d. Since 2 divides 2 n, so G has only one 
subgroup of order 2. 


If G is a cyclic group of An, 


where n is a positive integer, 


then th ere is only one subgroup of G of order A. 

Let G be cyclic group of order 4n, where n is a positive integer, 


generated by a. 


By theorem 2-4.14, if a positive integer d divides An K , then G has 
exactly one subgroup of order d. Since 4 divides An, so G has only one 
subgroup of order 4. 


rflnLaiimHllfl If G is a cyclic group of 3 n, where n is a positive integer, 
then th ere is only one subgroup of G of order 3. 

Let G be cyclic group of order 3 n, where n is*a positive integer, 
generated by a. 


By theorem 2-4.14, if a positive integer d divides 3d, then G has 
exactly one subgroup of order d. Since 3 divides 3 n, so G has only one 
subgroup of order 3. 


E tM If G is a cyclic group of 6 n, where n is a positive integer, 

then there is only one subgroup of G of order 3 and only one subgroup of 


G of order 2. 
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GgL®‘® a be cyclic 9 rou P of «*» 6 n, where n is a positive integer, 

9 By theorem 2-4.14, if a positive integer d divides 6 n then G ha* 
exactly one subgroup of order d. Since 2 and 3 divide 6n, so G has onlv 
one subgroup of order 3 and only one subgroup of order 2. y 


2-5 Lagrange’s Theorem and its Applications 


The Lagrange s theorem revealed a marvellous result of the finite 
group theory. It opened the new doors for the study of the finite groups. In 
this section we shall study the Lagrange's theorem and its applications in 
finite groups. Some other definitions are also presented in this section 
which will be helpful in proving the Lagrange’s theorem. 


2-5.1 Definition: 


Let H be a subgroup of a group G and a e G, then the sei 

aH = {ah : h eH} 

is said to be the left coset of H in,G determined by a. 

Similarly, the set 

Ha = {ha :h<= H} 

is called the right coset of H in G determined by a. 


Ta b I 

— s . a, b, c, 

L c d - 


d e R, ad - be* 0 


is the group of all real 2x2 matrices under matrix multiplication and 

H-< 3 b : a,b,d e R,ad * ol 
0 d 


■s a subgroup of G, then for 


the set 


A = . e G 
3 4 


AH = l 1 2 3 b : a,b,d e R,ad *0 

L 3 ’ 4 ! c d 

is a left coset of H in G determined by A. 

Similarly, the set 

* HA = { 3 b 1 2 : a,b,d e R,ad *0 

[0 d_[3 4 

is a right coset of H in G determined by A. 


4 
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HHkia i U. I J HI If H is a subgroup of a group G, then show that H itself k 

both left c oset and right coset of H in G. h th , 

Ma m m al Since the identity element a of G is in g suer 

eH = {eh-h e H) = {hr-h e H) = H 

and H e = {he:heH) = {tr.heH) = H 

so H is both left and right coset of H in G. 


1-5.4 Definition:! 


r e tr* , \ anH g £ G , then the set 
If H is a subgroup of (G,+) ana a e ■ 

a + H = {a + h:heH } 

is said to be the left coset of H in G determined by a. 
Similarly, the set H + a = { h + a:heH} 

is called the right coset of H in G determined by a. 


rvfri^.vim. ^ - G = jo,1,2.3,4,5} 

be the group of residue classes modulo 6 under addition, then 

H = {0,2,4} 

is a subgroup of G. The^sets 

0 + H = H 

and 1 + H = {1.3,5} 

are the left costs of H in G. 


aarawjjjgi A collection (A, : or e 1} of subsets of a set A is called 
the partition of A if 

(i) A = ILA 

(ii) A a nA /} =</> force* ft 

kflrfcA t fffiffO Let H be a subgroup of a group G, then the set of all left 
cosets of H in G defines a partition of G. grajEgOEEiS® 


IsJIM.lH Let 

{aH : a e G) 

be the collection of all the left cosets of H in G. For each 

a e G, a = ae e H v e e H 

This shows that 

Gc =U ae G aH 

Since each aH is a subset of G, so 

UaeG aH 

Combining (1) and (2), we have 

G = U BeG aH 
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Next suppose that aH and bH are two distinct left cosets of H in r th on 

on comraS thT ' hat in,erSec,ion is an ®™P‘y set. For this suppose 

aH r\bH * <p 


x g aH n bH 

=> x e aH and x e bH 

=> x = ah,,x = bh 2 for some h„h 2 g H 
=> ah, = x = bh 2 
=> ah, = bh 2 1 


a = bh 2 h , 1 and b = ah,h : 


=> a - bh 3 , where h 3 = h 2 h, 1 g H y H is subgroup .. .(4) 

and b = ah 4 , where h 4 = h,h 2 : e H v H is subgroup ...(5) 
Let y e aH be any arbitrary point of aH, then 

- y = ah 5 for some /i 5 g H 

= (bh 3 )h 5 , using (4) 


= bh 3 h 5 


= bh* h* = hehe g H 


=> y = bh 6 g bH 

=> aH a bH ...(6) 

Let z e bH be any arbitrary point of bH, then 

z = bh 7 for some h 7 g H 

= {ah 4 )h 7 , using (5) 

— ah 4 h 7 

= ah s h 8 = h 4 h 7 e H 
z = ah 8 € aH 
z^bHczaH 

Combining (6) and (7), we have 

bH = aH 

which is a contradiction, because aH and bH were distinct. Therefore 

aH nbH = 0 ' * \ * 

Relations (3) and (8) show that (aH . a e G} defines a partition of G. This 

completes the proof. 

HTH. I -UJ. I ..U Le t H be a subgroup of a group G, then the set of all right 
cosets of H in G defines a partition of G. |3 , |H , H jijjM 


• ••(7) 


SEES Let 
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{Ha : a e G} 

be the collection of all the right cosets of H in G. For each 

aeG,a = eaeH veeH 

This shows that ecluHa (1) 

Since each Ha is a subset of G, so Q 

cJaeG 1 ' ' 

Combining (1) and (2), we have s = (3) 

Next suppose that Ha and Hb are two distinct right cosets of H in G, then 
we have to show that their intersection is an empty set. For this suppose 
on contrary .that HariHb ^ 


UV/V 

. x e Ha nHb 

=> xe Ha and x e Hb 

=> x = /? 1 a,x = /7 2 Jb for some h 2 eH 

=> h,a = x = h 2 b 

=> fya = h 2 b 

=>a = h^h 2 b and b = 

=>a = b 3 b, w here b 3 = h^h 2 eH v H is subgroup .. .(4) 
and b = b 4 a, where/i 4 = h 2 h, eH v His subgroup ...(5) 
Let ye Ha be any arbitrary point of Ha, then 

y = h 5 a forsome b 5 e H 
= h 5 {h z b), using (4) 

= h$h 2 b 

= b 6 b b 6 = h 5 h 3 e H 
=>y = h 6 beHb 
=> Ha <zHb 

Let z e Hb be any arbitrary point of Hb, then 

z = h 7 b for some h 7 e H 

’ i 

= h 7 {h^a), using (5) 

= h 7 h 4 a 

= b 8 a b 8 = h 7 h 4 e H 
=> z = b 8 a e Ha 

=> Hb cHa _(?) 

Combining (6) and (7), we have 
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Hb = Ha 

which is a contradiction, because Hb and Hb were distinct. 
Therefore 

HanHb = <f> 

Relations (3) and (8) show that 

{Ha ; a e G} 

defines a partition of G. This completes the proof. 


•••(8) 


iiKSB The number of left (or right) cosets of a subgroup H of a 
group G is called the index of H in G and is denoted by [G:H]. 


PU, 2014 (BS Math) 


PM I iT^ijTTiw In an abelian group every left coset is equal to the 
corresp onding right coset. 

^S22 Let G be an abelian group. Let H be a subgroup of G. Let a e G, 
then 


Since 


and G is abelian, therefore 


aH = {ah : h e H} 
Ha = {ha : h e H) 

hsHcG^fieG 
ah = ha V h eH 


-(1) 

-( 2 ) 


This shows that 


{ah : h e H) = {ha : h t H] 

aH = Ha 


This completes the proof. 

EMLirtifftTHTTB Let H be a subgroup of a group G, then the number of 
left cos ets is equal to the number of right cosets of H in G. 

SEES Let 

R = {Ha: a eG) 

be the set of all right cosets of H in G and 

L = {aH : a e G) 

the set of all left cosets of H in G. 

In order to show to that R and L have same number of elements, we 
shall prove that there exists a bijective mapping from R to L. For this let 
us consider a mapping <p.R^>L defined as 

0(Ha _1 ) = aH 

Since each element aH of L is an image of some element Ha -1 of R 
under <f >, so <f> is onto. Next we show that ^ is one-one, for this let 


Scanned by CamScanner 




84 Oa-iu Group Theory 


0(Ha~ y ) - 0(Hb^) =>{a-'b)~'eH 

=> aH = bH ^ b a ^ H 

=> H = a~'bH ^H = Hb~'a 

=> a^b e H r *' = Ht L 

This shows that 0 is one-one, therefore <p is bijective. Thus the number 

of members of R is equal to the number of members of L. This completes 
the proof. 

The index and the order of a subgroup of a 
finite group divide the order of the group. 


b 'a e H 


2-5.12 L a g ra nge^sTTTeorerry 

mi2?i1^im(E^7B.Sc.); PU, 2014; 2012 (BS Math); PU, S2014 (M.Sc Math! 


rgyWTfl Let G be a finite group of order n. Let H be a subgroup of G of 
order m. Since the order of G is finite, so the set 

{a : H,a 2 H,...,a k H} 

of all the distinct left cosets of H in G is also finite. 

Consider the mapping 

^: /-/ —> a ( H 

defined as 

0 (h) = a,h , h e H 

Since each element a, A? e a,H is an image of some element heH under 
0 , so 0 is onto. 

Next consider 

0(h,) = 0(h 2 ), h v h 2 e H 
=> a, /7i = a jh 2 


=> ^ =h 2 

This shows.that 0 is one-one. Hence 0 is bijective. Thus the number of 
elements in H and in a,/-/ (1 < / < k) is the same. Since H has m 
elements, so each a,/-/ (1 < i < k) also has m elements. 

Since the left cosets define the partition of G, so 
G = U‘,,a,H 

and a,H n a y H = 0 i * j 1 <i,j< k 

This shows that 


l G l = iM 

/=i ' 

^ n = \a^H\ + |a 2 /-/| +... + |a fc H| vjG| = n ^ 

= m + m + ... + m v |a,H| = m,1 < / < n 

= km 
=>n = km 
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/<!) shows that both k and m divides n. Since k, being the number of left 
cosets of H in G, is the index of H in G and m is the order of H. Thus both 
the index k and the order m of the subgroup H of a finite group G divides 

the order of the group G. 

e flfl lcls ffiViil'.IBl Find all the subgroups of the cyclic group of order 24. 
Bjmffiffil Let G be a cyclic group of order 24 generated by a. Then, by 
Lagrange's theorem, the orders of subgroups of G must divide the order 
of G. Now the positive divisors of 24 are 1, 2, 3, 4, 6, 8, 12 and 24. Thus 
the required subgroups of G are of orders 1, 2, 3, 4, 6, 8, 12 and 24. 

The subgroup of order 1 is 

H,={e} 

The subgroup of order 2 is 

H 2 ={e,a 12 } 

The subgroup of order 3 is 

H 3 ={e,a 8 ,a 16 } 

The subgroup of order 4 is 

H 4 = {e,a 6 ,a 12 ,a 18 } 

The subgroup of order 6 is 

H 6 = {e,a 4 ,a 8 ,a 12 ,a 16 ,a 20 } 

The subgroup of order 8 is 

H b = {e, a 3 ,a 6 ,a 9 ,a 12 ,a 15 ,a 18 ,a 21 } 

The subgroup of order 12 is 

H 12 ={e,a 2 ,a 4 ,a 6 ,aW 2 , a M .a“a“.a“a“} 

The subgroup of order 24 is 23 

H 2 4 = G = {o,a,a } 

Find all the subgroups of the cyclic group of order ;99. 
hP a cvclic group of order 99 generated by a. Then by 
B MK I 1MIH Let G be a ^ y n f suharoups of G must divide the order 

Lagrange’s theorem, the orders of 9 U P ^ 33 and 99 . Thus the 

of G. Now the positive divisors of 99 are 1, s. » " • ■ 

required subgroups of G are of orders 1, 3, 9,11, 33, and 99. 

The subgroup of order 1 is 

The subgroup of order 3 is 

H 3 ={e,a .a } 

The subgroup of order 9 is ^ ^ 

rig = \©, a ’ ' 

The subgroup of order 11js ^ ^ a46 a64>a63 a72 a8 , a9 o } 
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[2-5.15 Ex ample: 
(solution 


The subgroup of order 33 is 1 

t o a g 12 _9 -93 -96 1 

H 33 ={e,a 3 ,a e ,a 9 ,a ,2 ,...,a ,a ,a } 

The subgroup of order 99 is 

. H 99 = G = {a. a,a 2 ,.a? 7 , a 98 } 

Find all the subgroups of the cyclic group o f order m 

L^ITlIf.TTC Let G be a cyclic group of order 12 generated by^Tbe^J 
Lagrange’s theorem, the orders of subgroups of G must divide the order 
of G. Now the positive divisors of 12 are 1, 2, 3, 4, 6, and T2. Thus the 
required subgroups of G are of orders 1,2, 3, 4, 6, and 12. 

The subgroup of order 1 is 

H y = {e} 

The subgroup of order 2 is 

H 2 = {e, a 6 } 

The subgroup of order 3 is 

H 3 ={e,a\a 8 } 

The subgroup of order 4 is 

H 4 = {e, a 3 ,a 6 ,a 9 } 

The subgroup of order 6 is 

H 6 = {e, a 2 , a\ a 6 , a 8 , a 10 } 

The subgroup of order 12 is 

H 12 = G = {e, a,a 2 ,...,a 10 ,a 11 } 


2-5.16 Example:| 
Solution:!!; 


Find all the subgroups of the cyclic group of order 2 1 
p CTCT Let G be a cyclic group of order 21 generated by a. Then’ by 
Lagrange s th eore m the orders of subgroups of G must divide the order 

Suborouns ^ e r P0SI *7 d J ViSOrS ° f 21 are ^ 3 ' 7 . 21. Thus the required 
subgroups of G are of orders 1, 3, 7, 21. The subgroup of order 1 is 

Th* k H ' =(e> 

I he subgroup of order 3 is 

tk u ^3 ={e,a 7 ,a u } 

The subgroup of order 7 is 

T , = {e,a 3 ,a 6 a 9 a 12 p 15 * 18 \ 

The subgroup of order 21 is 

H 2 , =G = {e, a ,a 2 .a’ 9 ,a 20 } 

be/Terated by a. subgroup® of the cyclic group of order 18 

Lagrange's theorem.^he orders'^ ° f ,° rder 18 9 enera,ed b y a - Then ' by 

oraers of subgroups of G must divide the order 
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of e. Now the positive divisors of 18 are 1 2 3 « a ,c TL . 
required subgroups of 6 are of orders 1,2 3 ' 6 Vin tk J hus ,he 
order 1 is , ’ ’ b ' 9 ' 18 ' The subgroup of 

H \ .= {e} 

The subgroup of order 2 is 

H 2 = {e,a 9 } 

The subgroup of order 3 is 

" 3 ={e,a 6 ,a 12 } 

The subgroup of order 6 is 

={e,a 3 ,a 6 ,a 9 ,a 12 ,a 15 } 

The subgroup of order 9 is 

H 9 ={e,a 2 ,a 4 ,a 6 ,a 8 ,a 1 °,a 12 , a 14 ,a 16 } 

The subgroup of order 18 is 

H vi = G = {e,a,a 2 .a 16 ,a 17 } 

^er af ef by a^ ^ SUb9roups of the c Y° lic S rou P of order 60 

fMWH' i H Let G be a cyclic group of order 60 generated by a. Then, by 
l-agranges theorem, the orders of subgroups of G must divide the order 
of G. Now the positive divisors of 60 are 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 
and 60. Thus the required subgroups of G are of orders 1 2 3 4 5 6 
10,12, 15, 20, 30, and 60. ’ ’ ’ 1 ’ ’’ 

The subgroup of order 1 is 

H, = {e} 

The subgroup of order 2 is 

H 2 = {e,a 30 } 

The subgroup of order 3 is 

H 3 ={e,a 20 ,a 40 } 

The subgroup of order 4 is 

H 4 = {e,a 15 ,a 30 ,a 45 } 

The subgroup of order 5 is 

H 5 ={e,a 12 ,a 24 ,a 36 ,a 48 } 

The subgroup of order 6 is 

Hq = {e,a 10 ,a 20 ,a 30 ,a 40 ,a 50 } 
he subgroup of order 10 is 

Th "io ={e,a 6 ,a 12 ,a 18 ,a 24 ,a 30 ,a 36 ,a 42 ,a 48 ,a 54 } 

he subgroup of order 12 is 

H 12 ={e,a 5 ,a 10 ,a 15 ,a 20 ,a 25 ,a 30 ,a 35 ,a 40 > a 45 .a 50 .a 55 } 

he subgroup of order 15 is 


12-5.18 Example:! 
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H ,^{e,a\a\a .- •“ ' 

The subgroup of order 20 is a 54 , 57 , 


I ne suuyiuup -- g 54 

H w ={e,a 3 ,a\a .a ,a ) 

The subgroup of order 30 is 

Hx ={e,a 2 ,a,a .a ,a > 

The subgroup of order 60 is -se-59, 

Hw = G = {e,a,a ,...,a ,a } 

Find all subgroups of the cyclic group of order 81 

g p u B ig a Le^G be a cyclic group of order 81 generated by a. Then, by 
Lagrange’s theorem, the orders of subgroups of G must divide me order 
of G. Now the positive divisors of 81 are 1, 3, 9, 27, and 81. Thus the 
required subgroups of G are of orders 1, 3, 9, 27, and 81. 

The subgroup of order 1 is 

H, = {e} 

The subgroup of order 3 is 

H 3 = {e,a 27 , a 54 } 

The subgroup of order 9 is 

H 9 = {e, a 9 , a 18 , a 27 , a 36 , a 45 , a 54 , a 63 , a 72 } 

The subgroup of order 27 is 

H 27 = {e,a 3 ,a 6 ,a 9 a 75 ,a 78 } 

The subgroup of order 81 is 

H 81 =G = {e,a,a 2 .a 79 ,a 60 } 

The order of an element of a finite group divides the 

order of the group. 

Let G be a group of finite order n. Let a be any arbitrary element of 
G. Let m be the order of a, then we have to show that m divides n. 

We can generate a cyclic subgroup of G by a. Let H be a cyclic 
subgroup of G generated by a. Since the order of the generator of a cyclic 
group is equal to the order of its generator. Therefore, m, being the order 
of a, is the order of H. By Lagrange’s theorem m, being the order of the 
subgroup H of a finite group G, divides the order of G. That is m divides n. 

Hence the order of an element of a finite qroup divides the order of the 
group. * 

E&BjipliH&uaSI Any group of prime order is cyclic. r . 

be a 9 rou P of prime order p, then we have to show that G 
cyclic. Let a be any non-identity element of G. Let H be a cyclic subgroup 
of G generated by a, then by Lagrange’s theorem the order of H mus 
divide the order p of G. Since p is prime, so the order of H is either 1 or P- 


Theorem: 
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But a is non-identity, so the order of H will not be 1. Therefore the order of 
H is p. This shows that 

H = G 

but the G is cyclic, because H is cyclic. Hence any group of prime order is 
cyclic. 


Any group of prime order has no non-trivia! subgroups. 
___ a 9 rou P of prime order p, then we have to show that G 

has no non-trivial subgroup. For this suppose on contrary that H is a non¬ 
trivial subgroup of G. Then 




3BB 

Let G be 


, H * {e}and H*G 

Let n be the order of H, then by Lagrange’s theorem n must divide p. 
Since p is prime, so either n = 1 or n = p. 


1 . If n = 1, then H = {e}. 

2. If n = p , then H = G. 


Since both cases lead to a contradiction, so our assumption that H is a 
non-trivial subgroup of G is wrong. This shows that G has no non-trivial 
subgroup. Hence a group of prime order has no non-trivial subgroup. 


\q\ 

_ If a is an element of a group G, then show that a = e. 

Let n be the order of the group G. Let m be the order of an 
element a of G, then 

...( 1 ) 


2-5.23 Example: 
Solution: 




= e 


Let H be a cyclic subgroup of G generated by a. Since the order of the 
cyclic group is equal to the order of its generator, so m is the order of H. 
By Lagrange’s theorem m, being the order of subgroup H of G, divides 
the order n of G. Therefore, there must exist an integer q such that 

n=mq 


Consider 

a |G| =a" v|G| = n 

= by (2) 

= (a m ) q 
.=e q by (1) 


= e 


-> a^ = e 


2-5.24 Example: 


Let G be a cyclic group of order 24 generated by a. Find 
)fthe elements (i) e, (ii) a 9 , (iii) a 10 . 
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a 24 =e 


ii) To find the order of a! we shall the least common multiple of 9 
' and 24. Since 72 i& the least common multiple of 9 and 24, so 

consider o __ * 

(a 9 ) 8 =a 72 


= (a 24 )' 


.• a 24 = e 


=> o(a 9 ) = 8 

(iii) To find the order of a 10 , we shall find the least common multiple of 10 
and 24. Since 120 is the least common multiple of 10 and 120, so 
consider 

(a 10 ) 12 = a 120 


= (a 24 ) £ 


a 24 = e 


=> o(a 10 ) = 12 

kflHkfcl JWnW f J If H and K are two finite subgroups of a group G with 
relatively prime orders, then show that H nK = {e}. 


Let o(H) = m and o(K) = n. Since H and K are of relatively 

prime orders, so the greatest common divisor of m and n is 1. Since 

HnKcH ...(1) 

and HnKczK ..,(2) 

Since H, K are subgroups and the intersection of two subgroups is also a 
subgroup, so (1) and (2) show that HnK is a subgroup of both H and K. 
If k is the order of HnK, then by Lagrange’s theorem, k must divide both 
orders of H and K. That is k must divide both m and n. But the greatest 
common divisor of m and n is 1, so 

/c = 1 

=> o(H r\K*f= 1 
=> H n K = {e} 

t-fiESmEHS! Explain why a group of order 47 cannot have proper 
proper subgroup ^ * S 3 Pr ' me and 3 9roup of prime order cannot have 3 
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In other words if H is a proper subgroup of G, then the order of H is 
neither 4 nor 47 and any other integer cannot divide 47 contradictinq the 
Lagrange s theorem, therefore a group of order 47 cannot have orooer 
subgroup. p per 


Let G be a group of order 89. Can G have a non-trivial 

subgroups 

S E1 Pi Since 89 is a prime and a group of prime order cannot have a 
proper subgroup. ved 

In other words if H is a proper subgroup of G, then the order of H is 
neither 1 nor 89 and any other integer cannot divide 89 contradicting the 
Lagrange s theorem, therefore a group of order 89 cannot have proper 
subgroup. r K 


Iexercise 2l 

Multiple Choic^Question^MCQsM 


Four options are given in each of the following questions, the 
choice which you think is correct; fill the circle in front of that 
choice. Use marker or pen to fill the circles. Cutting or filling 
two or more circles is not allowed: 

The unary operation is an operation which yields another number 
when performed on 

(a) two numbers (b) a single number 

(c) three numbers (d) four numbers 

The negation of a given number is a ® ® © @ 

(a) binary operation (b) relation 

(c) unary operation (d) relation in some set 

© ® © © 

I he extraction of square root of a given number is a 

(a) binary operation (b) relation 

(c) unary operation (d) relation in some set 

T , © ® © @ 

I he extraction of cube root of a given number is a 

(a) binary operation (b) relation 

(c) unary operation (d) relation in some set 

Th • © ® © © 

i ne squaring a given number is a 

(a) relation in some set (b) relation 

( c ) binary operation (d) unary operation 

..... u © ® © © 

which of the following is unary operation? 

(a) addition (b) multiplication 
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(viii) 


/v * (d) none of these 

(c) square root ' ’ © ® © © 

If for all afieA, a* be A, then 

(a) ♦ is a unary operation in A ( ) * fo»a 

(c) » is a binary operation in A ( © ® © © 

. is said to be commutative in A if for all a,be 

(b) a*b = b*a 

a+ h~b + a d )a*b*b.a 

(c )a-b = b-a © ® © © 

if * is a binary opera + ion in A then 

a) A is closed under . (b) A is not closed under . 

(c) >4 is closed under + (d) A is close^md^ @ @ 

An element e e A is said to be the identity element with respect to 

a binary operation * on A if for all a e A 

(a) e*a = a*e = 0 (b) e*a = a*e*a 

(c) e*a-a*e = e , (d) e *a = a*e = a 

The intersection of two subsets A and B of X is 

(a) a non-commutative binary operation on P(X) 

(b) a commutative binary operation on P(X) 

(c) not a binary operation on P(X) 

(d) not a member of P(X) ® ® © @ 


(b ) a* b = b*a 
(d) a*b* b*a 


(xir) The identity element of a set X with respect to intersection in 
. P(X) is 

(a) X (b) ^ (c) does not exist (d) 0 

@ ® © @ 

(xiii) The identity element of a set X with respect to union in P(X) is 

(a) X (b) <f) (c) does not exist (d) 0 

© ® © @ 

(xiv) The union of two subsets A and B of X is 

(a) a non-commutative binary operation on P(X) 

(b) a commutative binary operation on P(X) 

(c) not a binary operation on P(X) 

(d) not a member of P(X) (a) ® © @ 

(xv) The union of two subsets A and B of X is 

(a) a non-commutative binary operation on P(X) 

(b) an associative binary operation on P(X) 

(c) not a binary operation on P(X) 

(d) not a member of P(X) © ® © ® 
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(xvi) 


(xvii) 


(xviii) 


(xix) 


In the group (G,*) f Va.be G 

(a )a+beG (b )abeG 

(c) a * b e G (d)a-beG 

® ® © 0 ) 

lf(G,*) is a group then for all a e G there exists a' e G such that 

(a) a*a' = 0 = a'*a (b) a*a , = a' = a , *a 

(c) a*a' = a = a'*a (d) a*a' = e = a'*a 

, . © ® © ® 

(G,*) is a commutative or abelian group if for all a,b e G 

(a) a*b=b*a (b) a*b*b*a 

(c)a+b=b*a (d )a*b = b + a 

-r. . © ® © @ 

Z is a group under . 

(a) subtraction (b) division 

(c) multiplication (d) addition 

, ® ® © ® 

The action of wearing socks and shoes 

(a) do not commute (b) commute 

(c) does not exit (d) is associative 

© ® © © 

The set of all non-singular matrices of order 2 forms a non-abelian 
group under 

(a) addition (b) subtraction 

(c) multiplication (d) division 

© ® © © 

{3 n :ne Z) is an abelian group under 

(a) addition (b) subtraction 

(c) multiplication (d) division 

© ® © © 

{3n: n e Z} is an abelian group under 


(a) addition 
(c) multiplication 

(iv) A monoid is always a 
(a) a group 

(c) a non-abilian group 

(v) A monoid is always a 
(a) a group • 

(c) a non-abilian group 

(vi) A semi-group is always a 
(a) a group 

(c) groupoid 


(b) subtraction 
(d) division 

© ® © © 

(b) a commutative group 
(d) groupoid 

© ® © © 

(b) a commutative group 
(d) semi-group 

® ® 

(b) a commutative group 
(d) a non-abilian group 

© © © © 
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(vii) 


(viii) 


(xiii) 


(xiv) 


(xvi) 


A closed set with respect to some binary operation is called the 

(a) a group (b) a commutative group 

(c) groupoid (d) a non-abilian group 

® ® © Gh 

A non-empty set which is closed with respect to some binarv 
operation is called the semi-group if ^ 

(a) the binary operation is associative 

(b) the binary operation is commutative 

(c) the binary operation is anti-commutative 

(d) identity element exists ® © © @ 

A non-empty set which is closed with respect to some associative 
binary operation is called the monoid if 

(a) inverse of each element exists 

(b) the binary operation is commutative 

(c) the binary operation is anti-commutative 

(d) identity element exists ® ® © @ 

{—3/7 :neZ} is an abelian group under 

(a) addition (b) subtraction (c) multiplication (d) division 

If G = {1,-1,/,-/} is a group under multiplicati^, then inverse o?/ 


(a) 1 


(b)-1 


(d) none of these 

) ® © @ 


(xvii) 


If a, b are elements of a group G, then ( ab)~ : = w 

(a) a _1 b _1 (b) /TV 1 (c) a^b (d) b~'a 

.. . ® © © @ 

If a, b are elements of a group G, then (atr 1 ) _1 = 

(a) a^V 1 (b) ba^ (c) a _1 b (d) b _1 a 

. © ® © @ 

If a, b are elements of a group G, then (a _1 b) _1 = 

(a) a 1 (b) ba _1 (q) a _1 b (d) b _1 a 

, f . © ® © @ 

if a, b are elements of a group G, then (fcrV 1 ) -1 = 

(a) ab ( b ) ba ~' (c) a _1 b (d) b _1 a _ 

If * • y y v • @®©@ 

. . a x a —> x is a binary operation, tPten for all x.yeX, 

(*,/) = 

(a) xxy (b) x-y (c) x + y (d)x*y 

The idenfify element of the set of integers with Respect to +1s 
(b)2 (c) 1 ( d )0 

(D © © @ 
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(xviii) The identity element of the set of integers with respect to 
multiplication is r 

(a) 3 ( b ) 2 (c) 1 (d) 0 

(xix) The group (G,*) is said to be an abelian groSp o^ommutative 
group if for all a,b gG , a* b = 

(a )b + a (b ) b-a (c ) b + a (d ) b*a 

(xx) The set of integers is an abelian group under ® ® ® ® 

(a) addition (b) multiplication (c) division (d) none of these 

q.3 ® ® © ® 

(i) The set of real numbers is an abelian group under 

(a) addition (b) multiplication (c) division (d) none of these 

@ ® © @ 

(ii) The set of rational numbers is an abelian group under 

(a) addition (b) multiplication (c) division (d) none of these 

© ® © @ 

(iii) The set of complex numbers is an abelian group under 

(a) addition (b) multiplication (c) division (d) none of these 

, . . ® ® © © 

(iv) The set of even integers is an abelian group under 

(a) addition (b) multiplication (c) division (d) none of these 

@ ® © © 

(v) The set of nonzero real numbers is an abelian group under 

(a) addition (b) multiplication (c) division (d) none of these 

® ® © © 

(vi) The set G = {1, co,co 2 }, co is the cube root of unity, is an abelian 
group under 

(a) addition (b) multiplication (c) division (d) none of these 

® ® © ® 

(vii) The set C 4 ={±1 ,+ /} of all the fourth roots of unity is a group 
under the usual 

(a) addition (b) multiplication (c) division (d) none of these 

, .... © ® © © 

(viii) The set G of all non-singular matrices of order 2 is a non-abelian 

group under matrix 

(a) addition (b) multiplication (ci division (d) none of these 

,. . © ® © © 

l ,x ) The set of all those complex numbers whose module are 1 is 

group under 

(a) addition (b) multiplication (c) division (d) none of these 

|ut tl, k ® ® © © 

The set G = {2* : k e Z) is a group under 

(a) addition (b) multiplication(c) division (d) none of these 

® ® © @ 
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(xh The set of all n, nth roots of unity forms a group under the 
' of complex numbers. 6 

(a) addition (^multiplication (c) division (d) none of these 

^ © ® © & 

(xii) For any three elements a, b, c of a group G,ab = ac=> W 
' (a) a = b (b) a = c (c) b = c (d) none of these 

© ‘ ® © (3) 

(xiii) For any three elements a, b, c of a group G, ba=ca=> 

(a) a = b (b ) a = c (c) b = c (d) none of these 

© ® © @ 

(xiv) The multiplicative identity element is 

4 3 2 1 

(a) |dx (b) j dx (c) jdx (d) jdx 

o 0 ‘ 0 o 

® ® © @ 

(xv) The multiplicative identity element is 

4 3 2 

(a) f dx (b) j dx (c) j dx (d) none of these 

1 i i (§) ® © @ 

(xvi) The multiplicative identity element is 

n_ a — 

2 2 2 

(a) f cos xdx (b) 1 + f cos xdx (c) 1 + | sin xdx (d) none of these 

v j J J ^ ^ ^ 


2 2 2 

(a) fcos xdx (b) 1+ f cos xdx (c) 1+ I sin xdx (d) none of these 
J o J o J o ® ® © @ 

(xvii) The multiplicative identity element is 


2 

(a) 1+J cos xdx 


2 

(b) J sin xdx 


(c) 1 + J sin xdx (d) none of these 

o 

(xviii) The multiplicative inverse of 2 is 

(a) j^xdx (b) jVdx (c) {Vdx 

(xix) The multiplicative inverse of 3 is 
(a) j^xdx (b) JVdx (c) | Q 1 x 4 dx 

(xx) The multiplicative inverse of 4 is 
( a ) \' 0 xdx (b) j' 0 x 2 dx (c) JVdx 


'© ® © @ 

(d) none of these 
© ® © ® 


(d) none of the®! 
© ® © ® 

(d) none of th«| 
© ® © W 


1 . 
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(viii) 


In a group (Z,+), the inverse of 


7 8 
1 1 


2 3 
1 3 


In a group (Z,+), the inverse of -3 


2 13 
1 3 


(d) none of these 

© © © © 


(a)-( 2 -3x) 
(C) > 


(b) ~~(3x-2) 
dx 


C dx ^ ( d ) none of these 

A , . , @ ® © © 
An element a of a group G is said to be idempotent if a 2 = 

e ( b ) a (c) a 3 (d) none of these 

-. iU ® ® © @ 
If G is a group, then for all a e G, (a -1 ) _1 = 

(a)® (b) a" 1 (c) a 2 (d) a 

(!) © © © 

If G is a group, then for all a,b,c&G, (abc) -1 = 

(a) c“ W 1 (b) a _1 b _1 c _1 (c) cba (d) abc 

® ® © © 

For any element a of a group G, (a -1 ) n = 


(b) a 


(c) na 


(a) a n (b) a~ n (c) na (d) none of these 

® ® © @ 

If G is abelian group then for all a,b e G, (ab) 2 = 


(b) a 3 b' 


(c) a 2 b' 


(a) a 2 b (b) a 3 b 3 (c) a 2 b 2 (d) ab 

® © © © 

If G is an abelian group then for all a,b e G, n e Z , ( ab) n = 

(a) ab (b) a"b (c) ab n (d) aTb n 

If G is an abelian group then for all a, b € G, n e Z, (ab) = 

w* W* o 

The number of elements in a group G is called the-of 

group G. ' 

(a) generator (b) order (c) subgroup ^(d) rtane tfthese 

If a nrnnn mnsists of elements then it is said to 


(a) generator (b) order 


If a group consists of 
be an infinite group. 

(a) two (b) three ■ 

(c) finite number of (d) infinite num ^ r @ @) 

If G is a group and a e G, the order or period of a is the least 

positive integer n such that a n = 
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(xiii) 


(xiv) 


(a) a 3 (b) a 2 ( c > a ^ ® 

in the group G = {-tl,-V}, the order of 1 is 

(•)-1 W 1 (C)2 . ® ® 

In the group G = {-1,1- U ). the order of 1 is 
fat-1 (b)1 < c > 2 < d) l 


(d) 4 

® ® 


(xvi) 


(xvii) 


(xviii) 


(a) -1 (D)i 

in the group G = {-t1,-/,/}. the order of / is 

(a) -1* (b)1 < c > 2 

In the group G = {-1,1,- /,<}. the order of - i is 
(a) -1 (b) 1 (c)2 

In a group, the order of an element is 

(a) less than the order of its inverse 

(b) greater than the order of its inverse 

(c) same as that of its inverse 

(d) none of these 
For an element ‘a’ of a group, 

(a) o(a) > o(a -1 ) (b) o(a) = o(a _1 ) 

(c) o(a) < o(a _1 ) (d) o(a) * o(a _1 j 


(d) 4 


(d) 4 

© ® 


(d) 4 

) ® 


(xix) 


In a group G, for all a, b e G, 
(a) o(ab) > o(ba) 

(c) o(ab) = o(ba) 

In a group G, for all {±1,± /'}, 
(a) o(a) = o(bab -1 ) 

(c) o(a) > o(bab _1 ) 


(b) o(ab) < o(ba) 
(d) o{ab) * o(ba) 


(b) o(a) < o(bab 1 ) 
(d) o(a) * o(bab~') 


If in a group G, b = x~'ax, then b 2 = 

{a) x~'ax (b) x 'a 2 x (c) x 'a 2 x 

If in a group 6, b = x~'a 2 x, then b 2 = 

(e) x-'ax (b ) x~'a 2 x ( c ) x-'a 3 x 

If in a group G, xa = ax, then xa 2 = 

(a) a*x (b) a 4 x (c) g 3 x 


© @ 


© @ 
© @ 


© @ 


© @ 


© @ 


© @ 


© @ 


© @ 


(d) x y a*x 


® © @ 


(d) x _1 a 4 x 


@ ® © @ 

(d) a 2 x 

® ® © ® 
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If in a group G, xa = ax, then xa 3 = 

(a) a 5 x (b) a 4 x (c) a 3 x (d) a 2 x 

© ® © © 

A subset H of a group G is called the_of G if H itself is 

a group under the same binary operation as defined in G. 

(a)subspace (b)subgroup (c)subbase (d)none of these 

® ® © © 

The set {±1} is a subgroup of {±1 ,± /} under complex 

(a) addition (b) subtraction (c) multiplication (d) none of these 

© ® © © 


(vii) Let (G.) be a group. A nonempty subset H of G is a subgroup of 
G if and only if for all a, b e H, the element 
(a) a + b -1 e H (b) ab _1 e H 

(c )a + (-b)<=H (d )ab-'zH © © © @ 

(vlii) Let (G,+) be a group. A nonempty subset H of G is a subgroup of 
G if and only if for all a,b e H, the element 
(a) a + (-b) & H (b) a/T 1 eH 

(c) a + (-b) g H (d) ab 1 e H ^ ^ 0 0 

(ix) The intersection of any collection of subgroups of a group G is 

__ : _of G. 

(a) not a subgroup ( b ) a subgroup 

(c) a subspace (d) none of the^ © © © 

(x) Every subgroup of an abelian group is 

(a) non-abelian c y cllc 

(c) abelian (d) none of these @ @ @ 

(xi) The set of n nth roots of unity is a cyclic group under 

(a) multiplication (b) addition 

(c) subtraction (d) none o e 0 @ © © 

(xii) The generators of G = {±1, ± <} are 

. " lhS . o (ct ± i (d) none of these 

(a )±1 (b) ±2 (c)±/ © ® © @ 

(xiii) (Z,+) is a cyclic group generated by 

(a) ±1 (b )±2 (c)±' ® d) ® ne © @ 

(xiv) Every cyclic group is w 

(a) non abelian (b) abel^ |an 

(c) non commutative (d) none °‘ th0 (^ ® © ® 


(d) none of these 
® @ 

(d) none of these 
® ® © @ 
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Every subgroup of a cyclic grou , p ' S non cydic 
(a) non abelian ( d) none of these 

(c) cyclic © ® © a 

, the order of its generator 

SXZTm'«*•S5** 1 *' |,<»j 

(a) five (b) four ' ; ® ® © @ 

The number of left'(or right) cosets of a subgroup H of a group G 

is called the — of H m m car dinal (d) none of these 

(a) order (b) index W ® ® © @ 

Let H be a subgroup of a group G, then the number of left cosets 

is _ the number of right cosets of H in G. 

(a) less than (b) equal to (c) greater than ( d ) "° ne °|fiiese 

If H and K are two finite subgroups of a group G with relatively 
prime orders, then HnK = 

„ HM 


(xvi) 


(xvii) 


(xviii) 


(xix) 


Order of a cyclic group is __ 
(a) equal to (b) less than 


^hort Questions 


Q.6 

(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) 

(viii) 

(ix) 

(x) 

(xi) 

(xii) 
(xiii) 


Solve / answer the following short questions: 

Give an example of an abelian group which is not c yclic. 

i rTIWJTTCTrriTnl^ 

Show that the set of all irrational numbers is not a group under 
multyication. 

Show that ab = ac => b -c for any three elements A, b, c of a 
group G. 

Define a group. 

Why the set of all those complex numbers whose module are 1 > s 
not a group under addition? 

Why the set of all irrational numbers is not a group under 
multiplication. 

Is (Z,o) a group? Where o is defined by a ° b = 0 Va.b e Z. 

Show that the identity element is unique in a group. 

wi/h .; s ^ ow that the inverse of each element is unique* 
What is an idempotent? 

If {3 is a group, then show that (a"V =aVaeG. 

If G is abelian grqup, then show that (ab) 2 = aV Va.b e G. 

If each element of a group G is its own inverse, then show that & 
is an abelian group. 
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(xiv) If in a group G, b = xax -1 . Show that b 2 = xa 2 x' 1 . 

(xv) If in a group G, b = x^ax. Show that b 2 = x“ 1 a 2 x. 

(xvi) If in a group G, b = x _1 a 2 x. Show that b 2 = x‘Vx. 

(xvii) If in a group G, b = xax' 1 . Show that to 3 = xaV 1 . 

(xviii) If in a group G, xa = ax, then show that xa 2 = a 2 x. 

(xlx) If in a group G, xa = ax, then show that xa 3 = a 3 x. 

(xx) If G is a finite group such that xy = yz => x = z for x, y, z e G, then 
show that G is abelian. 

Q.7 Solve / answer the following short questions: 

(i) Let an element a of a group G be of an odd order, then show that 
there exists an element b in G such that b 2 = a . 

(ii) Let (G,*) be an abelian group and H a subset of G consisting of 
those elements a e G such that a' = a, then show that H is a 
subgroup of G. 

(iii) Let (G.) be an abelian group and H a subset of G consisting of 

those elements a e G such that a -1 = a, then show that H is a 
subgroup of G. 

(iv) Let (G.+) be an abelian group and H a subset of G consisting of 
those elements a e G such that - a = a, then show that H is a 
subgroup of G. 

(v) Show that every subgroup of an abelian group is abelian. 

(vi) Let (G.) be a group and ‘a’ be a fixed element of G, show that 

H = {a k :k eZ} is a subgroup of G. 

(vii) if H is a subgroup of K and K is a subgroup of G, then show that H 
is a subgroup of G. 

(viii) Show that the set of n nth roots of unity is a cyclic group under 
multiplication. 

S’ ~H-»«»»« 

4 coset and right coset of H in G. 

(xi) Define the index of a subgroup. c..Knrnun? 

(xil) Let G be a group of order 89. Can G have a nontr vial subgroup? 
(xii!) If each element of a group G is rts own .nverse, then show that G 

(xiv) ShoVthaUhe^ntersection of any collection of subgroups of a 
group (G. ) is a subgroup of G. 

(xv) If H is a subgroup of K and K is a subgroup of G, then s ow 

is a subgroup of G. . 

(xvi) Show that every cyclic group is abelian. 

(xvii) State Lagrange’s theorem. 
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(xviii) Prove or disprove the set R of real numbers is a group under th 
operation ° given by a °b = a + b + 2. e 


Long Questions^ 


Prove that, if a and b are elements of a group g and jf 
a -1 b 2 a = ba , then b = a. 


Show that the set S = {1,2,4,5,7,8} is a group under 
multiplication modulo 9. Find order of each element of S. 


(ba/r" 


Q.10 State and prove Lagrange’s Theorem. 


Q.11 Let H and K be the two finite subgroups of a group G whose 
orders are relatively prime. Prove that HnK = {©}. " ' 


Q.12 Prove that every cyclic group is an abelian group. 


PU, 2003; ^UQl (BA./BsT 




Q.13 Let H be a subgroup of a group G and aeG . If 

(AVa) 1 = {(/la) -1 ;/?£ H}, then show that (Ha) -1 = a. 


|PU, 2013; 2012 (B.A /B Sr 


Q.14 Let (G.+) be a group. Prove that a nonempty subset K of G is a 
subgroup of G if and only if a + (-f>) e K for all a.beK. 


Q.15 Prove that for all a, b in a group G, (ab) -1 = atV 1 

Q ' 16 natural^ 6 7™" ”**' iab) " = a " b " for thS^onsecZ 
natural numbers n and all a,b e G. Show that G is abelian group. 


Q17 LPt r h. 

aHa- 1 9 i°T and H be 3 sub 9 rou P of G, show that the set. 
Ha = {aha : ^H,a 6G } is a subgroup of G. 

cosets of H incSesapSn of G™ ‘ hat 


Q *|g ^ 1 

the set HK K =\hk^hcH > T°'f? oi an abelia n group G. Show that 

q on cik ’ s is a subgroup of G. 

M, * u Show that the 

subgroup G is Tsubgro^f tW0 sub 9 r oups H and K of® 
• K c H. uogroup of G if and only if either HaK or 
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group, prove that 


Q.21 Define an abelian group. If (G,.) is an abetian 
(xy ) 1 = x"V _1 where x,y <= G. 


Q.22 If H and K are two subgroups of a finite group G, prove that for 
any g * G,g(HnK) = gHngK. ’ P ® that for 


q, 23 If G is an abelian group, show ( ab) n = a n b n for all a,beG. 

q. 24 If G a group and a is a fixed element of G, then show that the 
subset H = (x e G: ax = xa} of G is a subgroup of G. 

Q.25 Prove that the order of an element of a finite group divides the 
order of the group. 

Q.26 Prove that every subgroup of a cy clic group is cyclic. 

I -TI KT'i l L Vi* W.V J - tl -JI Wtl 11 / Ft IS! 


Q.27 Show that a finite group whose order is a prime number is 
necessarily cyclic. 

Q.28 Show that every left coset is equal to the corresponding right 
coset in an abelian group. 

Q.29 Show that any group of prime order has no non-trivial subgroups. 

Q.30 |f a Is an element of a group G, then show that a 1 1 - e. 

Q.31 Let G be an abelian group and H the set of all elements of finite 
order in G, then show that H is a subgroup o . 

Q.32 Let (Z, + ) be a group and H a subset of Z consisting o, a„ the 
multiples of 5 , then show that H is a subgroup of G 
Q.33 Show that the order of a cyclic group is equa o e o 

generator. _ pxactlv two distinct 

Q.34 Show that an infinite cyclic group 

generators. .. (k en show that for 

Q.35 If G is a cyclic group of order n i genera 6 subgroup of G of 

each positive divisor d of n, there is a 

order d. 
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> The nonempty set G is said to be group with respect to . if f or „ 
a,b,ceG, 

(i) a*6eG (ii) a*(,b*c) = {a-b)*c 

L there exists an element eeG, such that a * e -e *a = a. 

(iv) there exists an element a' e G, such that a* a a * a - e . 

> The group (G,*) is said to be an abelian group or commutative 

group if a*b = b*a Va.beG. 

» If G is a nonempty set then the order pair (G,*) is said to be semi 
group if for all a,b,ceG, (i)a»beG, (ii) a*(b*c) = (a* b)*c. 

> In a group G, the identity element is unique. 

> In a group G, the inverse of each element is unique. 

> An element a of a group G is said to be idempotent if a = a. 

> The only idempotent element in a group is the identity element. 

> For any two elements a and b of a group G, the equations ax = b 
and ya = b have unique solutions. 

> If G is a group, then (a -1 ) -1 = a VaeG. 

> If G is a group, then (ab ) -1 = b - 1 a _1 Va, b e G. 

> The number of elements in a group G is called the order of group 
G and is denoted by o(G)or |G|. If the group G consists of finite 

number of elements then it is said to be a finite group otherwise it 
is said to be an infinite group. 

> If G is a group and a e G, the order or period of ‘a’ is the least 
positive integer n such that a n = e . 

> If every non-identity element of a group G is of order two, then G 
is abelian. 

> amnmfn^r°tl a 9r ° UP S is called the sub 9 r0U P of G if H itself is a 
» Everv It r h 3am ? , b ' nary °P eration as defined in G. 

iden«tv qrouo M tW ° sub 9 rou P s namely G itself and the 

a )h ' ese are called the trivial subgroups of G. 

> Ut(G.T be aoZ °7 iS Ca " ed a non -triv.al subgroup of G. 

n ® P' ^ nonempty subset H of G is a subgroup of 

G if and only if for all a h c w , L# . 

the inverse of b. ' H ' the element a * b ' eH ' where b 18 

> £?,? T TT and H be 3 nonem P‘y finite subset of G such 
that H is closed under multiplication lj ■ u , ~ 

> The intersection of any coltecttonnf^ 18 a subgroljp of , 

subgroup of G. of sub 9 rou PS of a group G is a 
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Summary 105 


> Union of two subgroups H and K of a qrouo a k a 

if and only if either HaK or KaH a sub 9 rou P of G 


y Let G be an abelian group and H the set nf aii 

order in G, the'n H is a subgroup of G Slements of «"«e 

> Let (G - ) be an abelian 9 rou P and H a subset of G consisting of 
those elements a e G such that a' 1 = a, then H is a subgroup of 

> Let G be an abelian group and H a subset of G consisting of those 
elements of G which are of the second order, then H is a 
subgroup of G. 

y If H, K are subgroups of an abelian group G, then HK is a is a 
subgroup of G. 

> Every subgroup of an abelian group is abelian. 

> If H is a subgroup of K and K is a subgroup of G, then show that H 
is a subgroup of G. 

> A group G is said to be cyclic group under multiplication if each 
element of G is a power of one and the same element of G. Such 
an element of the group is called the generator of the group. 

> The set of n nth roots of unity is a cyclic group under 
multiplication. 

> A group G is said to be a cyclic group under addition generated by 
‘a’ if each element of G is a multiple of ‘a’. 

> Every cyclic group is abelian. 

> (Q,+) is an abelian group but not cyclic. 

> Every subgroup of a cyclic group is cyclic. 

> The order of a cyclic group is equal to the order of its generator. 

> An infinite cyclic group has exactly two distinct generators. 

> If G is a cyclic group of order n generated by a then for each 
positive divisor d of n, there is a unique subgroup of G of order d 

> If G is a cyclic group of even order, then there is only one 

> ?f U G 9 n cydic°g < roup r of 4rr, where „ is a positive integer, then 

> h G e ii S a 0 ?ycrgTo b u 9 p r of P 3° f whereas a positive integer, then 

> ETH^.'ssrs a '- 0 p r f a -* t • £ ^ in s ; d t 

a H = {ah \hsH) is said to be the left coset of H in G determined 

> Let 3 H be a subgroup ^^ufe coset" Th"V G 

Ha = {ha: h eH) is said to be the ngm 

determined by a. N it is ^oth left coset and 

> If H is a subgroup of a group G, then H itself 

right coset of H in G. 
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OciiU 


Group Theory 


. , „ ,, subsets of a set A is called the partition 

> A collection {A„ : a e 1} of suDseis u. 

of A if (i) A- U«.iA g then the set of all left cosets of 

> Let H be a subgroup of a group 

H in G defines a partition o - S et of all right cosets 

> Let H be a subgroup of a group b, men , 

Of H in G defines a P^j' 0 ^ 0 ' , of a su bgroup H of a group g 

> St SK is denoted by [G: H]. 

> ,n an abelian group every left coset is equal to the corresponding 

> ^, h H°b S e e a subgroup of a group G then the number of left cosets 
k f»nual to the number of right cosets of H in 

> The index and the order of a subgroup of a finite group divide the 

> Th^orde? ofaTeiement of a finite group divides the order of the 


group. 

^ Any group of prime order is cyclic. 

> Any group of prime order has no non-trivial subgroups. 

> If a is an element of a group G, then a |G| = e. 

> |f h and K are two finite subgroups of a group G with relatively 
prime orders, then H nK = {e}. 



***** 


j 
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GROUPS OF 
PERMUTATIONS 


KS 


This chapter is devoted for Permutation Groups. These groups are of 
considerable importance in the quantum mechanics of identical particles. 
Consider a system of n identical objects. If we interchange any two or 
more of these objects, the resulting configuration is indistinguishable from 
the original one. We can consider each interchange as a transformation 
of the system and then all such possible transformations form a group 

under which the system is invariant. 

In the first section of this chapter we shall define a permutation and 
then the number of examples will be given to explain the concept of 
permutations. Finally we shall discuss even and odd permutations Some 
theorems about even and odd permutations will also be discussed in the 

last section of this chapter. 


3-1 Permutations^ 


In this section first of all we shall study the definition of a Permutation 
with suitable examples, then the inverse permutation w^ also be defined. 
The products of permutations will also be discussed in this section. 

B»T?T7TffTTfflTB Let X be a non-empty set. A bijective mapping 

f ; X —> X is called the permutation on X. * T /*' 

If X has n elements, then n\ permutations can be taken on X. f 

permutation f on X is usually written as 


f(X 2 ) 3) f( X 4) f( X 5 )J 

where the first row consists of the elements of X, while the second row 
consists of their corresponding images under f. 
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such that 


' H 1) = 8, 

f( 3) = 7, f < 4 > - 4 ' 

f(5) = 2, f(6) = 5, 

f(7) = 3, W = 6 

then the permutation fon Xis wnttenas^ g 7 

f = [ 8 1 7 4 2 5 3 6, 

Similarly, the permutation ootr . 

X = {X„X 2 ,X 3 ,X 4 ,X 5 > 

defined by , x _ y ) = x- 

a(x,) = x 4 , a(x 2 ) = x 3 , atx 3 t a, 

a(x 4 ) = x 2 , a(x 5 ) = x 5 

can be written as . 

^X-) X2 X3 X 4 Xg 
a_ U 4 X 3 x 1 x 2 X 5y 


PW Let X be a non-empty set. A permutation /: X -> X is said to be the 
identity permutation on X if 

/(x) = x VxeX 

For example, 

i Xi X 2 X3 X 4 X5 

^ X 1 x 2 x 3 x 4 x 5 J 

is the identity permutation on 

X = {Xi.x 2 ,x 3 ,x 4l x 5 } 

Similarly, 

/ = p 2 3 4 5 6 7 8'' 

"ll 2 3 4 5 6 7 8 y 

is the identity permutation on 

X = {1,2,3,4,5,6,7,8} 


3-1.3 Example: 
Solution: 


Find all permutations on X = {1,2,}. 

Since X has 2 elements, so there will be 2!= 2 permutations on 
X and these permutations are given below: 

, fl 2) (1 2 "l 

ll 2 J 2 1 
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fnha oter-3: Groups of Permutations 
P^^xample. 


Find all permutations on X = {1,2,3} 

Since X has 3 elements, so there will be 31= 6 permutations on 
Xand these permutations are given below: 

,-f 1 2 3 1 f-f 123 l 

1 o o * 'i - L. « ^ L 


1,1 2 3 j 

Interchanging 1 and 2 in / and f y , we have 

fl 2 3) 

2_ U 1 3/ f% = 

Interchanging 1 ^nd 3 in / and f y , we have 

f -f 1 2 3 ) f . 

4 3 2 1 5 ~ 


1 2 3 
1 3 2/ 


1 2 3 

2 3 1 


1 2 3" 
3 12’ 


Find all permutations on X = {1,2,3,4}. 

Since X has 4 elements, so there will be 4!=24. Fixing first two 
columns, we have 


3-1.5 Example:| 
Solution:! 


12 3 4 
12 3 4 


12 3 4 
12 4 3 


Fixing firstcolumn and interchanging 2 and 3 in /.f, 


_[1 2 3 4 
f2 "ll 3 2 4 


12 3 4 

13 4 2 


Fixing firstcolumn and interchanging 2 and 4 in /,f, 


(12 3 4 
1 4 3 2 


12 3 4 
14 2 3 


Interchang ing 1 and 2 in /, fi, . ^3»^4 • fs» w e ^ et 

(1 2 3 4^| , Y 1 2 3 4 


[2 1 3 4J 

1 2 3 4^ 

h |^2 3 1 4 J 

(12 3 4 
fl0= l2 4 3 1 


~^2 1 4 3j 

p 2 3 4^ 
" [2 3 4 1J 

[12 3 4 
fl1= 2 4 1 3 


Interchang ing 1 and 3 in /, fi, ^ > ^3 - U • ^ • w e 9 et 


[12 3 4 
fl2= 3 2 1 4 


fi. = 


12 3 4 
3 12 4 


= 


= 


1 2 3 4' 

3 2 4 1 

12 3 4 
3 14 2 
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11Q V.u'c Group Theory 


U = 


1 2 3 4 


f» = 


116 "^3 4 1 2) V 

Interchanging 1 and 4 in /, , ^ 2 »^3 > ^4 > ^5 > w ® 

, _n 2 3 4 1 /i .4 


= 


f-rx — 


fl8 ^4 2 3 1 
(12 3 4 

= U 3 2 1 


foo — 


12 3 4 
4 13 2 


1 2 3 4" 
3 4 2 1’ 


1 2 3 4" 
4 2 13/ 


12 3 4 
4 3 12 
12 3 4 
4 12 3 


lM. 6 Example: 


Find all permutations on X = {1,2,3,4,5} . 1 
Since X has 5 elements, so there will be 5!= 120 . Fixing first 
three columns, we have 


1 2 3 4 5 
1 2 3 4 5 


1 2 3 4 5 


\1 2 3 4 5j 11 2 3 5 4j 

Fixing first two columns and interchanging 3 and 4 in /, f\ 


M 2 3 4 5 
2 “ 1 2 4 3,5/ 


1 2 3 4 5 
1 2 4 5 3 


Fixing first two columns and interchanging 3 and 5 in /, f : 


M 2 3 4 5" 
4 " 1 2 5 4 3/ 


1 2 3 4 5 


U 2 5 4 J 2 5 3 4 ; 

Fixing first column and interchanging 2 and 3 in l,f v ...,f 5 

f = [1 2 3 4 5| [1 2 3 4 5' 

Vi 3 2 4 5/ 7 “[l 3 2 5 4, 

f -f 1 2 3 4 5 ) , _f1 2 3 4 5' 

8 ll 3 4 2 5 J' 3 4 5 2 

f w J' 2 3 4 5^ - ri 2 3 4 5 


1 3 2 4 5j 
1 2 3 4 5" 
/I 3 4 2 5, 
1 2 3 4 5 
J 3 5 4 2 


f„ = 


Fixing first column and interchanging 2 and 4 in /, £ 


1 3 5 2 4 


f _P 2 3 4 51 
12 ~ll 4 3 2 5/ 




1 2 3 4 5 
1 4 3 5 2 


sfirsusr how 120 pem,u,a,lons 
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T^ntRr^: G roups of Permutations _ V :> Permutations 111 


- ■ 

'1 

2 3 4 

5' 


'1 

2 

3 

4 

5 V 

^14 = 

b 

4 2 3^ 

5; 

> ^15 “ 

b 

• 

4 

2 

5 

V 


f 1 

2 3 4 

5' 


'1 

2 

3 

4 

5 1 

^16 ~ 

,1 

4 5 2 

3, 

» ^17 = 

b 

4 

5 

3 

2, 

Fixing firstcolumn and interchanging 2 and 5 in l,f v 

•••• 

f 5 





'1 

2 3 4 

5 n 



2 

3 

4 

5' 

^18 “ 


5 3 4 

2, 

> ^19 _ 

b 

5 

3 

2 

V 


'1 

2 3 4 

5' 

. 4i = 

'i 

2 

3 

4 

5' 

II 

o 

S 

b 

5 4 3 

2; 

b 

5 

4 

2 

3 J 


'1 

2 3 4 

5' 



2 

3 

4 

5' 

II 

CM 


5 2 4 

3, 

» ^23 = 

b 

5 

2 

3 

4j 


Interchang ing 1 and 2 in /, f ,,..., f 23 , w eget 




2 

3 

4 

5^ 


f 1 

2 

3 

4 

5^ 

f 2 4 ~ 

,2 

1 

3 

4 

5, 

’ ?25 - 

v2 

1 

3 

5 

4j 


"1 

2 

3 

4 

5' 

\ 

f' 1 

2 

3 

4 

5 A 

nT* 1 

/ 05 

II 

,2 

1 

4 

3 

5, 

II 

r~- 

W r< 

^2 

1 

4 

5 

3; 


"1 

2 

3 

4 

5 N 


"1 

2 

3 

4 

5^ 

II 

00 

,2 

1 

5 

4 

3j 

> ^29 ~ 


1 

5 

3 

4, 

r 

ri 

2 

3 

4 

5 s 



2 

3 

4 

5^ 

ho = 

.2 

3 

1 

4 

5, 

■ ^31 “ 

,2 

3 

1 

5 

4> 


fl 

2 

3 

4 

5 N 


'1 

2 

3 

4 

5 1 

^32 = 

,2 

3 

4 

1 

5, 

> ^33 = 

,2 

3 

4 

5 

1, 


'1 

2 

3 

4 

5" 


r 1 

2 

3 

4 

5 1 

^34 = 

,2 

3 

5 

4 

1 , 

* ^ 35 = 

,2 

3 

5 

1 

4, 



2 

3 

4 

5" 


'1 

2 

3 

- *• 

4 

5^ 

^36 = 

,2 

4 

3 

1 

5 , 

> ^ 37 = 


4 

3 

5 

1 > 


'1 

2 

3 

4 

5" 


"1 

2 

3 

4 

5^1 

^38 = 

,2 

4 

1 

3 

5 , 

> ^39 = 

,2 

4 

1 

5 

3 ) 



2 

3 

4 

5 ^ 



2 

3 

4 

5 ) 

^40 = 

v 2 

4 

5 

1 

3> 

' ^41 = 

<2 

4 

5 

3 

1 ) 


'1 

2 

3 

4 

5) 


'1 

2 

3 

4 

5' 

'42 = 

u 

5 

3 

4 

V 

II 

CO 

,2 

5 

3 

1 

4 J 


* 
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f -P 2 

44 2 5 


ft* = 


1 2 
2 5 


Interchang ing 1 and 3 in /, f,,. 


^48 “ 


ho ~ 


f« = 


^54 ~ 


f« = 


^ = 


hn — 


fa 9 — 


fiu = 


^66 ~ 


^68 “ 


ho ~ 


1 2 
3 2 
1 2 
3 2 
1 2 
3 2 
1 2 
3 1 

1 2 
3 1 

1 2 
3 1 
1 2 
3 4 

1 2 
3 4 

1 2 
3 4 
'1 2 
3 5 
1 2 
3 5 
1 2 
3 5 


Interchang ing 1 and 4 in /, f,, 


f 72 = 


1 2 
4 2 


3 4 5" 

4 3 1/ 

3 4 5" 

1 4 3/ 
..,^ 23 > weget 
3 4 5" 

1 4 5/ 

3 4 5" 

4 1 5/ 

3 4 5" 

5 4 1/ 

3 4 5" 

2 4 5/ 

3 4 5" 

4 2 5/ 

3 4 5" 

5 4 2/ 

3 4 5" 

1 2 5/ 

3 4 5" 

2 15 / 

3 4 5" 

5 2 1 / 

3 4 5" 

1 4 2/ 

3 4 5" 

4 1 2/ 

3 4 5" 

2 4 1 / 
■••.^ 23 . weget 

3 4 5" 

3 1 5/ 


hs ~ 


1 2 3 4 5 

2 5 4 1 3 

1 2 3 4 5 

2 5 13 4 


, -f 1 2 

49 [3 2 

, -f 1 2 

51 U 2 


^53 _ 


^55 - 


hi- 


ho = 


^61 ~ 


h'k — 


^65 ~ 


^67 “ 


^69 “ 


= 


1 2 
3 2 


3 4 5 
1 5 4 

3 4 5 

4 5 1 
3 4 5 

5 1 4 


1 2 3 4 5 
3 12 5 4 
1 2 3 4 5 
31452 
1 2 3 4 5 
3 15 2 4 
1 2 3 4 5 
3 4 15 2 


1 2 
3 4 
1 2 
3 4 
1 2 
3 5 
'1 2 
3 5 
1 2 
3 5 


3 4 5" 

2 5 1 

> 

3 4 5' 
5 1 2 
3 4 5 

1 2 4 

3 4 5 

4 2 1 
3 4 5 

2 1 4 


h 2 3 4 5 
4 2 3 5 1 
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r.haoter-3 : Groups of Permutations 


Permutations 113 


^74 ~ 


^76 - 


^78 “ 


^80 - 


^82 ~ 


^84 ~ 


^86 ~ 


^88 - 


^90 ~ 


^92 “ 


^94 “ 


1 2 3 4 5) 
4 2 1 3 5) 
1 2 3 4 5" 
4 2 1 5 3/ 
1 2 3 4 5) 
4 3 2 1 5/ 
1 2 3 4 5) 
4 3 1 2 5) 
1 2 3 4 5) 
4 3 5 1 2) 
1 2 3 4 5" 
4 13 2 5) 
1 2 3 4 5" 
4 12 3 5) 
1 2 3 4 5" 
.4' 1 5 2 3) 
1 2 3 4 5" 
4 5 3 1 2) 
1 2 3 4 5" 
4 5 13 2) 
1 2 3 4 5" 
4 5 2 1 3’ 


^terchang ing 1 and 5 in l , f v ..., f 23 , weget 


/qb — 


(1 2 3 4 5" 

96 "[5 2 3 4 l) 

(1 2 3 4 5" 

98 ~ [5 2 4 3 1) 

(1 2 3 4 5" 

100 "1,5 2 1 4 3) 

fl 2 3 4 5) 

102 15 3 2 4 1} 


^75 = 


^77 = 


^79 - 


^81 ~ 


^83 “ 


^85 ~ 


^87 “ 


f S9 =f 1 

es ^4 


^91 ~ 


^93 ~ 


^95 ~ 


^97 ~ 


^99 “ 


2 3 
2 1 
2 3 
2 1 

2 3 

3 2 

2 3 

3 1 

2 3 

3 5 
2 3 

1 3 

2 3 
1 2 

2 3 

1 5 

2 3 
5 3 
2 3 
5 1 
2 3 
5 2 


4 5' 

5 3 

> 

4 5' 

3 4 

> 

4 5 

5 1 

' > 

4 5" 

5 2 , 

4 5' 
2 1 

4 5' 

5 2 

> 

4 5' 

5 3 
4 5 

3 2 . 
4 5' 
2 1 

> 

4 5 
2 3 
4 5 
3 1 


^104 ~ 


1 2 3 4 5 
5 3 4 2 1 


1 2 3 4 5" 
5 2 3 1 4, 
1 2 3 4 5^ 
5 2 4* 1 3 ; 
r 1 2 3 4 5 
/5 2 13 4 
"1 2 3 4 5 
,5 3 2 1 4 
r 1 2 3 4 5 
5 3 4 12 
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Z - R - Bh*tt 


'106 


'108 


'112 


'114 


'116 


'118 



'1 

2 

3 

4 

5' 


.5 

3 

1 

4 

2) 


< 1 

2 

3 

4 

5 1 


v5 

4 

3 

2 

V 



2 

3 

4 

5' 


,5 

4 

2 

3 

1 , 


'i 

2 

3 

4 

5 n 


A 

4 

1 

2 

2/ 


(1 

a 

2 

3 

4 

5' 


Is 

1 

3 

4 

2 , 


a 

2 

3 

4 

5' 


u 

1 

4 

3 

2 / 


'1 

2 

3 

4 

5^ 


u 

1 

2 

4 

3, 


^107 _ 


^109 ~ 


1 

5 

(1 


^iii _ 


^113 “ 


^115 “ 


^117 “ 


^119 ~ 


V 


5 

"1 

,5 


5 

\. 

'l 

,5 

fl 

fl 

,5 


2 

3 

2 

4 

2 

4 

2 

4 

2 

1 

2 

1 

2 

1 


3 

1 

3 

3 

3 

2 

3 

1 

3 

3 

3 

4 
3 
2 


4 

2 

4 


5" 

4 

5^1 


1 2 J 

4 5 n 


1 

4 

3 

4 
2 
4 
2 
4 
3 


3 

5^ 

2 J 

5" 

4, 

5 1 

3, 

4j 


3-1.7 Definition: 


Let X be a non-empty set and f : X -»X be a permutation on X such 
that 

f{*) = y, x.yeX, 

then the inverse permutation, f 1 : X Xof f is defined as 

r 1 (y) = x, x.yeX ^ 

Thus 


r 1 = 




*5 

r-1, 




v( x i) f (* 2 ) f _ 1 (x 3 ) f V 4 ) rVsjJ 

is the inverse permutation of 




f = 


H *2 *3 X 4 X 5 


\ 


Similarly, 


[fM f(x 2 ) f(x 3 ) f(x 4 ) f(x 5 )) 
2 3 4 5 6 7 8^1 


ru 


is the inverse permutation of 

f = 


2 5 7 4 6 8 3 1 


1 2 3 4 5 6 7 8 ^ 


3-1.8 Example: 


,8 1 7 4 2 5 3 6 ; 
Find the inverse permutation of 
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f= 1 2 3 4 5 6 7^ 

5SHr2i»5sr» Jr-» «■» p- 

f - 1= [ 3 5 4 1 7 2 6\ 

l 1 2 3 4 5 6 7 ; 

Rearranging the columns, weget 

r1 (1 2 3 4 5 6 7' 

[4 6 1 3 2 7 5 _ 


m Find the inverse permutation of 
f f 1 2 3 4 5 6 7 8 9 10 11 12 


[2 3 4 5 6 7 8 9 10 11 12 1J 

Writing images in the first row and the corresponding pre- 
images in the second row, we get * 

f -, (2 3 4 5 6 7 8 9 10 11 12 1 ' 

ll 2 3 4 5 6 7 8 9 10 11 12, 

Rearranging the columns, w eget 

r _i ( 1 2 3 4 5 6 7 8 9 .10 11 121 


r 1 = 


12 1 2 3 4 5 6 7 8 9 10 11 


3-1.10 Example: 


Find a 1 , (5 1 , if 

fl 2 3 4 5 61 fl 2 3 4 5 6 

_ \2 3 .6 5 4 ij H [l 3 5 6 2 4 

Interchanging the rows in a , we have 
f2 3 6 5 4 11 


l 3 4 5 6j 

Rearranging the columns so that the top row reads 1 2 3 45 6 , 

- fl-2 3 4 5 61 


we have 


a 1 - 


[e 1 2 5 4 3j 

Similarly interchanging the rows in /?, we have 

[1 3 5 6 2 4] 

(j 2 3 4 5 6 j 

^arranging the columns so that the top row reads 1 2 3 4 5 6 , we have 

, fl 2 3 4 5 6 ' 

P “ll 5 2 6 3 4 
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tH KIi.Hifflmffl |f f : X -> X and g: X -» X are two permutations on 

a non-empty set X, then the permutation fg : X -* X on X defined as 

. ' (xyg = ((x)f )9 VxeX 

is called the product or composition of permutations f and g. It is also 

^^deaJ from the definition that the product of two permutations f and 
g on X — x n ) 

f Xi x 2 ••• _-—- , 

fg= \((x,)f)g (( X 2 )f)g ... (Mf)g) [inpermutations, we write 

v the image of x as ( x)f in 

0 / x ' x n 'l stead of writing f{x). 

g(f(x 2 )) ... Theref °7x)=(x)f 


f9 u(x,)f)g ((x 2 )f)g - (( x -) f )g 


fg = 


[g(fM) g(f(x 2 )) 
In general, fg * gf. 


g(f(*n )). 


k&KkBJE fril TO i Find the product of following permutations and show 
that their product does not commute : 

fl 2 3 4 5 6) . _fl 2 3 4 5 e'j 

' f = \ . _ _ _ , „ I &nd g c _ 




5 3 2 6 4 1 


3 4 1 2 6 5 


fg = 


1. 2 3 4 5 6Y1 2 3 4 5 6 


53264 1A3 41265 
1 2 3 4 5 6Y5 3 2 6 4 1' 


gf = 


5 3 2 6 4 1 Jv6 1 4 5 2 3j 

1 2 3 4 5 6] 

6 1 4 5 2 3J 

fl 2 3 4 5 6Y1 2 3 4 5 6 


[3 4 1 2 6 5jt 5 3 2 6 4 1 
1 2 3 4 5 6Y3 4 1 2 6 5'' 


13 4 1 2 6 5)\2 6 5 3 1 4 

.f 1 2 3 4 5 6] 

[2 6 5 3 1 4j 

=> fg * gf 

3@: Find the product of the permutations: 
f.[' 23458719' 
l 2 3 1 4 5 6 7 8 9, 
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and 


^52232 

/g = 




2 


V4- 

(\ 


2 
3 
2 
3 
2 
2 3 


3 

1 

3 

1 

3 


g = 

4 

4 

4 

4 

4 


fl 2345678 9^ 
823164759 


8 1 


V 

5 

5 

5 

5 

5 

6 


6 7 
6 7 
6 7 
6 7 

6 7 
4 7 


8 9 Y 1 

8 9/8 

8 9Y2 
8 9^2 

8 9^ 

5 9 


2 

2 

3 

3 


3 

3 

1 


4 

1 

4 


8 1 


5 

6 

5 

6 


6 

4 

6 

4 


7 

7 

7 

7 


8 9^ 
5 9 
8 

5 9 


Note: 


If X consists of the elements 1,2,...,9, then the symbol (1,3,4,2,6) 
means the permutation 

1 2345678 9' 

3 6 4 2 5 1 7 8 9, 

_ Two permutations f and g on a nonempty set X are 

said to be equal permutations if 

(x)f = (x)g VxeX 

For example, 


3-1.14 Definition: 


f = 


(1 

2 


and 

i 

j 9 = 

are equal permutations. 


"9 

u 


2 

3 

2 

3 


3 

1 

3 

1 


4 5 6 7 8 9 a 
9 8 7 6 5 4 


4 

9 


5 

8 


8 

5 


7 

6 


6 

7 


2 


If f =\ 

EMHlIHAi 


'1 2 

3 




2 

3 4^ 

U 3 

4 

i 

,g = 


1 

4 3/ 


, then firict fg, f 2 g , f 3 g ■ 


fg = 


1 2 3 4Y1 

2 3 4 lJU 

1 2 3 4Y2 

2 3 4 1A1 

1 2 3 4' 
14 3 2 


2 

1 

3 

4 


3 

4 

4 

3 


4^ 

3 

2 
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118 Scuic Group Theory 


f 2 = 


12 3 4 


v 


2 3 4 1 

<» 

n 2 3 

2 3 
2 

3 4 


12 3 4 




A 

4Y2 


V 


f 2 g = 


i 


4 

3 
1 
2 

4 


A 


2 3 4 

3 4 

4 


1 


1 


l"i 

2 


4^1 

2 

3 


4Y1 


1 2 


f 3 = f 2 f = 


V 


f 3 g = 


yv* 

^1 2 3 4 ^ 

4 3 2 1 
'1 2 3 4Y1 
3 4 1 2^2 
n 2 3 4^ 

4 12 3 

✓ 

2 3 4Y1 
2 

3 
1 


2 

1 


3 4^ 

4 3, 


2 

3 


3 

4 


4^1 

1 




"1 

,4 


1 

2 

2 


°A 
4^ 

4 


2 

1 


3 

4 


4^ 

3 


y 


v 


3-1.16 Example: 


/f 


Evaluate fg, gf, gh, hg,h 2 ,g 2 . 


Solution: 




2 

3 

4 

5 

6" 


r i 

2 

3 

4 

5 6 > 

f = 

.2 

4 

6 

5 

3 

.1, 

.9 = 

le 

5 

4 

1 

2 3/ 



2 

3 

4 

5 

6^ 







h = 













,5 

4 

1 

2 

6 









fg = 


2 3 4 5 



yv 


2 4 6 5 3 1 
1234 5 6Y2 4 
2 4 6 5 3 ^){5 1 
fl 2 3 4 5 6^ 

5 1 3 2 4 6 


3 

4 

6 

3 


4 
1 

5 
2 


5 

2 

3 

4 


6^1 

3 

1' 
6 


V 


V 




i 


2 

5 


3 4 5 

4 12 


6Yl 2 3 4 5 6 
3A2 46531 


\ 


Z- R. Bhatt 
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Chapter-3: Groups o f Permute 


gf = 


A 


1 


1 2 3 4 5 6Y6 
6 5 4 1 2 3 

1 2 3 4 5 6^ 

1 3 5 2 4 6 


Permutations 119 


5 

3 


f 


gh = 


1 


v 


rtg = 


f \ 

V6 

"1 

, 3 


2 

5 

2 

5 

2 

6 

2 

4 

2 

4 


3 

4 

3 

4 
3 
2 
3 
1 
3 
1 


4 

1 

4 

1 

4 

5 
4 
2 
4 
2 


5 

2 

5 

2 

5 

4 

5 

6 

5 

6 


6Yl 

3JU 

6Y 6 


A 


3 
6" 

1> 

6 Y 1 

3> v 6 

6Y5 


2 

4 

5 

6 


4 1 2 3" 

5 2 4 6, 


3 4 5 6^1 

1 2 6 3, 

4 12 3" 

2 5 4 1, 


r 


hg = 


h 2 =hh = 


1 2 3 4 5 6"\ 

2 16 5 3 4 

f \ 2 


A 


2 

5 

4 

1 


3 4 5 6" 

4 12 3, 
1 2 6 3" 
6 5 3 4, 


g =gg = 


5 

p 

,5 

'i 

,6 

ri 

'1 

6 
1 
3 


4 

2 

4 
2 
2 
2 

5 
2 
5 
2 
2 


3 

1 

3 

1 

3 

5 

3 

4 

3 

4 
3 
1. 


4 

2 

4 

2 

4 

4 

4 

1 

4 

1 

4 

6 


5 

6 

5 

6 
5 
3 
5 
2 
5 
2 
5 
5 


v 


A 


6Y5 

3jl6 
6^ 


1 


v 


1 


o A o 

6Y 6 
3 J\3 
6" 

4> 


2 3 4 5 6"| 
4 1 2 6 3, 
4 1 2 6 3" 
2 5 4 3 1, 


2 3 4 5 6" 
5 4 1 2 3, 
5 4 1 2 3" 
2 1 6 5 4, 


i'l l 7 Exampl 


a = 




Find ap, where 

^2 3 6 7 8 9"\ (2 

8 6 7 9 2 3/^" 8 


v 


3 6 7 8 9^ 
6 7 3 9 2J 
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Z- R. Bhatt 


ap = 


8 

"2 

'2 


3 

6 

3 

6 

3 

7 


6 

7 

6 

7 

6 

3 


7 

9 

7 

9 

7 

2 


8 

2 

8 

2 

8 

8 


gY 2 3 

3 U 6 
9Y8 6 
3jU V 

9" 

6, 


6 

7 

7 

3 


7 

3 

9 

2 


8 

9 

2 

8 


9" 

2, 

3' 

6, 


3-1.18 Example: 


Show that f{gh) = ( fg)h , where 


f = 


9 = 


h = 


1 

8 

1 

7 

'1 

U 


2 

3 

2 

5 

2 

7 


3 

5 
3 

6 
3 
8 


Solution: 


gh = 


'i 

7 

n 


2 3 4 5 6 7 8 

5 6 1 10 2 9 3 

3 4 5 6 7 

1 6 5 7 4 


4 

10 

4 

1 

4 

9 

9 

4 


5 6 
7 9 

5 6 


10 

5 

10 


10 

8 


2 

6 

1 

'1 


7 

4 

7 

9 

7 

2 


8 

2 

8 

3 

8 


9 

1 

9 

4 

9 

4 


10' 
6 

x 

10' 
8 
10"| 




2 

10 


W = 


) 

8 9 10' 

8 9 3, 

1 23 4 56789 10Yl 
v 8 35 10 79421 6 
p 234567 8 9 10^ 
8153496 10 2 7 


2 

7 


3 

8 


4 

9 


5 

10 


6 

1 


7 

2 


8 

3 


9 

4 


10 

5 


A 


2 

10 


3 

1 


4 

6 


5 

5 



3 

6 


4 

1 


5 

10 


6 

2 


6 

7 

•( 1 ) 

7 

9 


7 

4 


8 

8 


9 

9 


10 ' 

3 


8 

3 


9 

4 


2 

7 


3 

8 


4 

9 


5 

10 


6 

1 

.( 2 ) 


7 

2 


8 

3 


10 ' 

8 

6 

9 

4 


10 N 

5 


Comparing (1) and (2), wo have 



f(9h) = (foy, 

' 


* 
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In this section we shell discuss e speciel type of permutetions i e 
cyclic permutations or cycles. Such permutetions heve considerable 
important role in group theory. 


Definition: 


Let X be nonempty set. Let V = {x 1 ,x 2l ... l x r } be e subset of X 

consisting of r elements, then the permutetion f on X is seid to be cyclic 
permutation or cycle of length r if 

(x.) )f = x 2 , 

(X 2 )f = x 3 , 

(x 3 )f = X 4l 


(x r _i )f = x r , 

(x r )f = X! 

and ( x)f = x Vxe X-Y 

for exemple, 

fl 2345678 9 10 11 12, 13 14 15^1 

[p 2 3 4 9 6 7 8 11 10 15 12 13 14 1 J 

is e cyclic permutetion of length 5. This cyclic permutetion is denoted by 
(1,5,9,11,15). Similerly, 

"1 2 3 4 5 6 7 8 9 10 11 12 13 14 15" 

^5 2 4 1 9 6 7 8 11 10 15 12 13 14 3, 

is a cyclic permutetion of length 7. This cyclic permutetion is denoted by 
(1,5,9,11,15,3,4). 

E&liM'.l.flgl Show that the product of cycles 

a = (1,2,5) and fi = (2,1, 4,5, 6) 

|sno f a cy cle. 

(1 2 4 ,5 6Y2 1 4 5 6' 

aP -\2 5 4 1 6^1 4 5 6 2j 

(1 2 4 5 6' 

"(l 6 5 4 2) 

This example shows that the product of two cycles need not be a cycle. 

En.B.mr.imy/U If x is a finite set having n elements and f is a 
Permutation on X, then n is called the degree of permutation f. 


Scanned by CamScanner 







Every permutation of degree n can be written as a 
product of cyclic permutations acting on 

l^gj Let f be a permutation of degree n. Let a, be one of the dements 
on which f acts. 

Le * (a, )f = a 2 

(a 2 )f = a 3 
(a 3 )f = a 4 


Since n is finite, there is a natural number k such that 

{a k Y = a i 

Thus one part of the effect of fis the cyclic permutation 

U - (a v a 2 ,—,a k ) 

If k = n, then f = ^ is the required cyclic decomposition of f as cyclic 
permutation. However, if k < n , then there are b { such that 

(*>i ¥ = b 2 

(b 2 ¥ = b 3 


(b p ¥ = b, 

Since f is bijective mapping, so these b, must be different from 

Then one part of f\s the cyclic permutation 

f 2 = (b v b 2 ,—tb p ) 

Thus we have extracted two cyclic permutations from f. . „ 

If k + p = n then f is the product of cycles f, and f 2 . If, however, k P 
then the process is continued until a natural number q is obtained 
that 

k + p + ... + q = n 

and one part of the effect of f is a cyclic permutation f q Th ^ 
f = fj 2 ...f q , where f v f 2 . f q act on mutually disjoint subsets of 

uniquely determined. Since any two permutations acting , o n retaken, 
disjoint sets commute, so apart from the order in which , s 

f = fj 2 ...f q is unique. 


3-2.5 Example: 


disjoint cycles. 


of 

Express the following permutations as a product 
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Order of a Permutation 


m p 2 3 4 5 6 7 8 9 10 11 12 13 u 1g 

^5 2 4 1 9 6 7 8 11 10 15 12 13 14 3 

[1 2 3 4 5 6 7 8] 

W ^3 6 4 1 8 2 5 7, 

. fl 2 3 4 5 6 7 81 

(lll) (e 2 6 3 7 4 5 1 ; 

(iv) f 1 2 3 4 5 6 7 8 9 10 11 12^ 

_If 9 7 2 4 6 1 11 3 12 8 10 

BB(') • 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

^5 2 4 1 9 6 7 8 11 10 15 12 14 13 3 
= (1,5,9,11,15,3,4) (13,14) 
m fl 2 3 4 5 6 7 81 .. 


3 6 4 1 8 2 5 7 J = (1,3,4)(2,6)(5,8,7) 

1 2 3 4 5 6 7 8^1 

8 2 6 3 7 4 5 1J = (t8)(3.6.4)(5.7, 

1 2 3 4 5 6 7 8 9 10 11 12^ 

5 9 7 2 4 6 1 11 3 12 8 10, 

= (1,5,4,2,9,3,7)(8,11)(10,12) 


3-3 Order of a Permutation 


In this section we shall discuss the order of the permutation with some 
suitable examples. After discussing the order of a permutation we shall 
also define the symmetric group. 

The order of permutation f on a non-empty set X is the 
least positive integer n such that f n = /, where / is the identity 
Permutation. For example, the order of 

. (1 2 3"i 


ls 3, because 


f 3 = 


2 3 1 


1 2 3Y1 2 3Y1 2 3 

2 3 lJU 3 lJU 3 1 
'1 2 3Yl 2 3' 

3 1 2I2 3 1, 
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3-3.2 Theorem 


Reorder of a cyclic permutation of 


PU, 2003; 2002 (BA/B.S^ 


mm Let f = (a v a 2 .a„) be a cyclic permutation of length n, then 

under the action of 

. f :a 1 ->a 2 , a 2 ->a 3 , .... a n -» a i 


f 2 : a 1 &31 

CM 

CD 

—> a 4 , 

a n 

—y a 2 

f 3 : df —> a 4 , 

a 2 

—> a 5 , 

a n 

-> a $ 

f n : a 1 -> a v 

a 2 

—> a 2 , 

d n 

~ > a n 


This ShOWS tnai / = /. oinee n i=> icaoi ....wyw. w--. 

f n = I, so n is the order of f. Hence’ the cycle of length n has order n. 


Note: 


To find the order of a permutation f, first decompose f as a product of 
cyclic permutations* 

fvfz . f k 

of lengths n v n 2 ,...,n k respectively, jgnoring the cycles of length 1 which 
represent the identity permutation. The order of f is then obtained by 
taking the least common multiple of n v n 2 ,...,n k . 


3-3.3 Example: 


(i) 


f = 


Find the orders of 
^ 1 2 3 4 5 > 

4 3 2 5 1 


'J 


(iii) 


9 = 


h = 


1 2 3 4 5 

2 3 1 5 6 4 

k / 

1 2 3 4 5 6 7 

2 3 4 1 7 9 6 


8 9 10 11 12 ^ 
5 8 12 11 10 


Solution: 


= (1,4,5)(2,3) 
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f 1 2 

3 

4 

5 6) 

(ii) 

0 = 

CO 

CM 

_ 

1 

5 

CD 


= (1,2,3)(4,5,6) 


i no vj v '— 

c omm° n multiple 
fl 2 
h = 


[ o anu o it* o, bo me oraer ot g is 3. 

3 4 5 6 7 8 9 10 11 12^ 

2 3 4 1 7 9 6 5 8 12 11 10 y 

= 0,2,3,4)(5,7,6,9,8)00,12) 

The cycles in the decomposition of h are of lengths 4, 5, and 2. The least 
common multiple of 4, 5 and 2 is 20, so the order of h is 20. 

The set S n of all permutations on a set X with -n 
elements is a group under the operation of composition o f permutations. 


PU. 2011 (BA/B.Sc.) 


Proof: 


Let X be a nonempty set. Let S n be a set of all permutations on X, 
then we have to show that S n is a group under the operation of 
composition of permutations. 

GJ: Let f,g eS n , then f and g are bijective mappings on X. Since the 
composition of two bijective mappings is also a bijective mapping, 
so f o g is a bijective mapping. This shows that f °g eS n . Hence 

S n is closed under the operation of composition of permutations. 
G 2 ): The associative law holds in the composition of bijective mappings, 
so 

f ° (g ° h) = {f ° fif)° h \/f,g,heS n 

G 3 ): The identity mapping /: X -» X defined as 

(x)/ = x VxeX 

is also a bijective mapping, so / also belongs to S n . 

G,): The inverse mapping of a bijective mapping is also bijective, so 

r' eS„‘ VfeS„ 

This shows that ( S„,°) is a group. Since f ' n 9 enera 1 

(S„,o) is a non-abelian group. 


^3-5 Definition: 


The group (S„,«) of permutations on X is called the symmetric group 

Since each element in S„ is a permutation of nr 
dements of X), taken n at a time, there are n! such p 
order of S„ is nl. 




^'3-6 Example: 


If X = {1,2,3}, then S 3 consisting of permutatio 
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(1 2 3 " 
,_ [l 2 3/ 

1 2 3^ 
f3 "(2 1 3/ 
is a non-abelian group 


1 2 3' 

2 3 1, 
12 3 

3 2 1 


1 2 3 
3 1 2 
1 2 3 ' 
1 3 2 


Find the subgroups of S 3 . 

ehbeeh 

Since the order of S 3 is 6 and by Lagrange s theorem the order of 
subgroup of S 3 must divide the order of S 3 . The positive divisors of 6 are 
1,2, 3, 6. ' 

The subgroup of order 1 is H : = {/}. 

The subgroups of order 2 are {lf 3 },{l,f 4 },{l,f 5 } ■ 

The subgroup of order 3 is H 3 = {l,f v f 2 } ■ 

The subgroup of order 6 is H 6 =S 3 = {l,f v f 2 ,f : 3 / 4 / 5 } • 


Generate the cyclic group by 
fl 2 3 4 5 6 




f 2 = 


3 4 5 2 6 1 


12345 6Yl 2 3 4 5 6 
34526 lj,3 45261 
1 2 3 4 5 6" 

5 2 6 4 1 3, 


f 2 =f 2 f = 


12345 6Yl 23456 


,5 2 6 4 1 3|3 4 5 2 6 1 
1 2 3 4 5 6^1 


v6 4 1 2 3 5J 

f 4 =f 3 f = (' 1 2345 6Y1 23456 
16 4 1 2 3 5^3 4 5 2 6 1 
(1 2 3 4 5 e\ 

l 1 2 3 4 5 6, 


Thus the cyclic group generated by f is {l,f,f 2 f*\ 
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“ A cycle ot length two is called the transposition 
The cyclic permutation 

1 2 3 4 5 6 7 8 9 10 11 12 13 N 
V .11 2 9 4 5 6 7 8 3 10 11 12 1 3 

js a transposition. 

CyC, ' C Permutation ™ as a product 

gjEJLet a at liU r-g^MIMliH 

f = ( a i.a 2 .a 3 a >) = (*' ® 2 83 83 - a ‘) 


be a cyclic permutation. Consider the product of transpositions 

(a„a 2 )(a 1 ,a 3 )(a 1 ,a 4 )...(a 1 ,a J( ) = f ai 32 ‘ 

v a 2 a i a 3 a 4 ••• >■ 


a 4 a 2 


a 1 a 2 83 a 4 

a k a 2 a 3 a 4 


( a i ta 2 )(a,, a 3 )(a,, a 4 )...(a,, a k ) = fJ ^ * 


^ a3 a4 a5 a j 

his shows that 

(a.,, a 2 , a 3 , a 4 . a k ) = (a v a 2 )(a 1 ,a 3 )(a v a 4 )...(a v a k ) 

imilarly, we can express the given cyclic permutation as 

(a 1 ,a 2 ,a 3 ,a 4 ,... f a k ) = (a 2 ,a 1 )( a 2« a 3 )( a 2> a 4 )-( a 2’ a *) 
ence every cyclic permutation can be expressed as a product of 
anspositions, possibly in infinitely many ways. 


Every permutation of degree n can be expressed as a 

"■mutation of degree n can be written as a produrtjf cyclic 
!r mutations acting on mutually disjoint sets. Al y 
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Group Theory 


. nvnrp „ e d as a product of transpositions. 

every cyclic permutation can be P transpositions. 

Hence f can be expressed as a proa 

ESEEHna said t0 be an even permutation if it can be 

JL’ZZH * rr txsszr* F ~ 

.n *W». - •» «««» 

is an even permutation. 

Similarly, the permutation 

M 2 3 4 N 
,2 1 4 3j 

is an even transposition, because it can be written as the product of two 
transpositions, i.e. 

M 2 3 4 ) = (1,2)(3,4) 

A A O 


Show that the permutation 

(1 2 3 4 51 

U 5 2 1 4j 

is an even permutation. 

1 2 3 4 5 
3 5 2 1 4 

= (1.3)(1,2)(1,5)(1,4) 

This shows that 

'1 2 3 4 5^ 

,3 5 2 1 4, 

is an even permutation. 


= (1,3,2,5,4) 

) 


A permutation f in S„ is said to be an odd permutation if it can be 

written as a product of an odd number of transpositions. Every 
transposition itself is an odd permutation. 

Similarly, the permutation 

[1 2 3 4^ 

[2 3 4 1 

is an odd permutation, because 

'1 2 3 4 ^ 

[2 3 4 1J = (1.2,3,4) = (1,2)(1.3)(1,4) 
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, Transpositions. Ev en and Odd Permutations 129| 

[3-4.7 Example:| 


Show that the permutation 

[1 2 3 4 5 6 7 

‘ ' U 3 1 2 6 7 5 

is an odd permutation. 




[PU, 2012; 2001 (B.A./B.Sc.) 


1 2 3 4 5 6 7^1 

4 3 1 2 6 7 5 ~ ('1.4,2 , 3)(5,6,7) 


= (1,4)(1 1 2)(1,3)(5 I 6)(5 1 7) 

Since the given permutation in its decomposition is a product of five 
transpositions, so it is an odd permutation. 


Show that the permutation 
M 2 3 4 5 


3-4.8 Example:! 


14 3 2 5 1J 

is an odd permutation. 

2SSES3SB 

f 1 2 3 4 5^ 

= (1,4,5X2,31 

1,4 3 2 5 lj 

= (1,4X1,5X2.3) 

Since the given permutation in its decomposition- is a product of five 
transpositions, so it is an odd permutation. 

The product of two even or odd permutations is an even 

permutation. . . .. 

f gpcj g b© any two parmutations of 009^66 n, thsn if f and q 

canbe expressed as a product of m and n transpositions respectively. So 

the product fg contains m + n-2k. where k is a non-negative integer 

The term 2k occurs because of the possible cancellation of pairs of 

transpositions^ even permutations, then both m and n will be even 

and m + n - 2k will also be even, so fg will be an even permutation. 


3-4.9 Theorem: 


ElUiamra ffB The product of an even permutation and an odd 

permu tation is an odd permutai'on. . „ i r he an even 

ESJ Let f and g be any two permutations of degree . 

Permutation and g be an odd permutation, ■ ective |y go the 

■* » P raducl <* ” 'The 

— p.—»' 

transpositions. 
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j j qj-j rnn — 2/c is also odd. This shows 
Since m is even and n is odd, so m+n ows 

that fg is an odd permutation. permu t a tion, so it is clear from above 
Since a transposition is a permutation and a transposition is 

theorems that the produc t a se jn this case the total number of 

always an odd P er ^f''° odd number. Similariy, the product of an odd 
transpositions becomes a ^ , g ^ gven perm utation. We apply these 

conTequenceTfn provingttie following theorem. 


- 

i- ff - w nH'IM The number of even P errnuta,ions in s " ls equal 10 lhe 

-number of odd permutations in S„ for all n> 2. 

0231 Let f ...(1, 

' 1 *'k 

be all even permutations and . /?) 

all odd permutations in S n , so that k+l = n\ 

Let h be a transposition, then by previous theorems 

f^h,f 2 h,...,f k h v ' 

are all odd permutations, while a / 4) 

g^h,g 2 h,...,gih 

are all even permutations. Hence from (2) and (3), we have ^ 

K — I 

Similarly, from (1) and (4), we have ^ ...(6) 

(5) and (6)=> k = l. 

number of odd permutations in S n is 2 (n.), 
number of permutations in S n . 


3-4.12 Theorem: 
Proof: 


The set of even rermutations is a subgroup of S 3 . 

Let H be the set of all permutations in S 3 , then -e have to s ^ 
at H is a subgroup of S 3 . For this let f,g e H, then o gn 

yen permutations. Since the inverse of an even permu a i ^ 

ven permutation, so g _1 is an even permutation. Since © ^ en 
vo even permutations is also an even permutation, so fg 
ermutation. Hence fg -1 e H . This shows that H is a subgroup ^ s0 
Since the product of two odd permutations is an even permu a 
he set of odd permutations is not a subgroup of S 3 . 
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chapter- 3: Groups of Permutatio 


34.13 Example: 


Solution: 


/ = 


U = 


(1 2 3 " 
1 2 3, 
'1 2 3 


IVrrfe all even and odd permutatio 


-H^sition^Even and Odd Permit 


ns 131 


ions In S 3 . 


'i = 




2 3^1 
2 3 1 


2 1 3 






1 2 3 " 

,3 2 l) 

The identity permutation / is an even permutation 


f 2 = 


f 5 = 


"1 2 
,3 1 
(1 2 

v' 


1 3 


3^| 

2 , 

3^ 

2 


Q.1 

(i) 


« 


(iv) 




(1 


U = 


U = 


u = 


u = 


2 

'1 

'1 

,2 

(1 

n 

i 


2 

3 

2 

1 

2 

1 

. 2 
2 
2 
3 


1 
3^ 
2 > 
3^ 

3> 

3" 

3" 

2 , 


— (1,2,3) = (1,2)(1,3) is an even permutation. 
= (1,3,2) = (1,3)(1,2) is an even permutatio n. 
= (1,2) is an odd permutatio n. 

= (1,3) is an odd permutatio n. 

= (2,3) is an odd permutatio n. 


EXERCISE 3 


Multiple Choice Questions (MCQs 


5 


Four options are given in each of the following questions, the 
choice which you think is correct; fill the circle in front of that 
choice. Use marker or pen to fill the circles. Cutting or filling 
two or more circles is not allowed: 


permutations can be taken on X. 
(c) n! (d)(n + 1)l 

® © @ 


If X has n elements, then 
(a) n (b) {n - 1)1 


If X has 2 elements, then the number of permutations on X is 
(3)2 (b) 3 ' (c)6 (d)8 

(a) ® © # 

If X has 3 elements, then the number of permutations on Xis 
( a ) 2 (b) 3 , (c)6 ( d )& <a\ 

If X has 4 elements, then the number of permutations on X is 

(a > 4 < b > 8 (c)12 d d) ® © @ 
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R- 8^a(f 


If Xhas 5 elements, then the number* permutations^ Xis 
(a) 5 < b > 10 ® ® © @ 

The number of pemriutations on X = {1,2,3,4} - 

(a) 4 < b > 8 © ® © @ 

(vii) The identity permutation is ^ 

1 2 3^1 (b) 


(v) 


(vi) 


(a) 

(c) 


3 2 1y 
f1*2 3^ 
1 2 3 


V 


J 


(d) 


2 3 1 
fl 2 3^ 
1 3 2 


© ® © @ 

(viii) If a = (1,2,3,4) is a cyclic permutation of the set {1,2,3,4} then 

'1 2 3 4" 

,2 4 13 ] 


<z 2 = 


(a) 

(c) 


r 1 2 3 4 
^4312 
n 2 3 4 N 
3 4 1 


(b) 


(d) none of these 

© ® © @ 

fix) The order of a cyclic permutation of length n is 

«'» - W"*’ ' .^V© @ 

The group (S„,°) of permutations on X is called the symmetric 

group of degree '*‘1— 

(a) n (b) n +1 


(x) 


(xi) The order of S n is 

(a) n (b) n + 1 


(xii) A cycle of length_ 

(a) one (b) two 


(c) n! 

(d) (n + 1)! 


® ® 
o 

© 

(c) n\ 

(d) (n +1)! 

® 

® ® 

© 


_is called the transposition. 

(c) three (d) four 

© ® © ® 

(xiii) Every cyclic permutation can be expressed as a___— 0 

transpositions. 

(a) sum (b) difference (c) quotient (d) product 

. , _ ® ® © ® 

(xlv) The number of even permutations in S n is _ 

number of odd permutations in S n for all n > 2 
(a) less than (b) equal to 


of 


the 


(c) greater than (d) none 

© ® © ® 
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Short Questions! 


Solve / answer the following short questions: 

(1 2 3 4) fl 2 3 4"| 

,f ' = ( 2 3 4 1/ 9 = (2 1 4 3 J'*hen find fog. 

Find a/3 , where 3 6 * 8 9 W 2 3 6 7 8 9 ] 

[S 6 7 9 2 3) P Is 6 7 3 9 2/ 

Show that the product of cycles a = (1,2,5) and fl = (2,1,4,5,6) is 

not a cycle. 

_ (1 2 3 4 5 6 7 8) 

bxpress „^,^____asa product of disjoint cycles. 


Express 


3 6 4 1 8 2 5 7 
1 234567 8^ 
8 2637 45 1, 


as a product of disjoint cycles, 
as a product of disjoint cycles. 


(viii) 


If a = (1,2,3,4) is a cyclic permutation of (1,2,3,4} then find a 2 . 

fl 2 3 4 ) 

Show that the permutation is an even transposition. 

12 1 4 3j 

ou . , fl 2 3 4 5 6) 

Show that the permutation is an even permutation. 

^3 5 2 1 6 4) 

(1 2 3 4) 

Show that the permutation is an odd permutation. 

12 3 4 1 . 


[Long Questions 


Q.3 Prove that every cyclic permutation can be expressed as a 
product of transpositions. _ 


|PU, 2012 (BS Math) 


Prove that every permutation of degree, n can be written as a 
product of cyclic permutation acting on mutually disjoint sets. 


Find the order of the permutation 

(1 2 3 4 5 
.23154 


Determine whether the permutation 

fl 2 3 4 5 6 7 


7 6 5 3 4 2 1 


is even or odd. 


|PU, 2010 (B A /B.Scj] 


|PU, 2011 (B.A./B Sc. 
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R- Bhatt 


Q.7 


Q.8 


Show that set S n of all permutations on a set X with ^-elements i s 
a group under the operation of composition of perr ^^j^ |ln 

Determine whether the permutation 

'1 2 3 4 5 6 7^ 

4 3 1 2 6 7 5 


V 


is even or odd. 


PU, 2012; 2001 


Q.9 Let a - 


(1 2 3 4 5 6 
3 4 5 2 6 1 


PU, 2013 


generated by a. 

Q.10 Prove that the order of cyclic permutation of l ength m is m 


. Find all the elements of cyclic group 

I30EE3] 


PU, 2003; 2002 (B.A./B.Sc. 


Q.11 If x = 


12 3 4 




2 3 4 1 
even. Find also n such that x n = 


is a cyclic permutation, then show that x is not 


("1 2 3 4' 
1 2 3 4, 


B.A./B.SC.) 


SUMMARY 


> Abijective mapping f :X-+X is called the permutation on X. 

> Every permutation of degree n can be written as a product of 
cyclic permutations acting on mutually disjoint sets. 

> The order of a cyclic permutation of length n is n. 

> A cycle of length two is called the transposition. 

> Every cyclic permutation can be expressed as a product of 
transpositions. 

> Every permutation of degree n can be expressed as a product of 
transpositions. 

^ A permutation f in S n is said to be an even permutation if it can be 
written as a product of an even number of transpositions, 
permutation fin S n is said to be an odd permutation if it can be 

> Thp 6 ?* ? roc * uct an °dd number of transpositions. 

■' permutation tW ° 6Ven ° r odd permutations is an even 

odd permutation R eV@n permutation and an odd permutation is an 


***** 
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GROUPS OF 
SYMMETRIES 


4 


In this chapter, we shall be concerned with very important and special 
types of groups which arise from the symmetries of shapes. Such groups 
play vital role in chemistry, specially, in molecular structures and chemical 

bonds. 


In this section first we define symmetry and then we discuss some 
different types of symmetries. 


. fomjiiar as an artistic or aesthetic concept. 
Symmetry is perhaps most fam a ific kinds of balance, 

Designs are said to be symmetric if they exniun 

repetition, and/or harmony. something like “constancy," 

In mathematics, symmetry is more akin to som a , n other 

or how something can be ma "r' ofsvmS relates 9 to “objects” that 
words, the mathematical notion f ^ rmations are applied, 
appear unchanged when certain transformations are appue 

mm m HKL*W » W”** “ " 01 

sir. rrrx 

mirror image of the left. The axis o sy . j n se ems complete, 
and, if we place a mirror along this‘^ design 
reflection of the left half makes up for the hidden g 
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R 8/)aJ 


Think of the form of a butterfly; its right and left halves mirror each 
other. If you knew .what the right half of a butterfly looked like, you could 
construct the left half by reflecting the right half over a lin^that bisects the 
butterfly.’. 






Axis of Reflection Symmetry 


Axis of Reflection Symmetry 


The axis of reflection symmetry of Flatworm, Ant and Human are 
shown below: 



Flatworm Ant Human 


Butterflies exhibit a type of symmetry called bilateral symmetry or a 
mirror symmetry, (either half of the butterfly is the mirror image of the 
other) one that is very common among living things. Perhaps most 
familiar to us is our own bilateral symmetry, the symmetry of our left and 
right arms and hands, or our left and right legs and feet, or the 

approximate symmetry of our bodies if bisected vertically into left and 
right halves. 


In general, bilateral symmetry is present whenever an object or design 

b ® br ° k en down into two parts, one of which is the reflection of the 
other. In the following the butterfly 
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Given any motif, one can generate a design with bilateral symmetry 
by choosing a line and reflecting the motif over it. Conversely, if a motif 
already possesses bilateral symmetry, it can be reflected over a line and 
we would notice no difference between the original and the reflected 
versions. This action, reflection, leaves the original design apparently 
unchanged, or invariant. 


Bilateral symmetry is quite common in nature, but it is by no means 
the only form of visual symmetry that we see in the world around us. 
Another common form is rotational symmetry, such as that seen in sea 
stars and daisies. 




-1.2 Rotational Symmet 


Recall that to be symmetric an object must appear unchanged aftej 
some action has been taken on it. An object that exhibits rotational 
symmetry will appear unchanged if it is rotated through some angle. 

A circle can be rotated any amount and still look like a circle, but most 
objects can be rotated only by some specific amount, depending on the 

exact desion *> • 

For example, an ideal sea star, having five arms, is not symmetric 

under all rotations, but only those equivalent to | of a full rotation, i.e. 

-(360°) or 72°. 

5 



Rotating an ideal sea star 


72° leaves its appearance unchanged* 
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A daisy, on the other hand, is rotationally symmetric under smaller 
rotational increments. Let us say it has 30 petals, all of which are the 
same in appearance— no such daisy exists in the real world, of course—, 
this is an ideal mathematical daisy. The flower will be symmetric under a 

rotation of ^ of a full rotation, i.e. —(360°) or ^ or an y multiple 


thereof. 


< 12 * 


12 * 


V 

I 





The ideal daisy is symmetric under rotations of 12° 

We might have observed that the sea star and the daisy are not 

reflprn t0 l ]° tatl0nal s y mmetr y- Depending on how you choose an axis of 
reflection, they can each display bilateral (reflection) symmetries as well 

reflection 6 h ° W6Ver ' ^ ° n ' y dividi "9 lines can -rle as axTs of 



Axis of Reflection Symmetry 


w symmetry 

~ 

help to characterize its shape Rememher *h' eS hat an ob i ect exhibits 

S 6 ''! 63 always 'save the obledini m ? tions associa ‘ed with 
^ombinatons of these motions w 'T* This means tha ‘ 

1^”*' will also 10^^^^^ * a "d 


The . .. niinii jj|ij| 

•» w.»»>*** 

words we sav h ', he ° rder of ‘he rotate Jnf 9ree of the rolati °"- 

' ® Say lhat an ‘deal sea sta h “ 5 ° an ldeal ®ea star is 5. In other 

as & ' f0| d symmetry. 
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Similarly, the order of the rotation of above mentioned daisy is 30 i e 
daisy has 30-fold symmetry. 

In the following we show the counter clockwise rotations of butterfly: 





Fourth Rotation of 90° = Initial Position 

This shows that the butterfly has a rotational symmetry of order 4 or 

4-fold symmetry. - 
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EKP.BJJfl'.liTBI Find the axes of reflection symmetry of an equilateral 

Mande and show that it has 3-ford symmetry: - 

| The rotational symmetries of the equilateral triangle can be 
B as the rotations that leave the triangle invariant. 

In the following, we see that there are three lines over which the 
frianole can be reflected and maintain its original appearance, so an 
equilateral triangle has three axes of reflect,onal symmetry. 




Three Axes of 
Reflection Symmetry 


Not an Axis of 
Reflection Symmetry 


An equilateral triangle is symmetric under those rotations which are 

equivalent to — of a full rotation, i.e. —(360°) or 120 . 

3 d 

In the following we show the counter clockwise rotations of equilateral 
triangle ABC. 




Initial Position 


First Rotation of 120° 




Second Rotation of 120° 


Third Rotation of 120° = Initial Position 


This shows that the equilateral triangle has a rotational symmetry of 
order 3 or 3-fold symmetry. 
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After detailed discussion of reflection and rotational symmetries, we 
are in a position to present groups of symmetries. In this section, we shall 
show how the reflection and rotational symmetries of an equilateral 
triangle form a group. 


4-2.1 Symmetry Group of Equilateral Triangle/ Dihedral Group P 6 : 


There are six motions that can bring an equilateral triangle back into 
its original position. They are 

• Do nothing 

• Rotate 120 degrees counter clockwise 

• Rotate 240 degrees counter clockwise 

• Flip about the symmetry axis through the upper vertex 

• Flip about the symmetry axis through the lower left-hand vertex 

• Flip about the symmetry axis through the lower right-hand vertex 


There are other motions but they are “equivalent” to those listed 
above. For example rotating the triangle 360 degrees is “equivalent" to 
doing nothing since the basic orientation of the triangle is unchanged. 

We have labelled the vertices A, B and C and have shown the 6 


symmetry motions below: 



The equilateral triangle before a 
movement and after any 
movement that does not change 
anything (like rotating it 360 
degrees). 



The equilateral Triangle after 
being rotated 120 degrees 
counter clockwise. 
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The triangle after being rotated 
240 degrees counter clockwise. 



The triangle after being flipped 
about the axis through the lower 
left-hand vertex. 



The Triangle after being flipped 
about the axis through the upper 
vertex. 



The triangle after being flipped 
about the axis through the lower 
right-hand vertex. 


Now we are in a position to combine these symmetry operations of 
the triangle to form a group. We simply use the operation of followed by 
and find that 

• We have closure: performing one motion followed by performing' 
another motion is equivalent (has the same effect) as performing 
one of the 6 motions. 

• We have associativity: since followed by is always an 
associative operation. 

We have an identity: The. Do nothing motion is the identity 
element. 

We have Inverses: Each element has an inverse: 

° Th 6 D ° not ^ in 9 is its own inverse. 

O The Rotate 120 degrees and the Rotate 240 degrees are 

inverses of each other. 

The three Flip movements are their own inverses. 
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. .. 

It is advised that one should make a pacer or . • 

label its vertices A, B and C. Then draw a similar tri«™i d tr ' an9 ' e and 
paper. Begin with the triangle in the start position (as shown in ° f 
Estration) and perform the various motions one after annth k ! h f flrst 
final orientation of the triangle (by the distribution of its verttees) after !he 
two motions have been performed (one followed by another) What s nole 
nrotion is this equivalent to? '* vnai Sln 9le 


in 


Continuing this way we can .... 

Group of the Equilateral Triangle. 

So, let us do it. We shall need some symbols to stand for our movements. 


a Cayley table for the Symmetry 


If we denote the original position of equilateral triangle ABC by e then 
there are two counter clockwise rotations of 120° of the triangle before it 
comes to its original position e so it is suggested that these two rotations 
should be denoted by a and a 1 respectively. 

For a flip about the axis of reflection symmetry through the vertex A it 
is suggested to denote this flip by b. 

Similarly, the flips about the axes cf reflection symmetry through the 
vertices B and C are suggested to denote by x arid y respectively. 

So let us assume 


• e stands for the Do nothing movement. * 

• a stands for the Rotate 120 degrees counter clockwise 

movement. 

• a 2 stands for the Rotate 240 degrees counter clockwise 

movement. 

• b stands for the Flip about axis through the top vertex A 
movement. 

• x stands for the Flip about the axis through the lower-left vertex B 
movement. 

• y stands for the Flip about the axis through the lower-right vertex 
C movement. 

In order to complete Cayley table, first we write the following triangles 
Usin 9 definitions of e, a, a 2 , b, x, and y: 




r ‘ 
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K is ^t*^o"a n nS SeTdocktLThrough 240=, we 
obtain triangle x, i.e. __ g 2 b 

Similarly, if we rotate triangle b counter clock wise through 120*. we 


^uTwThte^efollowing symmetrta equilateral triangles: 


Thus, we 








In order to make Cayley table, first we write elements 

e, a, a 2 , b, ab, a 2 b 

in the first row and the first column as follws: 



Table-1 
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In the following, we discuss some of the multi movements. 

• e • e stands for the Do nothing movement to triangle e, so 
e • e = e. 

. • e • a stands for the Do nothing movement to triangle a, so 
e • a = a. 

• Similarly, e • b = b, e • x = x, e*y = y, e*z=z, a • e = a, b • e = b, 
x*e = x, y*e = y, z*e = z. 

• a • a stands for the Rotate 120 degrees counter clockwise 
movement the triangle a. This gives us triangle a 2 , so a • a = a 2 . 

• a • a 2 stands for the Rotate 120 degrees counter clockwise 
movement the triangle a 2 . This gives us triangle e, so a • a 2 = e. 

• a 2 • a stands for the Rotate 240 degrees counter clockwise 
movement the triangle e. This gives us triangle e, so a 2 • a = e. 

• a 2 • a 2 stands for the Rotate 240 degrees counter clockwise 
movement the triangle a 2 . This gives us triangle a, so a 2 • a 2 = a. 

• a 2 • ab stands for the Rotate 240 degrees counter clockwise 
movement the triangle ab. This gives us triangle b, sc c 2 • ab = b. 

• ab • a 2 stands for the Flip about the axis through the lower-right 

vertex C movement the triangle ab. This gives us triangle a 2 b, so 
ab • a 2 = a 2 b. m 

Continuing in this way, we complete the Cayley table (Table-1) as 
follows: 


• 

e 

a 

a 2 

b 

ab 

a 2 b 

e 

e 

a 

a 2 

b 

ab 

a 2 b 

a 

a 

a 2 

e 

ab 

a 2 b 

b 

a 2 

a 2 

e 

a 

a 2 b 

b 

ab 

b 

b 

a 2 b 

ab 

e 

a 2 

a 

ab 

ab 

b 

a 2 b 

a 

e 

a 2 

a 2 b 

a 2 b 

ab 

b 

— 

a 2 

a 

e 


Table-2: Cayley table of symmetry group of equilateral triangle 

The symmetr group of an equal triangle is also known as dihedral 

group D 6 Thus the dihedral group D 6 is 

D 6 = { e, a, a 2 , b, ab, a 2 b } 
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It is also denoted by S 3 and is written as 

S 3 = {e, a, a 2 , b, ab, a 2 b } 

In the following we give another way of writing S 3 group: 

S 3 =<a,b:a 3 = b 2 = {ab) 2 =e> 


4-2.2 Example: 
Solution: 


Find all subgroups of dihedral group 0 6 . 
The dihedral group D 6 is given below: 


D 6 = { e, a, a 2 , b, ab, a b} 


It consists of 6 elements, so by Lagrange’s theorem, orders of subgroups 
must divide 6 (the order of 0 6 ). 

The positive divisors of 6 are 

1,2, 3,6. 

Therefore, the subgroups of 0 6 must be of orders 

1,2, 3,6 


Subgroup of order 1 is the identity element group, i.e. 

{e} 

Subgroup of order 6 is the 0 6 group itself, i.e. 

{ e, a, a 2 , b, ab, a 2 b } 

Subqroup of order 3 is the rotational subgroup 

{e, a, a 2 } 

It is clear that a is obtained by rotating e-counter clockwise through 
120°. a 2 is obtained by rotating a counter clockwise through 120°. Finally, 
rotating a 2 counter clockwise through 120°, we get e. 

Subgroups-of order 2 are the flip subgroups 

{e,b},{e, ab }, { e, a~b } 

For the subgroup 

{e,b} 

it is clear that b is obtained by flipping e about axis through the top vertex 
A. 

For the subgroup 

{e, ab} 

it is clear that ab is obtained by flipping e about axis through the vertex B. 
For the subgroup 

{e, a 2 b} 

it is clear that ab is obtained by flipping e about axis through the vertex u 



Note: 


There are following four proper subgroups of dihedral group D G \ 

Rotational subgroup: {e, a, a 2 } 

Flip subgroups: { e, b }, { e, ab }, {e, a 2 b } 
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In this section, first we find the axes of * 

shall find the symmetry group of rectangle. ^ ° f 3 rectan 9 |e - then 


4 . 3 .I Example: 


reflection symmetry of a rectan <*° 

The rotational symmetries of the rectangle can be thought of as 
the rotations that leave the rectangle invariant y 

in the following we see that there are two lines over which the 
rectang e can be reflected and maintain its original appearance, so a 
rectangle has two axes of reflection symmetry. 



y-axis 


1 

■ - _ 


1 

1 

1 

- 

x-axis 

1 

1 

1 

! 1 

- 1 

1 


Axis of Reflection Symmetry 


Axis of Reflection Symmetry 


A rectangle is symmetric under those rotations which are equivalent to 

- of a full rotation, i.e. ^(360°) or 180°. 

2 2 

In the following we show the counter clockwise rotations of rectangle 
ABCD. 



Second Rotation of 180° = Initial Position 
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Z. R. Bhatti 


This shows that the rectangle has a rotational symmetry of order 2 or 
2-fold symmetry. 


The Symmetry Group of the Rectangle/ Klein 4-Group: 


There are four motions that can bring a rectangle back into its original 
position. They are 

j __ r 

• Do nothing 

• Flip about the symmetry axis (y-axis) 

• Flip about the symmetry axis (x-axis) 

• Rotate 180 degrees counter clockwise 


We have labelled the vertices A, B, C and D and have shown the 4 
symmetry motions below: 



A B B A 

Initial Position Flip about y-axis 


B 



Flip about x-axis 


Rotation of 180° 


We shall need some symbols to stand for 
assume 


our movements. So let us 


e stands for the Do nothing movement. 

• a stands for the Flip about y-axis. 

• b stands for the Flip about x-axis. 

c stands for the Rotate 180° counter clockwise movement. 
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^^ymmetry Group of a Rectannlp 


■ In order to complete Cayley table fire 

rectangles using the definitions of e a h L a we wnte lhe following 

**» ana c: 



Note that each a and b rectangle represents a single movement while 
rectangle c is a multi movement. Because, if we flip rectangle a about 
x-axis, we get rectangle c, so c = ab. 

It is also clear that the flip of a about y-axis gives e, i.e. a 2 = e. 

Similarly, the flip of b about x-axis gives e, i.e. b 2 = e. 

t 

The rotation of c about x-axis gives e, i.e. c 2 = e, i.e. (ab) 2 = e. 

We conclude that: 

• We have closure: performing one motion followed by performing' 
another motion is equivalent (has the same effect) as performing 
one of the 4 motions. 

• We have associativity: since followed by is always an 
associative operation. 

• We have an identity: The Do nothing motion is the identity 
element. 

( 

• We have Inverses: Each element has an inverse. 


o 

o 

o 


The Do nothing is its own inverse. worQfiS since 

The two Flip movements are their own inverses, 

a 2 = e, b 2 = e, so a' 1 = a, b' 1 - b. . )2 _ e s0 

The Rotate 180° is its own inverse, sine ( 


The Rotate 180 

(ab) 1 = ab. 
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The corresponding Cayley table is given below. 


• 

e 

e 

e 

a 

a 

b 

b 

ab 

ab 


a • 

b 

ab 

a 

b 

ab 

e 

ab 

b 

( 

ab 

e 

a 

b ' 

a 

e 


4-3.2 Example: 
Solution: 


Table-3: Cayley table of symmetry group of rectangle 

The symmetry group of a rectangle is also known as Klein 4 -group V A . 
Thus the Klein 4-group V 4 is 

V 4 = {e, a, b, ab) 

In the following we give another way of writing V, 4 group: 

V A =<a,b:a 2 =b 2 ={ab) 2 =e> 

Find all subgroups of Klein 4 -group V A . 

The Klein 4 -group V 4 is given below: 

V 4 = {e, a, b, ab } 

It consists of 4 elements, so by Lagrange’s theorem, orders of subgroups 
must divide 4 (the order of V A ). The positive divisors of 1 are 1, 2, 4. 
Therefore, the subgroups of V 4 must be of orders 1,2,4. 

Subgroup of order 1 is the identity element group, i.e. 

{e} 

Subgroup of order 4 is the V A group itself, i.e. 

{e, a, b, ab } 

Subgroups of order 2 are the flip subgroups 

{ e, a}, { e, b} 

. and the rotational subgroup 

{e, ab) 

For the subgroup 

{e, a} 

it is clear that a is obtained by flipping e about y-axis. 

For the subgroup 

{e,b) 

it is clear that b is obtained by flipping e about x-axis. 

For the subgroup 
{e, ab } 

itisdear that ab is obtained by rotating e counter clockwise through 180°. 
[iEIIa There are following three proper subgroups of Klein 4 -group Vi 
Flip subgroups: {e, a}, { e, b } 

Rotational subgroup: { e , ab } 
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In this section, first we find the axes of symmetry of 
shall find the symmetry group of square. 


a square, then we 


44.1 Example: 


i§^{ he of ^flection symmetry of a square and 


dtow'hat it ha^&old symmetry. 

The rotational symmetries of the square can be thought of as 
the rotations that leave the square invariant. 

In the following, we see that there are four lines over which the square 
can be reflected and maintain its original appearance, so a square has 
four axes of reflection symmetry. 



iy-axis 


A square is symmetric under those rotations which are equivalent to 

- of a full rotatiQn, i.e. —(360°) or 90°. 

4 4 

In the following we show the counter clockwise rotations of square 
ABCD. 



Third Rotation of 90° Fourth Rotation of 90° = Initial Position 


Scanned by CamScanner 









that ran bring a square back into its 
There are eight motions that can 

nosition. They are 


original 


. Do nothing 

. Rotate counter clockwise through 90° ^ 

. Rotate counter clockwise through 180° 

. Rotate counter clockwise through 270 
. Flip about the symmetry axis (y-axis) 

• Flip about the symmetry axis (x-axis) 

• Flip about the symmetry axis (through AC) 
m Flip about the symmetry axis (through BD) 


We use the following symbols to stand for our movements. 

• e stands for the Do nothing movement. 

• a stands for Rotate counter clockwise through 90°. 

• a 2 stands for Rotate counter clockwise through 180°. 

• a 3 stands for Rotate counter clockwise through 270°. 

• b stands for Flip about the symmetry axis (y-axis). 

• x stands for Flip about the symmetry axis (x-axis). 

• y stands for Flip about the symmetry axis (through AC). 

• z stands for Flip about the symmetry axis (through BD). 

In order to complete Cayley table, first we write the following squares 
using the definitions of e, a, a 2 , a 3 , b, x, y and z: 
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Each of the above motion is a single motion. 


It is clear from above squares that: 

(i) square x is obtained if we rotate square b counter clockwise 
through 180°, sox= a 2 b. 

(ii) square y is obtained if we rotate square b counter clockwise 
through 270°, so y = a 3 b. 

(iii) square z is obtained if we rotate square b counter clockwise 
through 90°, so z = ab. 




The corresponding Cayley table is given below: 
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a 

b 

cf 

b 

w 

a i b 

a l b 

ab 

ab 

b 


a 2 b 

a 2 b 

ab 

b 

a 3 b 

a 3 b 

a l b 

ab 


b 

ab 

a 2 b 


b 

ab 

a 2 b 

a 3 b 

ab 

a 2 b 

a 3 b 

b 

ai*b 

a 3 b 

b 

ab 


b 

ab 

*5 

a 2 b 


Table-4: Cayley table of symmetry group of square 
The symmetry group of a square is also known as dihedral group D, 
Thus the dihedral gmupj^ g2 g3 ^ gb A> a>b} 

in the following we give another way of writing 0, group: 

D 4 =<a,b:a 4 =b 2 =(ab) 2 =e> 



In this section, first we find the axes of symmetry of a regular 
pentagon, then we shall find the symmetry group of pentagon. 


Find the axes of reflection symmetry of a pentagon and 

sho w that it has 5-fold symmetry. 

The rotational symmetries of the pentagon can be thought or as 

the rotations that leave the pentagon invariant. 

In the following, we see that there are five lines over which tne 
pentagon can be reflected and maintain its original appearance, so a 
pentagon has five axes of reflection symmetry. 



B D 
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fa pentagon is symmetric under those rotations which i 

I of a full rotation, i.e. i(360°) or 72°. 
to g o 

in the following we show the counter clockwise rotations of pentagon 



Third Rotation of 72° Fourth Rotation of 72° Fifth Rotation of 72° 

= Initial Position 


This shows that the pentagon has a rotational symmetry of order 5 or 
5-fold symmetry. 


he Symmetry Group of the Pentagon / Dihedral Group D 


There are ten motions that can bring a pentagon back into its original 
position. They are 







Do nothing 

Rotate counter clockwise through 72° 

Rotate counter clockwise through 144° 

Rotate counter clockwise through 216° 

Rotate counter clockwise through 288° 

Flip about the symmetry axis (through vertex A) 
Flip about the symmetry axis (through vertex B) 
Flip about the symmetry axis (through vertex C) 
Flip about the symmetry axis (through vertex D) 
Flip about the symmetry axis (through vertex E) 
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We use the following symbols to stand for our movements. ^ 

• e stands for the Do nothing movement. 

• a stands for Rotate counter clockwise through 72°. 

• a 2 stands for Rotate counter clockwise through 144°. 

• a 3 stands for Rotate counter clockwise through 216°. 

• a 4 stands for Rotate counter clockwise through 288°. 

• b stands for Flip about the symmetry axis (through vertex A) ' 

• x stands for Flip about the symmetry axis (through vertex B). 

• y stands for Flip about the symmetry axis (through vertex C). 

• z stands for Flip about the symmetry axis (through vertex D). 

• t stands for Flip about the symmetry axis (through vertex £). 

In order to complete Cayley table, first we write the following pentagons 
using the definitions of e, a, a 2 , a 3 , a 4 , b, x, y , z and t 




B 
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Each of the above motion is a single motion. 

It is clear from above pentagons that: 

m pentagon x is obtained if we rotate pentagon b counter 

clockwise through 144°, so x = a 2 b. 

(ii) pentagon y is obtained if we rotate pentagon b counter 

clockwise through 288°, so y = a 4 b. 

(in) pentagon z is obtained if we rotate pentagon b counter 

clockwise through 72°, so z = ab. 

(iv) pentagon t is obtained if we rotate pentagon b counter 

clockwise through 216°, so t = a 3 b. 

This shows that symmetric pentagons are 

e, a, a 2 , a 3 , a , b, ab, a 2 b, a 3 b, a A b 

♦ 

The corresponding Cayley table is given below: 


t 

e 

a 

a 2 

a 3 

a 4 

a 

ab 


ES3I 

IB 

e 

e 

a 

a 2 

a 3 

a 4 

a 

ab 



EB 

a 

a 

a 2 

a 3 

a 4 

e 

ab 




D 

| 

a 2 

a 3 

a 4 

e 

a 



E23 

D 

ab 

Q 

a 3 

a 4 

e 

a 

a 2 


B3 

D 

ab 

1^3 

B 

a 4 

e 

a 

a 2 

a 3 

EB 

a 

ab 



b 

b 

a 4 b 

a 3 b 

a 2 b 

ab 

e 

a 4 

a 3 

a 2 

a 

ab 

ab 

b 

a 4 b 

a 3 b 

a 2 b 

a 

e 

a 4 

a 3 

a 2 

a 2 b 

a 2 b 

ab 

b 

a 4 b 

a 3 b 

a 2 

a 

e 

a 4 

a 3 

a 3 b 

a 3 b 

a 2 b 

ab 

b 

a 4 b 

a 3 

a 2 

a 

e 

a 4 

a 4 ib 

a 4 b 

a 3 b 

a 2 b 

ab 

b 

a 4 

a 3 

a 2 

a 

e 


Table-5: Cayley table of symmetry group of regular pentagon 
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The symmetry group of a pentagon is also known as dihedraT ^ 
0 5 Thus the dihedral group D 5 is 9% 

0 5 = { e, a, a 2 , a 3 , a 4 , b, ab, a 2 b, a 3 b, a A b } 

In the following we give another way of writing 0 5 group: 

D 5 =< a,b : a 5 =b 2 = {ab) 2 = e > 


[EXERCISE 4| 

[Multiple Choice Questions (MCQs)| 


Four options are given in each of the following questions, the 
choice which you think is correct; fill the circle in front of’that 
choice. Use marker or pen to fill the circles. Cutting or filling 
two or more circles is not allowed: 


(vii) 


The ideal sea star has_ 

(a) 2-fold (b) 3-fold 

The butterfly has_ 

(a) 2-fold (b) 3-fold 

An equilateral triangle has 
(a) 2-fold (b) 3-fold 

A rectangle has_ 

(a) 2-fold (b) 3-fold 

The dihedral group 0 6 has 
(a) 5 (b) 4 , 

The Klein 4-group V 4 has _ 
(a) 5 (b) 4 

The square has_ 

(a) 2-fold (b) 3-fold 


_symmetry. 

(c) 4-fold (d) 5-fold 

© ® © @ 

_ symmetry. 

(c) 4-fold (d) 5-fold 

© ® © @ 

_symmetry. 

(c) 4-fold (d) 5-fold 

® ® © @ 

_ symmetry. 

(c) 4-fold (d) 5-fold 

@ ® © @ 

-proper subgroups. 

(c) 3 (d)2 

© ® © @ 

—.— - proper subgroups. 

(°) 3 (d) 2 

@ ® © @ 

symmetry. 

(c) 4-fold (d) 5-fold 

® ® © @ 


Solve / answer the following short questions: 

Explain mirror symmetry. 

Define rotational symmetry and its order 
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Find the proper subgroups of dihedral group D e . 


[Long Questions 


159 


Q.3 

qa 

Q.5 


evolain the group of symmetries of a rectangle. 

F vnEmzmzm 

Explain the group of symmetries of a square. 

Explain the group of symmetries of an equilateral triangle. 


SUMMARY 


y The axis of symmetry separates the two halves and, if we place a 
mirror along this line, the design seems complete. 

y Butterflies exhibit mirror symmetry. 

> |n general, bilateral symmetry is present whenever an object or 
design can be broken down into two parts, one of which is the 
reflection of the other. 

> An object that exhibits rotational symmetry wiii appear unchanged 
if it is rotated through some angle. 

y The number of rotations required for all the points to actually 
return to their original positions is called the order or degree of the 

rotation. 

> An equilateral triangle has three axes of reflectional symmetry. 

> The equilateral triangle has a rotational symmetry of order 3 or 3- 
fold symmetry. 

> There are four proper subgroups of dihedral group D 6 . 

> The rectangle has two axes of reflection symmetry. 

> The rectangle has a rotational symmetry of order 2 
symmetry. 

^ V 4 has three proper subgroups. 

^ A square has four exes of reflection symmetry. 

^ The square has a rotational symmetry of order 
symmetry. 

^ The regular pentagon has five axes of reflection symm y 

> The regular pentagon has a rotational symmetry of order 5 or 
fold symmetry. 
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> v t =<a,b:a 2 =b 2 = ( ab ) ~ e > 

={e,a,b,ab} 

> s 3 =<a,b:a 3 =b 2 = (ab) 2 = e > 

={e,a,a 2 ,b,ab,a ! b} 

> o 4 =<a,b:a 4 =b 2 =(ab) 2 =e> 

= {e,a,a 2 ,a 3 ,b,ab,a 2 b,a 3 b} 

* 

> D 5 =<a,b:a 5 =b 2 =(ab ) 2 =e> 

= {a, a, a 2 , a 3 , a 4 , b, ab, a 2 b, a 3 b, a 4 b} 


***** 
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In this chapter we shall be concerned with the definitions and results 
of group homomorphism. We shall also state and prove Cayley’s 
theorem. 


|5-1 Homomorphism 


In this section, we shall discuss some relation between groups. 
An element of order 2 in a group G is called an involution. 


A group of even order contains ai least one /'ni/o/uf/on. 

Let G be a group of even order and 

A = {x e G: x 2 = e} 

B = {y e G: y 2 * e} 

'hen obviously 

6 = Au8 


T . . Ar\B- <t> 

C a ! re . aretwo possible cases. 
e ‘ : ^ S = <f >, then G = A. 

Hence G contains at least one involution. 
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Case-ll: 


If 8 * 0 . then 


y £ 

y 2 *e 

=> y.y * e 
=>y _1 .(y-y)*y 1,e 
=* (y'V)-y * J^" 1 

=> e.y ^ y 1 

=> y ^ y 1 

=> y _1 .y * y _1 -y 1 
=> e * (y 
=> y' 1 e 6 

Since e*B and y-'eSforall y e 6, so B is a set of even order. 

Since AnB = </> and G = AuB, so 

|G| = |/\|+|e| 

Since both G and 6 are of even order, so from (1), A must be of even 
order, i.e. is order of A must be at least 2. 

Since A consists of elements x such that x 2 =e and e 2 = e, so A 
contains e and at least one element x different from e, i.e. 

x e A x 2 = e, x * e 

Since A is a subset of G, so G contains at least one xsuch that x^e and 

x 2 = e. Hence G contains at least on involution. 

This completes the proof. 


. Let (G. ) and (G',*) be two groups. A mapping 0:G->G' is said to 
be a homomorphism if for all a.beG 

0(a ■ b) = 0(a)* 0(b) 

in other words, if there is no danger of confusion' in the binary 
operations used in groups G and G ', we can define homomorphism 
alternatively as follows: 

A mapping 0 from a group G into a group G' is said to be 
a homomorphism if for all a,b<=G, 0(ab) = 0(a)0(b ). 


onto homomorphism is called an epimorphism. 
ne one homomorphism is called a monomorphism. 
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^homomorphism is called an isomorphism. 

G and G' are said to be isomorphic if there is an 

r i.g^GMn this case we write 6«6'. 

is0 morph ,sm u 

iS^^rntwhism from a group G to itself is called an endomorphism 
of G. _ 

®^nisomorpSsm from a group G to itself is called an automorphism of 



Show that the mapping ^: G -> G defined by 

<f>(x) = e for all xeG 

where e is an identity element of G, is a homomorphism. 

Let x,y eG, then using the definition of <f >, we have 
</>{xy) = e 

_ g0 ■.* e = eo 

= <%x)<fi{y) *•' ^(*) = e ’<fi(y) = e 

This shows that $ is a homomorphism. 


5-1.11 Example: 


niBTir.illima , ^ defined bv 

Show that the mapping <t>.G -+G derm y 

<j,(x) = x for all xeG 

is a homo morphism. 

then using the definition of *>, we have 

* xy) l7(*m v(d(x) = x, «>(y)=y 

This shows that ^ is a homomorphism. 

p - _ r „// rea / numbers under addition 

JPTffffTHI Lef G be the group o product being 

and let G' be the group of nonzero real num by ^ x ) = 2 X . 

ordinary multiplication of real numbers. Oe me on ^ 0 ? 

Show that <f> is a homomorphism from G into 


Solution: 


Let 


x.yeG, then using 


ina the definition of , we have 
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<f>(x + y) = 2 x+y - 
= 2*2 y 

= </>{x)<f>{y) v#x) = 2 \<f>{y) = 2 y 
This shows that <f> is a homomorphism from G into G' 

Since G' consists of nonzero real numbers, and 2* • 
positive real number, so negative real numbers of G' are ' S . arWa ^ a 
elements of G under ^, i.e. G' is not an image of <f >. This "h ' ma9es 
is not onto. n ° Ws that ^ 


5-1.13 Example:! 


Let (R + ,-) and (/?,+) be two groups. Define </>\R+ by M 
Show that <f> is an isomorphism. * «*>**>'■ 

EMffllBffB (i) Well defined 
First we show that ^ is well defined, for this let 

x = y 

=> In x = In y 

-p,. . =>0(x) = t(y) 

This shows that </> is well defined. 

(ii) Onto 

Next we show that <j> is onto. 

Since for every In xe fit, there is some positive real number x, i.e. 
x ^ R such that <fi(x) = In x. 

This shows that <j> is onto. 

(iii) One-One 

Next we show that <f> is one-one, for this let 

^(x) = (Z j(y) 

=> In x = In y 
=> e lnx = e lny 

Tu . => x = y 

This shows that <f> is one-one. 

(iv) Homomorphism 

consider *° PF ° Ve that ^ is a homomorphism, let x.yeR* and 

0(x-y) = ln(x.y) 

= In x + In y 

This shows that * is a homom^™,^ ‘ 

Hence, <f> is an isomorphism. 


A 
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^SS^fffroup of integers under addition. For the integer x.r 
d efine<fiby M x ) ~ 2x ‘ Show that <t>'■ GG is a homomorphism. 

g®Sf 6 ar ,d consider 

tfK* + y) = 2(x + y) 

= 2x + 2 y 
= ^(x) + ^(y) 

This shows that ^ is a homomorphism. 


rTi5 Example:! 


let G be the group of nonzero real numbers under multiplication and 
q’ = {1,-1} a group under multiplication. For xeG, define <fi:G->G’ by 

r ^ 


<t>(x) = 


Show that (f) is a homomorphism. 

Let x,yeG and consider 

f 1 

<P(xy) = i „ 


if x > 0 

if x < 0 


IH).(-I) 

' 1 fi.(-i) 

Mx)«Ky) 

|/(x)«Hy) 

l>(x¥(y) 

.1 «*(x)«*(y) 

= <*(*Wy) 

^' s s ^°ws that 0 is a homomorphism. 


if xy > 0 

if xy < 0 

if x > 0, y > 0 

if x < 0, y < 0 

if x > 0, y < 0 

if x < 0, y > 0 

if x > 0, y > 0 

if x < 0, y < 0 

if x > 0, y < 0 

if x < 0, y > 0 

if x > 0, y > 0 

if x < 0, y < 0 

if x > 0, y < 0 

if x < 0, y > 0 
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Example: 


Let G be the group of all real 2x2 matrices a ^ 

L c ofj Su ch| h 

ad - be* 0, under matrix multiplication. Let G' be the gro 
nonzero real numbers under multiplication. Define <j>\ g —by*^ ^ 

I d ^1 = ad-bc 


- L c d 

Show that <f> is a homomorphism. 
\a b\\a' b' 

Let , e G, then b 

c d c' d' 


e G , then by definition of G, we have 


ad - be *0 


••■(I) 


Now 


a'd'-b'c'* o 


a b a' b' _ aa' + bc' ab' + bd' 

c d c' d' ca' + dc' cb' + dd' 


^ a b a' b'^ _ aa' + bc' ab' + bd r 
Al c d A_ c ' d'\)\ca' + dc' cb' + dd' 


= (aa' + bc')(cb' + dd') - ( ab' + bd'){ca'+dc') 
= aa'cb' + aa'dd' + bc'cb' + bc'dd' 

-( ab'ea’ + ab'dc' + bd'ea' + bd'dc') 

= aa'dd' + bb'cc' - adb'c' - bca'd' 

= ada'd' - adb'c' + beb'e' - bca'd' 

= ad(a'd' - b'c') - bc(a'd' - b'c') 

= {ad-bc){a'd'-b'c') 


This shows that <f> 



b 

d 


a' 

c' 


is a homomorphism. 



If (/>:G~+G' is a homomorphism of G into G', then 

(a) ^(e) = e , where e' e G' is an identity element of G' 

(b) ^ 0(x _1 ) = ^(x) -1 for all x e G 

(a) Using the definition of homomorphism ^, we have 
<*(*) = </>(x.e) #x) = ^(e.x) 

= <fi(x)<fi(e) =^x) 

This shows that ^(e) is an identity element of G', so M = *'• 


ff*. 
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for any xeG, consider 

(W M v \M 


'Homomorphism 167 


0(x)0(X ~') = ^(x.x' 1 ) 
= <*>(e) 


= e' 


Similarly, 


<l>{x-')<l>{x) = ( j>(x-\x) 
= tfe) 

= e' 


•• x.x~' = e 
•' <f>{e) = e' 


••x \x = e 


'•* 0(e) = e' 

This shows that ^(x- 1 ) is the inverse of « X ), i.e <Mx ~',, 1 

This completes the proof. n ' * 


5 - 1.18 Symmetric Group S 3 : 


in chapter 3, we have already proved the symmetric group S 
consisting of permutations : 

M 2 3 n 

2 3 1 


/ = 


fl 2 3^ 
1 2 3 


U = 


7 

1 2 3 
2 1 3 






f 2 - 


\ 


V 


f 4 = 


'1 2 3^ 
v 3 2 1, 


U = 


r 1 2 3^ 
,3 1 2, 
'1 2 3> 


V 


1 3 2 


in a set X = {1,2,3}. 
follows* 16 reSt ° f ° Ur discussion ’ we shal1 rename above permutations as 

First we write the three basic permutations in which we take an 
identity p errT,utatio nj a cyde of , ength 2> (1 2) and a cycle of , ength 3 

v • i c, oj, i.e. 

(1 2 3 ) 

(Not a cycle) 


e = 


0 = 


v 

'1 




1 2 3 y 
2 3^ 

2 1 3 
3 


(A cyde of length 2) 


v- ■ 

(1 2 o\ 


(A cycle of length 3) 

v 2 3 1J 

ow the remaining three permutations can be obtained using (j> and 
^ i i.e. 


y/ 2 = 


<f>Y = 


'1 

2 

3' 


2 

3 ' 


'1 

2 

3 ' 

u 

3 

1, 

U 

3 

h 


,3 

1 

2 , 

'1 

2 

*) 

(1 

2 

3" 


ri 

2 

3 ' 

,2 

1 

3; 

12 

3 

1; 


,3 

2 
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168 baju Ooup Theory 


«¥ 2 = 


I R Bh„ 


"1 2 

3 ) 

rl 

2 

3 n 


'1 

2 

3 ' 


3 J 

[3 

1 

2/ 


b 

3 

2 , 


Thus, the symmetric group S 3 has the elements j 


e. 


S 3 ={e l ^,v',^ 2 ,M<¥ } 


Solution: 


5-1.19 Example: 


Let S 3 ={e,<f>,y/,\i/ 2 ,<t>v,<b/ 2 ) and G' = {e,<j>). Define the mapping 
f ; s 3 -> G' by f(<f>'y/ j ) = t‘ • Show that f is a homomorphism. 

_It is clear from the definition of f that 

f{e) = e, f{<!>) = <f>, f{y/) = e, fiy 2 ) = e, f{<f>y/) = <f>> f(<¥ 2 ) = <f> 

This shows that 

wv )=*' 

= ^'e v t' ~ ft e 

= f{t‘ )fi¥ j ) v W) = <*'. ) = V 1 

This shows that f is a homomorphism. 


5-1.20 Example: 


Let G be any abelian group, and f-G^G is defined by tix) = x 5 for all 
x eG. Show that t is a homomorphism. 

Let x,y e G, then using the definition of t , we have 
tixy) = ixyf 

= x 5 y 5 v G is abelian (xy) 5 = x 5 y 5 

= ti*)tiy) 

This shows that t is a homomorphism. 


5-1.21 Example 


Let G be any group, g a fixed element in G. Define 

>G by tix) - gxg for all x eG . Prove that t is an isomorphism. 

SmllUMiB (i) Well defined 

First we show that t is well defined, for this let 

x = y 


=>gx = gy 




=>gxg =gyg ~ 1 

. =>tix) = tiy) 

This shows that t is well defined 
(ii) Onto 

Next we show that t is onto. 

Since for every gxg-' « G, there is some x 6 G such that 
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Hornomorphisms 



, <f>(x) = gxgr 1 

This shows that ft is onto, i.e. ft is an epimorphism. 

/iii) One-One 

1 Next we show that l is one-one, for this let 

000 = <f>(y) 


r' 


9xg~' =gyg~' 


v g 'g = e 


=>0 \gxg ')g = g~\gyg~') g 
' => Q^gxg^g - g^gyg^g 

=> exe = eye 
=> x = y 

This shows that <f>' is one-one i e a ic => .. 

(iv) Homomorphism * " 8 monom ° r P^"'- 

in order to prove that ft is a homomorphism, let *,y eG , then 
the definition of <f >, we have 

< / > {xy) = gxyg~ : 

= gxeyg _1 


using 


= QXg-'gyg~' 


v 9 'g = e 


= (9xg~'){gyg-') 

= </>(x)<f>(y) 

This shows that <f> is a homomorphism. 
Hence, <f> is an isomorphism. 


y*22 Theorem: 


„ — If G is a group and a mapping ft:G -*G, defined fiy 

for a// x e G . 'S a homomorphism, then G is abelian 
SffliLet x,y eG, then 

xy = {y~'x~')-' 

= ft(y" , x' 1 ) 

= $y _1 )4>(x~') v ft is homomorphi sm 

^sh°ws that G is an abelian group. This completes the proof. 

Let </> be a mapping from (Z,+) the group of integers to 
® r ° u P G = {1,-1} under multiplication defined as <f>\Z -> G such that 


<P(x) = 


if x is even 
if x is odd 


l 

I 
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Smu Group Theory 


snow mat 4 isa.bomomorpnism.ls 4 an isomorphism? 

5 S?Z, then using the definition of we have 
' y r i if x + y is even 


<f>{x + y) = 


1-1 

if x + y is odd 

fl 

if both x and y are even 

if 

if both x and y are odd 

lr-i 

if x is even y is odd 

II- 1 

if x is odd y is even 


'i.i 

>D-H) 

i.H) 

(- 1)1 

l>W(y) 

W)<t>{y) 

>(x)$Ky) 

i^(x)^(y) 


if both x and y are even 
if both x and y are odd 

if x is even y is odd 
if x is odd y is even 

if both x and y are even 
if both x and y are odd 
if x is even y is odd 
if x is odd y is even 


= <t>{*)<Ky) 

This shows that <j> is a homomorphism. 

Since both 2 and 4 are even integers, so by the definition of <f >, we have 

m =i= m 

This shows that two different element have same image, so 4 is not one- 
one. Hence <f> is not an isomorphism. 


5-1.24 Definition (Kernel of Homomorphism): 


Let <f> be a homomorphism of G into G' and e' be an identity element of 
G ', the kernel of ^ is denoted by K $ and is defined as 

K^{xeG: </>(x) = e'} 

In other words, the kernel of homomorphism <f>\G —> G' is the set of 

those elements of G whose image is the identity element of G'. 

Kj is also denoted by Ker</>. 

A homomorphism <fr.G ->G' is one-one if and only f 

Ker * = {eh wemESW 


5-1.25 Theorem: 
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cffjfXS Let <f> one-one. Let x e Ker0, then by the definition of kernel of 
^orphism, we have 


where 


e ' is the identity element of G'. 


0(yr 1 = 0(y _1 ) 

v 0 is homomorphi sm 


yy| |0' w t 

The image of identlt y element e is the identity element e ', i.e. 

$e) = e’ ( 2 ) 

Eauating (1) and (2), we have 

<ftx )= «Ke) 

=> x = e v <f> is one - one 

This shows that Ker0 contains oniy e ' e Ker<J> = {e 
Conversely, let Ker0 contain only e, i.e. Ker<p = {e}. 

Next consider 

<K*) = 0(y) 

=> ^(x)^(y) -1 = e' 

=> 0(x)^(y _1 ) = e' v0(y) _1 =0(y 1 ) 

=>0(xy _1 ) = e' v 0 is homomorphi sm 

=> xy _1 e Ker0 

=> xy -1 = e v Ker0 = {e} 

=> x = y 

This shows that <f> is one-one. This completes the proof. 

_ _ .« 

Let (f>\G ->G' be a homomorphism of a group G onto 
another group G'. The homomorphic image 0(G) of the group G is itself 
a group. __ 

Gi): Let 0(x),0(y)e0(G), then x.yeG. 

Since G is a group, so for x,y e G 
xy e G 

=> 0(xy) e 0(G) 

=> 0(x)0((y) e 0(G) v 0 is a homomorphi sm 
This shows that closure law holds in 0(G). 

G 2 ): Since 0(G) <= G' and G', so associative law holds in 0(G). 

® 3 ) : If e is the identity element of G, then e e G , so 0(e) e 0(G). 

Using the definition of homomorphism 0 , we have 
0(x) = 0(x.e) 0(x) = 0(e.x) 

= 0(x)0(e) = 0(©¥( x ) 
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This shows that ^(e) is an identity element of <f>{G) , so the identity 
element exists in <f>{G ). 

G 4 ): Let (f^x) e ^(G), then x e G. 

Using the definition of homomorphism, we have 
jKxWx-') = (*(*•*'’) 

= <f>(e) v x.x -1 = e 

Similarly, 

^(x _1 )^(x) = ^(x‘ 1 .x) 

= ^e) vx _1 .x = e 

This shows that ^(x _1 ) is the inverse of <f>{x ). Since G is a group, 
so for x e G, we have 

x' 1 eG 

This shows that the inverse of each element of </>(G) is in <p{G). 
Hence <j>{G) is itself a group. 


p-1.27 Theorem: 
IProof: 


Let <f>\G -> G' be a homomorphism of a group G onto 
another group G', then |^(a)| = |a| for a eG. 

If e is the identity element of G, then e e G , so <p(e) e <p{G). 

Using the definition of homomorphism $ , we have 


</>(x) = <f>{x.e) 

= (t>{x)<f>{e) 


<f>{x) = <fi{e.x) 

= 0( e )0(x) 


This shows that <f>(e) is an identity element of <fi(G). 


Let 


a = n 




Then, by the definition of order of an element of a group, we have 


a n = e 


=> 0(a n ) = ^(e) 

=> ^(a-a-... a) = <f>(e) 

=> <f>(a) ■ (f>{a) •... <p{a) = <j>{e) v <f> is a homomorphi sm 
=> {<p{a)) n = 0(e) 

=>k>(a)| = n ...(2) 

Equating (1) and (2), we have 

M-H 


5-1.28 Theorem 
Proof: 


The homomorphic image of a cyclic group is cyclic. 
Let G be a cyclic group generated by a. 
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let <fr-G^ G ' be homomorphism. Then we have to show that the 
homomo r P hie image $G) of G is cyclic. For this, let x e 0(G) be any 
element of j(G), then there must be an element of G whose image under 
^ is x. Since G is cyclic group generated by a, so each element of G 
m ust be some power of a. 

Consequently, for some positive integer k, we have 
x = <K a*) 

= </>[a a- ... - a) 

= ^(a) -<f>{a )-... -<p(a) v <j> is a homomorphism 

This shows that x is a power of <p(a). Similarly, we can show that each 
element of ^(G) is some power of <f>(a), so <f>{a) is a generator of ^(G). 
Hence $G) is a cyclic group generated by <f>(a). 


15-1.29 Theorem: 


Any two cyclic groups of the same order are isomorphic. 


|PU, 2015 (BS Math); PU, 2012; 2010 (M.Sc. Math) 


Let G and G' be any two cyclic groups of the same finite order n, 


G| = n 


and |G'| = n 

Let G be generated by a, i.e. 

G =< a : a n = e > 

Let us consider another group 

2 km 

C n = \ z e C : z = e n 


where k is an integer. Then obviously C n is a cyclic group of order n 

2 km 2kni 

generated by e n , because (e n ) n -e 2km =1. 

Next we define a mapping ^: G -> C n by 


</>{a k ) = e n 


(i) Well defined 

Let 


a k = a 1 
=> a k ~' = e 


Which is only possible if k -1 = 0 , i.e. 

k = I 
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2km Urn 

=> -=- 

n n 

2km 21m 

=> e n = e n 
=> </>(a k ) = <f>{a ') 

This shows that <f> is well defined. 

(ii) One-One 

=> ^(a*) = fta ') 

2km 21m 

e n = e n 

2km 21m 

=>lne n =lne n 


2km 21m 
-Ine =-Ine 


n 


n 


2km 21m 

=^>-=- 

n n 

=> k = l 


v In e = 1 


This shows that <f> is one-one. 

(Hi) Onto 

— 2ft* 

For e n e C n , there is some a k <=G such that </>{a k ) = e n 

every element of C n is an image of some element of G, so <f> is onto. 

(iv) Homomorphism 

</>{a k -a‘) = </>{a k *') 

2(k+l)m 

= e n 


2km 21m 

= e n e n 


. AU = 4>{s k ) ■ </>{a‘) 

This shows that ^ is a homomorphism. 

Since <f>, being a bijective homomorphism, is an isomorphism, so G 
and c n are isomorphic, i.e. G » C 

* 

Similarly, we can show that G' « C 
Consequently, G*G', i.e. G and G' are isomorphic. 


5-1.30 Theorem: 
Proof: 


_ Any two infinite cycl 
Let G and G' be any two infini 
Let a be the generator of group G 


groups are isomorphic. 
cyclic groups. 
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Homomor phism 175] 


Le t us consider another group (Z,+), the group of integers under 
ddition- Obviously, (Z,+) is an infinite cyclic group. 

0 For an integer k, let us define a mapping </> :G-+Z by 

4>(a k ) = k 

m Well defined 

Let a ~ a 

a = e 

Which is only possible if k-l = 0, i.e. 

k = l 

=><Ka k ) = </>(a l ) 

This shows that <f> is well defined. 

(ii) One-One 

</>{a k ) = <p(a ') 

=> k = I . 

=> a k = a 1 

ThisShows that <f> is one-one. 

(iii) Onto 

For keZ, there is some a k eG such that </>(a k ) = k, so every 
element of Z is an image of some element of G, so ^ is onto. 

(iv) Homomorphism 

</>{a k ■ a 1 ) = </>{a k+l ) 

= k + l 

= <f>(a k ) + <f>{a') 

This shows that ^ is a homomorphism. 

Since <f> , being a bijective homomorphism, is an isomorphism, so G 
and Z are isomorphic, i.e. G a Z . 

Similarly, we can show that G' » Z. 

Consequently, G«6', i.e. G and G' are isomorphic. 

This completes the proof. . 


Let <fi:G ->G' be an onto homomorphism and H be a 
yfegroqp 0 f G Show that ^ H ) is a subgroup of G '. 

Let x,y e </>{H ), then there are h v h 2 eH such that 

<&h^) = x, <p{h 2 ) = y 
ince H is a subgroup, so 

, h v h 2 eH 
=>h v h 2 eH 
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Next consider 

xy' 1 =<Kh y Mh 2 ))-' 

= Mb? ) W h 2 ))"’ = Wi' ) 

= <f){hfi~ 2 ) v$is homomorphism 

e <HH) v h,h 2 1 e H 

This shows that </>{H) is a subgroup of G'. 


Let <f) \ G -> G 1 be an onto homomorphism and H’ be a 
subgroup of G'. Show that is a subgroup of G. 

Let x,y e <{>-\H') , then 
<f>{x),<p{y)E H' 

=> (/>{x){tp{y )) _1 e H' v H' is a subgroup 

=> <t>{x)</>{y-')EH' = ^y _1 ) 

=>^(xy _1 )eH' y (f> is homomorphism 

xy -1 e 

This shows that <p~\H') is a subgroup of G. 


5-2 Cayley’s Theoreml 


In this section we shall state and prove Cayley’s theorem. 


5-2.1 Definition: 


By embedding G into G', we mean that there is a 
subgroup of G' which is isomorphic to G. 


5-2.2 Theorem (Cayley’s Theoreml: 


Statements of Cayley’s Theorem: 

Every group is isomorphic to a subgroup of a symmetric group. 
Every group is isomorphic to some permutation group. 

Any group G can be embedded in a group of biiective mappings of 
a certain set. 


Proof: 


Let us define <p g :G -> G by 

</>g(x) = gx, VxeG, geG 


PU, 2015 (BS Math); PU, 2009; 2006 (M 


(i) Well defined 

Let 


x = y 

g* = gy 
^ g (*) = <My) 
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_5: Homomorphisms 




? This shows that <f> g is well defined. 

/jj) One-One 

0g( x ) = 0 g (y) 

=>gx = gy 

=>X = y 

This shows that <f> g is one-one. 

(iii)Onto 

For gxcG, there is some xeG such that a (x) - m 
element of 6 is an image of some element of G, so / is onto ^ 
Hence, <f> g is a bijective mapping from G to G 

It is dear that * g , being a bijective mapping from G to G is a 
permutation. Therefore, the set defined by 

®g = : g e G} 

is a set of permutations. 

Next we shall prove that O g is a group. 

GO: Let <t> gl </> g , e® G , then, for xeG, v> g [x) = gx,^,(x) = g' x 
Now 

^ g '( X ) = </>g(^(X)) 

= <i>g{g'x) 

= gg'x 

=> <t>g<f> g . € 0 G 

This shows that closure law holds in O g . 

G 2 ) : Let <p g ,</> gl , (f, g . G o G , then for x e G, we have 

&g Wg'K )W = 99'9'X = (</>gtg' )4>g-(*) 

=> Qg i&g'fig’ ) = (0g0g‘ )0g' 

This shows associative law holds in O g . 

3 ‘ If e is the identity element of G, then eeG.so ed) 8 such that 
^g(x) = ^g(x)) 

= 4> e (gx) M'(x) = +g(+m(x)) 

= egx =</> g (ex) 

= 9 x = <j) g (x) 

= M X ) => <f>g<t>e = #9 

^his shows that <f> e is an identity element of <l> e . 
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eG forg^G. so such that 

G , Slnoe^a^so, ^ 


<t 9 f> s _,(x) = <f> 9 W s - ,(x)) 

=^ 9 (g' 1jf ) 

= gg"'* 

= ex 
= «>„(*) 

=> <M 0 -' = 


= ?s g -,(g*) 

= g~V 

= ex 

= *.(*) 


=> ^ _i <t>g - 


rw , , 

This shows that <i> i is the inverse o g 

en ,h isa aroup of permutations. 
Hence, O g is itself a 9 roup _ ®. t0 t he group of permutations 
inally, we shall prove that G is isomorphic to 9 

E>_. For this let us define y/: G -> <p g °y 

“ / _ \ X 


(i) Well defined 

g = g 

=>gx = g'x 
=>4 g {x) = t g ‘(x) 

=> ^ = ^g' 

^>^{g) = ^{g') 

This shows that ^ is well defined. 

(ii) One-One 

=> <Pg = <t>g' 

^></> g (x) = <j> g .{x) 

=> gx = g'x 
=>9 = 9 ' 

This shows that y/ is one-one. 

(iii) Onto 

For <!> g £$ g , there is some geG such that y/(g) = <f> g > s0 6 ^ 
element of o G is an image of some element of G, so y/ is onto. 

Hence, y/ is a bijective mapping from G to O g . 

(iv) Homomorphism 

> For g,g',xeG, we have 

<t>gg‘(x) = gg'x 

Similarly, 
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Therefore, 
Next consider 




= <f>g(9'x) 
= 99'X 
099 ' = 0909 ' 


V{99') = 0gg> 

= 0g0g> 


= ^(gV(0') 

This shows that ^ is a homomorphism. 

Thus, y /, being bijective homomorphism, is an isomorphism. 

This shows that G*3> g , i.e. any group G is isomorphic to some 
permutation group O g . 

,This completes the proof. 


5-2.3 Theorem: 


Let G=< a: a n = e> be a cyclic group, then a m is a generator of G if and 
only if n and m are relatively prime. 


PU, 2013; 2009 (M.Sc. Math) 


Let a m be the generator of G. Since a e G, so there is some 
integer p such that 


Proof: 


(a m ) p = a 


=> a^ = a 


a^" 1 =e 


=> mp -1 > n 
=> nimp -1 

z=> mp- J \ = nt for some integer t 
=> pm + {-t)n = 1 
=> (m,n) = 1 

This shows that n and m are relatively primes. 


Conversely, let n and m are relatively primes, then there are integers 
p an <* q, such that 

mp + nq = 1 

^gHV+HQ =3 1 

=> a" p a n<7 = a 
=>(a m ) p {a n ) q - a 
=>{a m ) p (e) q =a , va"=e 
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=>(a m ) p e = a 
=> (a m ) p =a 

This shows that a m is a generator of G. 


15-2.4 Theorem:| 


v ( e) q = e 


Every group of prime order is cyclic and hence ab ^ mm _ 

rams Let G be a group of prime order p, then we have to show that G is 
cwNc Let a be any non-identity element of G. Let H be a cyclic subgroup 
of G generated by a, then by Lagrange’s theorem the order of H must 
divide the order p of G. Since p is prime, so the order of H is either 1 orp. 
But a is non-identity, so the order of H will not be 1. Therefore the order of 
H is p. This shows that 

H = G 

but the G is cyclic, because H is cyclic. Hence any group of prime order is 
cvclic 

Since every cyclic group is an abelian group, so G, being the cyclic 
group, is an abelian group. 


5-2.5 Example:! 


Let G =< x,y: x 3 = y 2 = xy = 1 >, then show that G - {1} 


Solution: 


Similarly, 


and, 


xy -1 
■=$■ y = x' 1 
y 2 = xy 

=> yV 1 = (xy)y ' 1 

=> y = x 
x 3 =y 2 
=> x 3 = x 2 
=> x 3 x -2 = x 2 x" 2 
=> x = 1 

=> y = 1 


v y = x 


v y = x 


Hence, G = {1} 


Prove that a non-commutative group has at least six elements. 




— • m ii 1 1 1 ■■ i ■ ■■ 

[s flllWMiU Since group of order 1 consists of only identity element, so 
commutative (abelian). I 

Groups of orders 2 and 3 are abelian because 2 and 3 are relatively 
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prime numbers. 

Group of order 4 is abeliab, because 4 is a square of 2 and 2 is a 
prime number. 

Group of order 5 is abelian, because 5 is a prime number. 

S 3 is a non-abilian group and its order is 6. 

Hence, a non-commutative group has at least six elements. 


EXERCISE 5 


Multiple Choice Questions (MCQs) 


Four options are given in each of the following questions, the 
choice which you think is correct; fill the circle in front of that 
choice. Use marker or pen to fill the circles. Cutting or filling 
two or more circles is not allowed: 

Q.1 

(i) An element of order_in a group G is called an involution. 

(a) 1 (b) 2 (c) 3 (d) 4 

© ® © @ 

(ii) A mapping ^ from a group G into a group G' is said to be a 
homomorphism if for all a,beG, <j>{ab) = 

(a) ab (b) a 2 b 2 

(c ) 4>{ajm (d) <j>(a + b) 

© ® © © 

(iii) A group of even order contains at least 

(a) four involutions (b) three involutions 

(c) two involutions (d) one involution^ _ ^ ^ 

© ® © © 

(iv) An onto homomorphism is called 

(a) epimorphism (b) monomorphism 

(c) isomorphism (d) none of these 

© ® © © 

( v ) A one-one homomorphism is called 

(a) epimorphism (b) monomorphism 

(c) isomorphism (d) none of these 

© ® © © 

' v 0 A bijective homomorphism is called 

(a) epimorphism (b) monomorphism 

(c) isomorphism (d) none of these ^ 

( v 'i) A homomorphism from a group G to itself is called__— 

’ of G. 

(a) endomorphism (b) automorphism 

(c) kernel of homomorphism (d) none of these 

© © © © 
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(viii) An isomorphism from a group G to itself is called 
Sendomor^hism 6 ' W automorphism 

c kernel of homomorphism (d) none of these 

. ® ® ® 

The homomorphic image of a cyclic group is 
(a) not cyclic £> non-abelian 

WO* (d) none of these ^ @ # 

Every group of prime order is 
(a) not cyclic (b) non-abelian 

(c) cyclic (d) none of these 

<D ® © @ 

The homomorphic image of a cyclic group is 
(a) not cyclic (b) non-abelian 

(c) abelian d) none of these 

© ® © @ 

Every group of prime order is 
(a) not cyclic (b) non-abelian 

(c) abelian (d) none of these 

® ® © @ 


Short Questions 


(ix) 


(x) 


(xi) 


(xii) 


Q.2 

(i) 

(ii) 

(Hi) 


(iv) 


(v) 


(vi) 


(vii) 


(viii) 


Solve / answer the following short "questions: 

Define an involution. 

Define homomorphism. 

Define - 

(a) epimoiphism (b) monomorphism 

(c) isomorphism 

Let (R,+) be the group of all real numbers and ( R', •) be the group 

of nonzero real numbers. Define <p : R -» R' by <p(x) = 3 X . Show 

that <f> is a homomorphism from R into R' 

Let G be the group of integers under addition. For the integer 

, eG| define $ b y 0(*) = 3x. Show that <fi:.G->G is a 
homomorphism. 

Let G be any abelian group, and <p\G->G is defined by 

nL V* ^° r a " X e ®' ^bow that ^ is a homomorphism. 

* any abelian group, and <f> \G-*G is defined W 

homomorphism" ** G ' " iS an inte9er - Sh0W ,ha ‘ * *’ 

r th6 mappin9 defined by dK*) =« for 3 " 

ere e is an identity element of G, is a homomorphism- , 
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[iX) 

(X) 

(Xi) 

(xii) 


Show that the mapping * :G -> G 

xe G is a homomorphism. n*)-x for all 

Let G be the group of integers under addition Fnr », . 
xeG define * by tfx) = 2x. Show that jr ^ lnteger 
homomorphism. * is a 

If 4 ,: G -> G' is a homomorphism of G into G' and e is an in* 
element of G, then show that « e ) is an identity element of G' * 
Let ^: G -> G be an onto homomorphism and H' be a subgroup 
of G’. Show that f\H') is a subgroup of G. 


Long Questions 


Q.3 # Let (R ,•) and ( R ,+) be two groups. Define by 

^(x) = lnx . Show that <f> is an isomorphism. 

Q.4 Let G be any group, g a fixed element in G. Define </>:G-+G by 
0(x) = g xg for all xeG, Prove that (j> is an isomorphism. 


SUMMARY 


> An element of order 2 in a group G is called an involution. 

> A gtoup of even order contains at least one involution. 

> A mapping <p from a group G into a group G' is said to be a 
homomorphism if for all a,b e G, </>{ab) = <j>(a)<t>(b ). 

^ An onto homomorphism is called an epimorphism. 

^ A one-one homomorphism is called a monomorphism. 

^ A bijective homomorphism is called an isomorphism. 

^ Two groups G and G' are said to be isomorphic if there is an 
isomorphism $: G -> G '. In this case we write G~G'. 

^ A homomorphism from a group G to itself is called an 
endomorphism of G. 

^ An isomorphism from a group G to itself is called an 
automorphism of G. 

^ The kernel of homomorphism <f >: G —> G' is the set of those 
elements of G whose image is the identity element of G\ 

^ A homomorphism 0 :G ->G f is one-one if and only if Ker</> - {e} 
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> The homomorphic image of a group is itself a group. 

> if (j >: G -> G'is a homomorphism of a group G onto another g roup 

G ', then |^(a)| = |a| for a e G. 

> The homomorphic image of a cyclic group is cyclic. 

^ Any two cyclic groups of the same order are isomorphic. 

> Any two infinite cyclic groups are isomorphic. 

> If (f> : G -» G' is an onto homomorphism and H is a subgroup of 6, 
then (j>{H) is a subgroup of G'. 

> if $; G -» G' is an onto homomorphism and H’ is a subgroup of 

G', then is a subgroup of G. 

^ By embedding G into G’, we mean that there is a subgroup of G 
which is isomorphic to G. 

> Every group is isomorphic to a subgroup of a symmetric group. 

> Every group is isomorphic to some permutation group. 

> Any group G carfbe embedded in a group of bijective mappings'of 
a certain set. 

> If G =< a: a n = e > is a cyclic group, then a m is a generator of G 
if and only if n and m are relatively prime. 

> Every group of prime order is cyclic. 

> Every group of prime order is abelian. 

> A non-commutative group has at least six elements. 


***** 
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COMPLEXES 
IN GROUPS 


Chapter 


/ 


\ 6 / 




In this chapter, we shall discuss complexes in groups, centre of a 
group, normalizer and centralizer in groups. Some results about these 
topics are also proved. 


6-1 Complexes in Groups 


An arbitrary subset X of a group G is said to be a 

complex in G. 

For example, the subsets 

X = {ab,a 2 b} and Y = {e,b,ab} 

of a group S 3 = {e, a, a 2 , b , ab, a 2 b} 

are two complexes in S 3 . 

Two complexes X and Y in a group G are said to be 
Permutable if XY = YX , i.e. for some xeX and y eY , there exist some 

x e X and y'eY such that xy = y'x'. 

Every two complexes X and Y in an abelian group G 
Permutable. 

®SSEmaa a nonempty complex H of a group G is a subgroup of G 
'J^onlyif ft 

Let H be "a subgroup of G. Let xeHH~\ then there exist 

" n2 s H such that 




m 


Scanned by CamScanner 








x = 

Since H is a subgroup of G, so h,.h 2 eH 

=> /?,/£’ e H 

=> x <=H 

=> HH" 1 c H 

Conversely, let HH" 1 s H, then we have to show that H is a subgroup 
of G. for this let a,beH. Since b e H, so fT 1 e H 1 . 


of G, for this 
Now 


a e H, b" 1 e H 1 
=> ab _1 e HH" 1 
=> a/T 1 e H 

This shows that H is a subgroup of G. 


HH" 1 c H 


3J3 A subgroup is a complex but a complex need not be a 
subgroup. 


If H, K are subgroups of a G, then HK is a subgroup of G 
if and only if H and K are permutable, i.e. HK = KH . 


PU, 2011; 2003; 2001; 1985; 1983 (M.Sc. Math) 


Let HK be a subgroup of G, then we have to show that HK = KH . 
For this let x e HK , then 

x = hk for some h e H,k e K 

Since KH is a subgroup of G, so 
x e HK 

=> X 1 e HK 

=* (/Ik )' 1 e HK v x = hk 

=>k~'h~'eHK ■■■ (hk)~'= k~'h~' 

Since H and K are subgroups of G, so 

h e H,k z K 

=> h 1 e H, /c _1 e K 

=> Ac -1 /! -1 e KH 

=> HK c KH ...(D 

Conversely, let x € KH , then 

K1 x = kh for some h&H.keK 


Now 


X" 1 = (fc/7)- 1 

= h'k'eHK v^eH.r'eK 
Since HK is a subgroup of G, so x' 1 e HK 
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If"!" 




=>XzHK 
KH c HK 

r 0 mbining(1') an 4tf).wehave ...(2) 

C ° HK = KH 

Conversely,,** HK-KH, then we have to show tho. 
subgroup of G. f« this let x.y « HK , then there are h, J ^ is » 

■suchthat 2 n ' K '- k 2 ^K 

x = h,k„y = h 2 k 2 

Next consider 


*r’ =(h 1 /c,)(h 2 /r 2 )- 1 

= (hA,)(^V) 

= h,(k,k?)h? 

= h,k 2 h 2 ' 

= h y h 2 k 2 

= ^3^3 

Since H and K are subgroups of G, so 

h h <- L-l 


(^3 ~ ) 

V HK = KH 
( h 3 =M 2 _1 ) 


bi, 

i G 

H 


=> 

b 3 = 

h^ 6 

H 

i 

kpk 2 

gK 


=> 

^3 = 

g 

K 

=> 

^3^3 

g HK 


=> 

xy _1 

g HK 



a/ e riA 

This show sthat HK is a subgroup of G 


6-2 Centre of a Group 


The centre of a group G is denoted by Z(G) and defined as 
Z(G) = {z e G : zx = xz for all xeG} 

It e is the identity-element of a group G, then 

ex = xe, VxeG 

Therefore, e e Z(G), so the centre of a group is always a nonempty set. 


6 ’ 2 - 2 Example: 

Solution;! 


Find the centre of V A = {e, a, b, ab }. 

Consider e and operate it with every element of V A 
e.e = e = e.e e.b = b = b.e 

e.a = a = a.e e.(ab) = ab = (ab).e 
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This shows that e commutes with every element of V«, so 

e e Z(V 4 ) 

Consider a and operate it with every element of V 4 
_I a.b = ab = b.a 


a.e = a = a.a 
a.a = e = a.a I a.(ab) = b = (ab).a 

This shows that a commutes with every element of V 4 , so 

a e Z(V a ) 

Consider b and operate it with every element of U 4 


b.e = b = e.b b.b — e = b.b 

b.a = ab = a.b b.(ab) = a = ( ab)h 

This shows that b commutes with every element of V A , so 

b e Z{V A ) 

Consider ab and operate it with every element of V A 


{ab).e = ab = e.(ab) ( ab)b = a = b.{ab ) 

{ab).a = b = a.(ab) ( ab).{ab ) = e = ( ab).(ab) 

This shows that ab commutes with every element of V A , so 

ab e Z(V A ) 

This shows that 

Z(V 4 ) = {e, a, b, ab} = V A 


6-2.3 Exa mple: 
Solution: 


Show that centre of an abelian group is the group itself. 
Let G be an abelian group. 

Let xeG, then, since G is abelian, so 

xg = gx, Vg e G 
This shows that x e Z(G), so 

G c Z(G) 

But, by definition, Z(G) consists of elements of G, i.e. 

Z(G) c G 

Combining these, we have 

Z(G) = G 


Find the centre of S 3 = {e,a,a\b,ab,a 2 b). 

Consider Ij'W'l'MIi'.imBBHI 

e a-a, ea =a , g -b = b, e(ab) = ab, e(a ! b) = a 2 b 
e e = e, a e = a, a 2 a = a 2 , b e = b, (ab) e = ab, (a 2 b) e = a*b 


eeS, 
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a *(ab) = a 2 b, 

(ab)• a = 6 

=> a - (ab) * (ab) ■ a 


=>a,(ab)£S 2 


-Q 

CM 

CD 

II 

-Q 

CM 

CD 

b-a 2 =ab 

=>a 2 b*b a 2 


=>a 2 ,beS 3 


(a 2 b)-b = a 2 , 

b(a 2 b) = a 


=>(a 2 b)b*b(a 2 b) 

a 2 bzS 3 

This shows that Z(S 3 ) = {e}. 


6-2.5 Theorem: 


Proof: 


Centre Z(G) of a group G is an abelian subgroup ofG. 


PU, 2008 (M.Sc. Math) 


Let a, be Z(G ), then by definition of centre of group 
ax = xa and bx= xb, V x e G 


Now 


bx = xb 

=> b~\bx)b ~ 1 = b~\xb)b ~ 1 
=> (b _1 b)xb _1 = b^x(bb^) 

=> exb -1 = b -1 xe v b _1 b = e = bb 1 
=> xb -1 = b _1 x, VxeG 

Next consider 

(ab -1 )x = a(b _1 x) 

= a(xb -1 ) 

= (ax)b' 1 
= (xa)b _1 
^■ = x(ab _1 ) 

=> ab -1 e Z(G) 

This shows that Z(G) is a subgroup of G. 

Ne *t we show that Z(G) is abelian. For any a,beZ(G), a,be 
because Z(G) is a subgroup of G. 

N °w b e G and a € G, then using the definition of centre, we have 

ab = ba 

This shows that Z(G) is an abelian subgroup of G. 

This completes the proof. 


(using associative law) 
v b _1 x = xb -1 
(using associative law) 
v ax = xa 

(using associative law) 
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lfi-3 Normalizer in a Group 


Definition: 


Let G be a group and a e G. The normalizer 0r 


centralizer of a in G is defined as , 

N(a) = {xeG:xa = ax) 


Let G be a group and a e G, then N(a) — {x e G. xa — ax} is a subgroup 


ofG 


Now 


WS Let x,y e N(a), then xa = ax and ya = ay. 
iw ya - ay 

=>y~\ya)y _1 = y _ 1 (ay)y _1 


eay 1 = y 
ay -1 = y _1 a 


Next consider 


(xy -1 )a = x(y -1 a) (using associative law) 

= x(ay _1 ) vy~ 1 a = ay" 1 

= (xa)y _1 (usingassociative law) 

= (ax)y _1 vxa = ax 

= a(xy _1 ) (usingassociative law) 

=> xy -1 e A/(a) 


This shows that /\/(a) is a subgroup of G. 


Let X be an arbitrary complex in a group G, then the set 
of those elements of G which permute with X is called normalizer of X in 
G and is denoted by N G (X). 

In other words 

Ng {X) = {a e G: aX = Xa} 


Bag Since eX = X = Xe, so ee/V G (X), i.e. N G {X) is always 
nonempty. 

If G is an abelian group, then aX = Xa for all a e G, so 

every element of G is in N e (X), i.e. N g (X) = G. 


* e,a,tl ’ ab > and H = {e,a}, then find N V) (H). 

The convenient way finding the nrmalizer of H in V 4 is 
to write Cayley, table of V 4 = {e,a.b,ab>, so first we write Cayley 
table as we discussed in chapter 4. 
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e 

a 

b 

ab 

e 

e 

a 

b 

ab 

a 

a 

e 

ab 

b 

b 

b 

ab 

e 

a 

ab 

ab 

b 

a 

e 


Cayley Table of V 4 


• Next, using above table, we find those elements of V 4 which permute 
with H as follows: . 

eH = e{e, a} = {ee.ea} = {e,a} 

He = {e, a}e = (ee, ae} = {e, a} 

=> eH = He 
^ezN^(H) 

aH = a{e,a} = {ae,a 2 } = {a,e} ra 2 =e 

Ha = {e,a}a = {ea,a 2 } = {a,e} v a 2 = e 

=> aH = Ha 


=> a e N Va (H) 

bH = b{e,a} = {be,ba } = {b,ab} v oa = ab 

Hb = {e,a)b = {eb,ab} 

=> bH = Hb 


=> b e A/y 4 (H) 

abH = a£{e,a} = {abe,ab.a} = {ab,b} v ab.a = b 
Hab = {e, a}ab = {eab, a.ab} = {ab, b } v a.ab = b 
=> abH = Hab 
=> ab e N Va (H) 

=> N Va (H) = {e,a, b,ab) - V 4 


^5 Example: 


If V 4 ={e,a,b,ab) 

<]orrnalizer of Xjn V 4 . 

Let us consider 

eX = {a,b} 

aX = {e,ab} 
bX = {ab,e) 
abX = {b,a} 

shows that every element of V 4 permutes with X, so each 
6lement of is in N v (X), i.e. N Va (X) = V 4 . 


and X = {a,b), then find the 

Xe = {a,b) 

Xa = { e,ab } 

Xb = {ab, e} 

Xab = { b,a } 



% 
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Since V 4 is an abelian group, so normalizer of any complex in 
is the group V A itself. 


= t, 2 = (a bf = e> and H = {e,t»,K = {e.a.a 2 } 

Find N 0 (H) and N a {K). ,....... 


EffTirnfiffB We know that 

G =< a,6: a 3 = 6 2 = {ab ) 2 =e> 

is a symmetry group of an equilateral triangle, so 

G = { e, a, a 2 , 6, ab, a 6} = S 3 
Cayley table of S 3 , discussed in chapter 4, is given below: 



Next, using above table, we find those elements of S 3 which permute 
with H as follows: 

eH = e{e,b} = {ee,eb} = {e,b} 

He = {e,6}e = {ee,6e} = {e,6} 

=> eH = He 
=> e e N S3 (H) 

aH = a{e, b} = {ae, ab} = {a, ab } 

Ha = {e,6}a = {ea,6a} = {a,a 2 6} v ba = a 2 b 

=> aH * Ha 

=>a*N S3 (H) 

a 2 H = a 2 {e, 6} = {a 2 e,a 2 b} = { a 2 ,a 2 b } 

Ha 2 = {e,b}a 2 = {ea 2 ,ba 2 } = { a 2 ,ab } v ba 2 = ab 

a 2 H Ha 2 
=> a2 

bH = b{e,b) = {be, 6.5} = {b, e } v 6.6 = e 

Hb = {e, 6}6 = {eb, 6.6} = {*>, e } v 6.6 = e 
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=> b e A /$3 (H) 

abH = ab{e, b} = {abe, ab.b} = {ab, a } v ab.b = a 

Hab = {e, b}ab = {eab, b.ab } = {ab,a 2 b} v b.ab = a 2 b 
=> abH * Hab 
=>abe N Sz (H) 

a 2 bH = a 2 b{e,b} = {a 2 be,a 2 b.b} = {a 2 b,a 2 } v a 2 b.b = a 2 
Ha 2 b = {e,b}a 2 b = {ea 2 b,b.a 2 b} = { a 2 b,a } v b.a 2 b = a 
=> a 2 bH * Ha 2 b 
=> a 2 b A/ Sa (H) 

This shows that N G (H) = N Sj (H) = {e, b) 

Next, we find those elements of S 3 which permute with K as follows: 
eK = e{e, a, a 2 } = {ee.ea.ea 2 } = {e,a,a 2 } 

Ke = {e,a,a 2 }e = {ee.ae.a 2 ©} = {e,a,a 2 } 

=>eK = Ke 
=>eeN Sz (K) 

aK = a{e,a,a 2 } = {ae,aa,aa 2 } = {a,a 2 ,e} v aa 2 = e 

Ka = {e,a,a 2 }a = {ea,aa,a 2 a} = {a.a 2 ,©} v a 2 a = e 

=> aK = Ka 
' =>9eN S3 {K) 

a 2 K = a 2 {e,a,a 2 } = {a 2 e, a 2 a, a 2 a 2 ) = {a 2 ,e,a} 

Ka 2 = {e,a,a 2 }a 2 = {ea 2 ,aa 2 ,a 2 a 2 } = {a 2 ,e,a} 

=> a 2 K = Ka 2 
=> a 2 e A / S3 (K) 

bK = b{e,a,a 2 } = {be,ba,ba 2 } = {b,a 2 b,ab} 

Kb = {e,a,a 2 }b = {eb,ab,a 2 b} = {b,ab,a 2 b} 

=> bK = Kb 
=> b e N Sa (K) 

abK = ab{e,a,a 2 } = {abe,ab.a,ab.a 2 } = {ab,b,a 2 b} 

Kab = {e,a,a 2 }ab = {eab,a.ab,a 2 .ab} = {ab,a 2 b,b} 

=> abK = Kab 
=$ ab e N S3 (K) 
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194 Group Theory 


a 2 bK = a 2 b{e,a,a 2 } = {a 2 be,a 2 b.a,a 2 b.a 2 } - {a 2 b,ab,b} 
Ka 2 b = {e,a,a 2 }a 2 b = {ea 2 b,a.a 2 b,a 2 .a 2 b} = {a 2 b,b,ab} 

=> a 2 bK = Ka 2 b 
=> a 2 b e N S 3 {K) 

This shows that 

N g (K) = N S2 {K) 

= {e,a,a 2 ,b,ab,a 2 b}=G 



If S 3 ={e,a,a 2 ,b,ab,a 2 b) 


normalizer of X in S 3 . 


and X = {a,b}, then find the 


kf.immm Let us consider 

eX = {a,b} Xe = {a, b} 

aX = {a 2 ,ab} Xa = {a 2 ,a 2 b } 

a 2 X = {e,a 2 b} Xa 2 ={e,ab} 

bX = {a 2 b, e} Xb = {ab, e} 

abX = {b,a} Xab = {a 2 b,a 2 } 

a 2 bX = {ab,a 2 } Xa 2 b = {b,a } 


Since only e permutes with X, so 

N S3 (X) = {e} 


6-3.8 Example:| 

wmmmmmm 

fSohjtion'l 


If S 3 ={e,a,a 2 ,b,ab,a 2 b} and X = {ab,a 2 b}, then find 
the normalizer of X in S 3 . 

Let us consider 

eX = e{ab,a 2 b } = {eab,ea 2 b} = {ab,a 2 b} 

Xe = {ab,a 2 b}e = {abe,a 2 be} = { ab,a 2 b } 

=> eX = Xe 
=>eeN Sz (X) 


aX = a{ab,a 2 b} = {a.ab,a.a 2 b} = {a 2 b,b} 

Xa = {ab,a 2 b}a = {ab.a,a 2 b.a} = {b,ab} 
=> aX * Xa 


=> a *A/ S 3 (X) 

a X = a 2 {ab,a 2 b} = {a 2 .ab,a 2 .a 2 b} = {b,ab} 
Xa 2 = {ab,a 2 b}a 2 = {ab.a 2 ,a 2 b.a 2 } = {a 2 b,b} 
=> a 2 X * Xa 2 
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bX = b{ab,a 2 b} = {b.ab,b.a 2 b} = {a 2 ,a} 

Xb = {ab,a 2 b}b = {ab.b,a 2 b.b} = {a,a 2 } 

=>bX = Xb 
=>6eA/ S3 (X) 

abX = ab{ab,a 2 b} = {ab.ab,ab.a 2 b} = {e,a 2 } 

Xab = {ab,a 2 b}ab - {ab.ab,a 2 b.ab} = {e,a} 

=> abX * Xab 
^abtN S 3 (X) 

a 2 bX = a 2 b{ab,a 2 b} = {a 2 b.ab,a 2 b.a 2 b} = {a,e} 
Xa 2 b = {ab,a 2 b}a 2 b = {ab.a 2 b,a 2 b.a 2 b} = {a 2 ,e} 
=> a 2 bX * Xa 2 b 


=>a 2 beN S 3 {X) 
=> ^s 3 (X) = {e,b} 


6-3.9 Example: 
Solution: 


If and X = {a,b}, then find N D 4 (X). 

We know that 

D 4 = {e,a,a 2 ,a\b,ab,a 2 b,a 3 b) 


With Cayley table given below 


• 

e 

a 

a 2 

“s 3- 

b 

ab 

a 2 b 

a 3 b 

e 

e 

a 

a 2 

a 3 

b 

ab 

a 2 b 

a 3 b 

a 

a 


a 3 

e 

ab 

a 2 b 

a 3 b 

b 

a 2 


a 3 

e 

a 

a 2 b 

a 3 b 

b 

ab 

a 3 

a 3 

e 

a 

a 1 

a 3 b 

b 

ab 

a 2 b 

b 

b 

a 3 b 

a 2 b 

ab 

e 

a 3 

a 2 

a 

ab 

ab 

b 

a 3 b 

a 2 b 

a 

e 

a 3 

a 2 

a 2 b 


ab 

b 

a 3 b 

a 2 

a 

e 

a 3 


a 3 b 

a 2 b 

ab 

b 

a 3 

a 2 

a 

e 


Cayley Table of 0 4 


Using above table, we have 
eX = e{a, b) = {a, b} 

aX = a{a,b} = {a 2 ,ab} 

a 2 X = a 2 {a,b } = {a 3 ,a 2 b} 

a 3 X = a 3 {a,b} = {e,a 3 b} 

# 


Xe = {a, b}e = {a, b} 

Xa = {a,b}a = {a 2 ,a 3 b} 
Xa 2 = {a,b)a 2 = {a 3 ,a 2 b} 
Xa 3 = {a,b}a 3 = {e.ab} 


«■ 


Scanned by CamScanner 






bX = b{a,f>} = {a 3 ,e} 

abX = ab{a,b) = {b,a) 
a 2 bX = a 2 b{a,b} = {ab,a 2 ) 

a 3 bX = a 3 b{a,b) - {a 2 b,a 3 } 
We note that only 


Xb = { a,b}b = {ab, e) 

Xab = {a,b)ab = {a 2 b,a 3 } 
Xa 2 b = {a,b}a 2 b = {a 3 b,a 2 ) 
Xa 3 b = {a,b}a 3 b = {b,a} 


eX = Xe 
a 2 X = Xa 2 


Therefore, only e and a 2 are in N 0< (X ), so 

W 0< (X) = {e,a 2 } 


6-4 Centralizer in a Grouj 


Let X be an arbitrary complex in a group G, then the set 
of those elements of G which permute with the elements of X is called 
centralizer of X in G and is denoted by C G (X). 

In other words 

C G (X) = {a e G: ax = xa, x e X) 

Since ex = x = xe for all xeX, so eeC G (X), i.e. C G (X) 
is always nonempty. 

If G is an abelian group, then ax-xa for all a € G, x e X, 
so every element of G is in C G (X), i.e. C g (X) = G. 


6*4.2 Example: 


centralizer of X in V, 


If V A ^{e,a,b,ab} and X = {a,b}, then find the 


Let us consider 

e.e = e = e.e 

e.a = a = a.e 
a.e = a = e.a 

a. a~e~ a.a 

b. e = b = e.b 
b.a = ab = a.b 

(ab)^ = ab = e.(ab) 
(ab).a = b = a.(ab) 


e.b = b = b.e 
e.(ab) = ab = ( ab).e 
a.b = ab = b.a 

a. (ab) = b = ( ab).a 

b. b = e = b.b 
b.(ab) = a = (ab)J) 
{ab)Jb = a = b.(ab) 


= 0 = a -W (ab).(ab) = e = (ab).(ab) 

This shows that each element of V A permutes with the elements 
of X, so C„ 4 (X) = V 4 
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yjOt Example: 
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Solution-] 


If {a, to}, ftoen find (X). 

We know that 

S 3 ={e,a,a 2 ,to,ato,a 2 to} 

Using Cayley table of S 3p we find those elements of S 3 , which 
permute with the elements of X as follows: 

e.a = a = a.e 

e.to = to = to.e 

This shows that e permutes with both elements a and to of X so 

eeC S3 (X) 

Since 

a.to = ato 
to.a = a 2 to 

This shows that a does not permute with the element to of X and to also 
does not permute with the element a of X, so 

a -to £ Csj(X) 

Now, to.a 2 = ato * a 2 .b , so a 2 (X). 

Similarly, ato.to * to.ato =>abe C S3 (X) 

and, a 2 to.a * a.a 2 to => a 2 to e C Sa (X) 

Thus, C S3 (X} = {e} 


6-5 Conjugacy Classes in a Groupl 


If a.toeG, then to is said to be a conjugate of a in G if there exists an 
element g e G such that to = g _1 ag . 

Symbolically, we write a - to and refer to this relation as conjugacy. 


We can also define the conjugate of an element as follows: 

If a, to e G, then to is said to be a conjugate of a in G if there 

exists an element g e G such that to = gag -1 . . 


6-5.2 Theorem: 


Conjugacy between elements of a group is an 
egu/Va/ence relation on G. 


^32 Let a.to.c e G. 

^ • Reflexive 

Since a = e _1 ae, so a is conjugate of a in G, i.e. a ~ a 
This shows that - is reflexive. 


PU, 2009 (M.Sc. Math)! 
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2. Symmetric 

Let a ~ b , then there is x e G such that , 
b = x -1 ax 

=> xbx' = x(x’ax)x-' 

=> (x“ 1 r 1 b(x' 1 ) = eae 

=>y“'by = a vy = x ’ eG 

=> b ~ a 

This shows that ~ symmetric. 

3. Transitive 

Let a ~ 6, to ~ c, then there are x.yeG such that 

b = x -1 ax ...(1) 

and c = y _1 by ,..(2) 

Using the value of b from (1) in (2), we have 
c = y“ 1 (x' 1 ax)y 

= (y- , x- , )a(xy) 

= (xy)-'a(xy) 

=> 9 ~ c V xy e G 
This shows that - is transitive. 

Hence ~ is an equivalence relation. 

If t) is a conjugate of a, then we say that a and b are 
conjugate elements. 


LiB rMvHmU iaAB The set of all those elements of a group G which are 

conjugate ° f a in G is called conjugate class of a in G. It is denoted by 
C(a) or C a . J 


Thus, 


C(a) = {x € G: a ~ x} 


C(a) = {g- 1 ag:g e G} 


aasra etemen,s have sa me order. 

Let lal - m- Ihi 6 3 ® roup an< ^ a anc * b the conjuagate elements. 

Let H = m, |b| = n , then a m = e , b" = e . 

a and b the conjuagate elements, so there is some geG such that 

a = g"’bg 
=• a" = (g\b g y 
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= sr 1 eg 
= g _1 g 


b n = 


=> m<n 

a” =(9~ 1 bgr 

6 = g~ 1 b m g 
geg -1 =b m 
e = b m 
=> n < m 


a =m 


a ni 

= e 


From (1) and (2), we have 


m = n 


This shows that conjugate elements have same order. 

An element a of a group G is said to be self conjugate if 
there exists an element g e G such that a = g _1 ag . 

Identity element e is self conjugate. 

Every element of an abelian group is self conjugate. 


Definition: 


_ ,f G is a group and x,yeG, x _1 y _1 xy is called the 

commutator of x and y or, more briefly, a commutator. We often write 
l*.y] for the commutator x 'y 'xy. 

Prove that the inverse of a commutator is a commutator. 

"■EaUiliS *- et G be a group and x,y e G. If z is the commutator of x and 
y. then 


^ ,r> g inverse, we have 


z = [x,y] = xV ’xy 

* 

>* 

z 1 = (x _1 y A xy)~ y 

= y 'x \y 'r\x v 
= y _1 x 'yx 

- [y. x] 


For V 4 _ {e,a,b,ab }, find the conjugate classes 
C(e) (ii) C(a) (iii) C(b) (iv) C(ab) 
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^USUtUII V 4 = {e,a,b,ab} 

(i) To find C(e), we have to find those elements of V A which are 

conjugate of e. For this we check all the elements of V A turn by turn 
as follows: 

e • e • e -1 = e 
a • e ■ a' 1 = a • a" 1 = e 
b-eb' 1 = bb -1 = e 
abe • (ab) -1 = ab • (ab) -1 = e 
This shows that only e is conjugate of e, so C(e) = {e}. 

(ii) To find C(a), we have to find those elements of V A which are 

conjugate of a. For this we check all the elements of V A turn by turn 

as follows: 

eae -1 =a 

a a a' 1 = a • a a = a 
bab~' = abb = a 

ab a • ( ab ) -1 = a • ab • ab = a 2 ba b = a 2 ab b = a 
This shows that only a is conjugate of a, so C(a) = {a}. 

(iii) To find C(b), we have to find those elements of V A which are 

conjugate of b. For this we check all the elements of V A turn by turn 

as follows: 

ebe -1 = b 

aba~'=ab-a = aab = a 2 b = b 
b • b • b -1 = b 2 • b = b 

ab • b • (ab) -1 = ab 2 ■ ab = a ■ e ■ ab = a 2 b = b 

This shows that only b is conjugate of b, so C(b) = {b}. 

(iv)To find C(ab), we have to find those elements of V A which are 

conjugate of ab. For this we check all the elements of V A turn by turn 
as follows: 

e • ab • e _1 = ab 

a ab a~' =a 2 b a = e 2 ab = ab 

t3a bb~'=abbb = ab 3 =ab 

ab ab (ab) ~a-ab-b-ab = a 2 -b 2 -ab = a-6 ab~ab 
This shows that only ab is conjugate of ab, so C(ab) = { ab }. 

For S 3 = (e,a,a 2 ,b,ab,a 2 b), Find the conjugate classes 


16-5.10 Example: 
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(V) 


C(e) 
C(ab) 


(vi) 


C(a) 

C(a 2 t>) 


^juyacyuassesinanmnn- 201 


c (a 2 ) (iv) C(b) 


S 3 ={e,a,a 2 ,b,ab,a 2 b} 




First we write Cayley table of S 3 which we have discussed in chapter 4 
This table will be very useful in performing operations among the 
elements of S 3 . 



e 

-- 

a 

a i 

b 

ab 

a 2 b 

e 

e 

a 

a 2 

b 

ab 

a 2 b 

a 

- ——— 

a 

a 2 

e 

ab 

a 2 b 

b 

a 2 

a 2 

e 

a 

a 2 b 

b 

ab 

b 

b 

a 2 b 

ab 

e 

ir 

a 

ab 

ab 

b 

a 2 b 

a 

e 


a z b 

a 2 b 

ab 

b 

a 2 

a 

e 


Cayley Table of S 3 

(i) To find C(e), we have to find those elements of S 3 which are 

conjugate of e. For this we check all the elements of S 3 turn by turn 
as follows: 

e • e ■ e _1 = e 

a • e • a -1 = a • a -1 = e 

(a 2 ) ■ e • (a 2 ) -1 = (a 2 ) • (a 2 ) -1 = e 

be-b -1 = b-b -1 =e 

abe • (ab)' 1 = ab ■ (ab)“ 1 = e 

(a 2 b)-e(a 2 b) _1 = (a 2 b)(a 2 b) -1 =e 
This shows that only e is conjugate of e, so C(e) = {e}. 

(ii) To find C(a), we have to find those elements of S 3 which are 
conjugate of a. For this we check all the elements of S 3 turn by turn. 

eae -1 =a 
a • a - a" 1 = a e = a 
(a 2 ) a-(a 2 )' 1 =a 2 aa = a 
bab' 1 = bab = a 2 bb = a 2 
ab -a- (ab) -1 = ab a • ab = b ■ ab = a 2 
(a 2 b) a - (a 2 b) -1 = a 2 b • a • a 2 b = ab a 2 b = a 2 
This shows that only a and a 2 are conjugate of a, so 

C(a) = {a, a 2 } 
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Group Theory 


Tn fjnd C(a 2 ) we have to find those elements of S 3 which ar e 
conjugate if a 2 ’. For this we check atl the elements o, S 3 turn by , Urn 

e a 2 e 1 = g2 


- 1 = e a 2 = a 2 


a a a'=ev 

(a 2 ) • a 2 • (a 2 ) _1 = a 2 • a 2 • a = a 2 
b . a z. ^-1 = b.a 2 ■ b = a/? • b = a 
ab • a 2 • (a/?)" 1 =ab■a 2 ab =a 2 b ■ ab =a 
(a 2 b) ■ a 2 ■ (a 2 by' =a 2 b ■ a 2 ■ a 2 b = b a 2 b = a 

This shows that only a and a 2 are conjugate of a 2 , so 

C(a 2 ) = {a,a 2 } 

(iv) To find C(/?), we have to find those elements of S 3 which are 
conjugate of b. For this we check all the elements of S 3 turn by turn. 

a. b • e -1 = b 

* 

aba ~ 1 =aba 2 =a 2 b 

(a 2 ) ■ b • (a 2 )"’ = a 2 ■ b • a = a 2 b.a = ab 

b ■ b ■ 6 -1 = b.e = b 

ab b ■ (ab)" 1 = ab ■ b ■ ab = a • ab = a 2 b 
(a 2 b) ■ b ■ (a 2 b) _1 = a 2 b -jb • a 2 b = a 2 • a 2 b - ab 
This shows that only b, ab and a 2 b are conjugate of b, so 

C(b) = {b,ab,a 2 b} 

(v) To find C(ab), we have to find those elements of S 3 which are 
conjugate of ab. For this we check all the elements of S 3 turn by turn. 

e • ab • e 1 = ab 
a ab - a" 1 = a 2 b a 2 = b 
(a 2 ) • ab ■ (a 2 ) _1 = a 2 • ab • a = b.a = a 2 b 
b ■ ab ■ b" 1 = bae = a 2 b 
ab • ab • (ab) 1 = ab ■ ab ■ ab = e ■ ab = ab 
(a b) ab-(a 2 b) 1 = a 2 b• ab a 2 b = a• a 2 b = b 
This shows that only b, ab and a 2 b are conjugate of ab, so 

C(ab) - {b,ab,a 2 b} 

(vi) To find C(a b), we have to find those elements of S 3 which 
conjugate of a 2 b. 
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Conjugacy Classes in a 


pof this we check all the elements of S 3 turn by turn. 
e-a 2 be~' = a 2 b 
a-a 2 ba ~ 1 =ba 2 =ab 

1 / (a 2 ) a 2 b (a 2 y 1 = a 2 ab a = b.a = a 2 b 

b a 2 b b ~ 1 = ba 2 .e = ab 
ab ■ a 2 b ■ ( ab )~ 1 = ab a 2 b ab = a 2 ab = b 
(a 2 b) ■ a 2 b • (a 2 /?)" 1 = a 2 b • a 2 b a 2 b = e • a 2 b = a 2 b 
This shows that only b, ab and a 2 b are conjugate of a 2 b, so 

C(a 2 b) = {b,ab,a 2 b) 


Let there be r possible conjugacy classes in a finite group G of order n. 
Since the congugacy relation is an equivalence relation and it defines a 
partition of G in terms of its conjugacy classes. 

Therefore, the order of group must be equal to the sum of orders of 
conjugacy classes, i.e. 


M = C ai + C a2 + C a3 +...+ C 3f 

If n v n 2 ,n 3 ,...,n r are the number of elements in the respective 
conjugacy classes, then above equation takes the form 

n = rii + r> 2 + n 3 +... + n r 

r 

or n - Zn u 


or n=ZC a 

a-\ 

This is called the class equation of group G. 
For example, in S 3 , we have 




|S 3 | = |C e | + |C a | + |C b | 
6 =1 + 2+3 


If G an abelian group, then every element is itself conjugate, so each 


C a =1 


The number of elements in a conjugacy class C a of an 
element a in a group G is equal to the index of its normalizer in G, i.e. 

|Cj = |G : A/ G (a)| 

1 1 1 asEiaisEizEiiJ] 

Q&fiU Let Q be the collection of right cosets of normalizer N c (a) of 
a e G. Let N g (a) = N, then we have to show that the number of elements 
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in Q is equal to the number of elements in C a . For this, let us define a 
mapping ^:0->C a by 

<z KNg) = g~'ag, VgeG 

(j) Well defined 

First we show that <f> is well defined, for this let 
Ng y = Ng 2 
=>Ng^=N 
=> 9y9~i e N 

=> g,g 2 ' = n for some n <= N 
=> = ng 2 

=> gr 1 = (ng 2 r 1 

^gi"^ = {ng 2 y'ag, 

= g 2 'n~'a(ng 2 ) v g, =ng 2 
= g?{n~'an)g 2 

= g 2 1 ag 2 •: a e N aN = Na n^an = a 

=><*KA ig,) = <fi{Ng 2 ) 

This shows that <p is well defined. 

(ii) Onto 

Next we show that <p is. onto. 

Since for every g~'ag e C a , there is some Ng efl such that 

</>{Ng) = g~'ag 

This shows that ^ is onto. 

(iii) One-One 

Next we show that <fi is one-one, for this let 

</>{Ngy) = <f>{Ng 2 ) 

=> 9^ag, = g 2 ag 2 
=>g 2 (gr 1 ag 1 )g 2 1 = a 
=>(gig2 1 r 1 a(g 1 g 2 ~ 1 ) = a 

=> gig 2 _1 e a/ 

=> Ng^ 1 = n 

=> %1 = /Vg 2 

This shows that <j> is one-one. 

This shows that <j>: D. -> C a is a bijective mapping, so |C a | = | G : A/ G ( a )| • 
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ffl5Fl J!f> - iag Let G be , a m J! e aroup and a e G, then the number of 
dements in a conjugacy class C , of an element a in G divides the order 
ofG.i.e- \C a \ divides \G\. 

^3 Since W G (a) is a subgroup of G, so by Lagrange’s theorem, index 
of N g (a) in G divides the order of G, i.e. |G : A/ G (a)| divides |G|. 

By previous theorem, we have proved that 

|G:N G (a)| = |C a | 

This shows that |C a | divides \G\. 


lid-HE■ liTHHlTr The number of elements in a conjugacy class of an 
element in a group is finite if and only if the index of the normalizer of that 
elemen t is finite. 

[EES Let G be a group and a e G, then 

C a ={beG:b = gag _1 for some g e G} 

N G( a ) = {9 zG:ga = ag} 

Since |G:A/ e (a)| = |C a |, so 

|G : A/ G (a)| < o° 

<=> |C a | < ao 

Thus, the number of elements in a conjugacy class of an element in a 

group is finite if and only if the index of the normalizer of that element is 
finite. 


6-5.15 Definition: 


Let H be a subgroup of a group G, then for g e G , 
gHg~'={ghg~':heH) 

is also a subgroup of G and is called conjugate of H. 

In ot ^ er words we say that H and gHg ~ 1 are conjugate subgroups of G. 
Thus H and K are said to be conjugate subgroups if 

K = gHg ~ 1 for some g e G 


L^-16 Examnlo- 


0r a group S 3 ={e,a,a 2 ,b,ab,a 2 b), find the conjugate subgroups of 

mlOm To fin d conjugate subgroups, we take the elements of S 3 one 
y 0ne and Perform the following operations with H. 

QHe 1 =e{e,a,a 2 }e" 1 ={eee' 1 ,eae~ 1 ,ea 2 e' 1 } = {e 1 a,a 2 } = H 

aHa 1 =a{e,a,a 2 }a _1 = {aea~\aaa~\aa 2 a~'} = {e,a,a 2 } = H 
* 2 H(a 2 )-' =a 2 {e,a,a 2 }(a 2 )- 1 = {a 2 e(a 2 y\a 2 a(a 2 )-\a*a 2 (a 2 r') 

= {e, a,a 2 } = H 
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bHb - 1 = b {e,a,a 2 )b-' = { b e b ~\ b a b \ba 2 b '} = {e,a,a 2 } = H , , 
Similarly, 

abhUab)"' = H 

and a 2 b H(a 2 b )-'=H 

Two conjugate subgroups of a group G have the same 


6-5.17 Theorem:! 


fgyiTiyfl Let G be a group and H and K be two conjugate, then 

K = gHg~ 1 for some g eG 

Next define a mapping <t> \H-+K by 

<t>{h) = ghg~' eK 

(i) Well defined 

First we show that <f> is well defined, for this let 

h*\ = h 2 
=> gh, = gh 2 
=> gh,g-'= gh 2 g~' 

=> ) = 0(h 2 ) 

This shows that <f> is well defined. 

(ii) Onto 

Next we show that $ is onto. 

Since for every gbg -1 e K , there is some h eH such that 

<Kh) = ghg 1 

This shows that <j) is onto. 

(iii) One-One 

Next we show that <j> is one-one, for this let 

Wi) = <t>(h 2 ) 

=>Qh,g~' = gh 2 g~' 

=> h, = h 2 

This shows that ^ is one-one. 

This shows that *: H -> K is a bijective mapping, so 

M = \K\ 


^mofp fi/c!o Ba!5i otZr‘ WO COn ‘ ugate sub aroups of a group G are 

group and H and K be two conjugate, then 

Mov( A QHg 1 for some g eG 

Next define a mapping ^: H --> K by 

Mh) = ghg 1 G k 
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defined 

show that <f> is well defined, for this let 

h \ = h 2 

=> = gh 2 

=>gh,g-' = gh 2 g' 

=> )= 0(h 2 ) 

This shows that <j> is well defined. 

(ii) Onto 

Next we show that <j> is onto. 

Since for every ghg e K, there is some heH such that 

0(h) = ghg~' 

This shows that <f> is onto. 

(iii) One-One 

Next we show that <j> is one-one, for this let 

= <fi(h 2 ) 

=> gfyg -1 = gh 2 g 1 

=> = h 2 

This shows that (f> is one-one. 

(iv) Homomorphism 

Next we show that <f> is homomorphism, for this let 

</>{h,h 2 ) = gh,h 2 g~' 

= gh,eh 2 g-' 

= gh,g~ : gh 2 g-' 

= (gh,g~')(gh 2 g-') 

= m W* 2 ) 

This shows that 0 is a homomorphism. Hence, <f>, being bijective 

homomorphism, is an isomorphis. Consequently H and K are isomorphic, 
i-e. H«K. 

The number of conjugate subgroups of a subgroup H of 
G is equal to the index of the normalizer N G (H). 

Let H be the subgroup of a group G. Let T2 be the collection of all 
left cosets of N g (H) = N (say) in G. 

Let C H be the collection of all conjugate subgroups of H in G, then we 
h j* Ve to show that the number of elements in Cl is equal to the number of 
6 e ments in C H . For this, let us define a mapping <f>\Cl-*C H by 

<j>(gN) = gHg'\ Vg eG 


(i) Well 
First we 
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n eN :.nH = Nn n 1 Hn = H 


(i) Well defined _ ^ . . hic 

First we show that <t> is well defined, for this let 

g^N = g 2 N 

=> g?9iN = N 

=> €/V 

=>g?g,=n for some neN 

=>gi= 9i n 
=> gf 1 = (9 2 n)~' 

=> Hgf 1 = H{g 2 n)~' 

=> 9 ^g? =g,H(n~'g?) 

= g 2 n/-/(/r 1 g 2 " 1 ) v g, =g 2 n 
= g 2 [nHn~' )g 2 

= g 2 Hg 2 v n e N nH = Nn n~ 

=>4>(g^) = </>(g 2 N) 

This shows that <j> is well defined. 

(ii) One-One 

Next we show that ^ is one-one, for this let 

</>(9M = <t>{g 2 N) 

=> 9:Hg? = g 2 Hg 2 

r 

=>92(9^g?)g 2 =h 
=>(6f 2 1 9 r i)H(g 1 ' 1 g 2 ) = H 
^>(92 9^H{g 2 'g,)^ = H 
=> (9 2 9\)H = H(g 2 g : ) 

=> 9?9i e N 

=>{92 9^N = N 

=> flfiA/ = 9 2 N 

This shows that <f) is one-one. 

(Hi) Onto 

Next we show that ^ is onto. 

Since for every gHg -1 e C H , there is some gN e Q such that 

<fiW) = gHg~' 

This shows that ^ is onto. 

This shows that <f >: fi —> c H is a bijective mapping, so 
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m=i c hI 

But m ^|G:N g (H)| 

Therefore \C H \ = |G:A/ 0 (H)| 

Thus, the number of conjugate subgroups of a subgroup H of a aroun r 
is equal to the index of the normalizer N G (H ). 9 up G 

E ftWrri l lil l lH B A group G is said to be a p-group if the order of every 
element of G can be written as p“, for some fixed p. 

For example, consider the elements of U 4 = {e,a,b,ab } group 
. Since 

°( e ) = 1 = 2°, o(a) = 2 = 2 1 , 

o(b) = 2 = 2 1 , o{ab) = 2 = 2 1 

This shows that the order of every element of V A can be written as 2“, 
for 2, so V 4 is a p-group, with p = 2. 


The centre of a finite p-group is nontrivial. 




^^21 Theorem: 
Proof 


Let P be a finite p-group of order p m . Let there be r possible 
conjugacy classes of P of orders m v m 2 ,m 3 ,...,m r respectively. 

Since the conjugacy classes define a partition of group P, so 

p m = m 1 +m 2 +m 3 +... + m r ...(1) 

is the class equation of group P. Then each m, divides p m , so each m, 
is of the form p“' . Therefore, (1 ) takes the form 

p m =p“ 1 + p“ 2 + p“ 3 + ... + p“' ...(2) 

Since e is self conjugate, so 

|C e | = 1 = p ai (say) 

Then (2) takes the form 

p m =l + p az +p“ 3 + ... + p a ' 

=>1 = p m -(p az + p“ 3 +... + p ar ) ...(3) 

so ^' v '^ es the right hand side but does not divide the left side of (3), 
too *bere be k classes consisting of self conjugate element. Then (2) 
taKes the form 

p m =l + l + ... + 1 + p“* +1 +p a ^ 2 + ... + p a ' 

_/c t -f- -f- p ar 

=>k = p m - (p fl + p a ^ 2 +... + p a ') ...(4) 

lnce P divides the right hand side of (4), so it must divide its left side, i.e. 
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Z- R. Bhatti 


p must divide k. Since k / 0 and k / 1, so k > 2 

This shows that there are more than one central element in P. Hence, 
the centre of a finite p-group is nontrivial. 

This completes the proof. 


6-6 Double Cosets 


fJABiBfflilfflU Let H, K be two subgroups of a group G and a e G be 

an arbitrary element of G then the set 

HaK {hak : h t. H,k c K} 

is called the double coset in G modulo ( H,K ) determined by a. 

For example, if we consider 

S 3 {e,a,a 2 ,b,ab,a 2 b} 

with H - {e,a,a*}, K {e,b} 

Then 

HbK = {e,a,a 2 }b{e,b} 

= {b,ab,a 2 b}{e,b} 

= [b,ab,a 2 b 1 b 2 ,ab 2 ,a 2 b 2 } 

= {b,ab,a 2 b,e,a,a 2 } 

= {e,a,a 2 ,b,ab,a 2 b} 

is the double coset in S 3 modulo (H,K) determined by b. 


6-6.2 Theorem: 


Let H, K be subgroups of a group G and a e G, then the 
collection Q of all double cosets HaK defines a partition of G. 


PU, 2015 (BS Math) 


•mm Let a e G . then 

a - eae e Hak 


e e H,e e K 


=> a g U HaK 

aeG 

^Gc U HaK 

aeG 

But 



\JHaK c G -(2) 

aeG 

Combining (1) and (2), we have 

G=\jHaK -( 3 > 

In order to show that 

HaK n HbK = <p for all a,b e G, a * b 
let us suppose on contrary that HaK, HbK are distinct double cosets 
such that 
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HaK n HbK * $ for some a,b<=G,a*b 


x e HaK n HbK 
=> x e HaK and x e HbK ' 

=> x = and x = h 2 bk 2 , h„h 2 eH,k„k 2 eK 
=> /7 1 a/c 1 = x = h 2 bk 2 

=> h,ak : = h 2 bk 2 

=> a = /if 1 ( h 2 bk 2 )k^ 

=> 3 = (h^h 2 )b(k 2 k^) 

Next suppose that 

ye HaK 

=>y = h 3 ak 3 , h 3 eH,k 3 eK 
=> y = h 3 (h^h 2 )b(k 2 k f 1 )k 3 putting a fro 

=>y = (h 3 h;'h 2 )b{k 2 k?k 3 ) 

=> y = ^4 bk A , h 3 h?h 2 = /i 4 , k 2 k?k 3 = k 4 

=> y e HbK v h 4 eH,k 4 eK 

=> HaK c HbK 
Similarly, we can show that 

HbK c HaK 

Combining (5) and (6), we have 

HaK = HbK 

This is a contradiction to our assumption that HaK * HbK. 

Therefore, 

HaK n HbK = <f> for all a,beG,a*b 
Hence, double cosets define a partition of G. 


...(4) 


putting a from (4) 


...(5) 


Let H, K be subgroups of a finite group G, then the 

complex HK contains exactly — elements, where m, n and q are orders 

d 

K, and Hr\K respectively. 

Alternative Statement : 

/ , . |H||K| 

H, K be subgroups of a finite group G, then \HK\ = ^ ~ ^ °r 


o (HK) = P( f ~l)o(k) 

°(H n K) nncmmEmm 

3SS Q = HnK, being the intersection of two subgroups H and K, is a 
subgroup of G. 
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Also since H and K are finite, the order q of Q and its index r = ~ in K 
is finite. Let 

K = U 0^ 

/=i 

be a right coset decomposition of K. that 0h *q 

Also only one b, = e and b, « Q for / > 1. so that Qb, * Q. 


HK = A\JQb l 

/= 1 

HK = \JAQb, 

i =i 


...( 1 ) 


Since 


HQ = {Hx:xeQ} = A 

So using this in (1), we have 

r 


HK = (jWb, -< 2 ) 

/=1 

As bj g K and b, £ Q■ so b/s £ H tor i > 1. 

Therefore, the cosets 

Hb„ i = 1,2,...,/' 

are distinct, each of these contains exactly m elements and there are r 
such cosets, then 

HK = (jAbj 

/=i 

Then by inclusion-exclusion principle, we have 

\HK\ = S |Hb,| 

1 /=i 

= |Hb,| + |Hb 2 | +... + |Hb r | 

= r\H\ 


= rm 


n 

v r = — 


■|HK| = 


q 

IHIIK 


This completes the proof. 


HnK 




Let H, K be subgroups of a finite group G, then 

i /ta H m 
1 '"iHnaKa-'l 
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complexes in croups 


Double Cosets 


\Znatlve Statement 
**{ Hl K be subgroups of a finite group G, then each double coset HaK 

contain exactly — elements, where m, n and q are orders of H, K, and 

Q= HoaKa~' respectively. 

— — It is given that 

\H\ = m, \K\ = n, 


proof: 


HnaKa 1 


= Q 


Since G is finite, so both H and K are finite and hence, HaK , for a e G is 
also finite. Let 

HaK = {x 1 ,x 2 . x r } 

where x, ’s are distinct. 

Now HaKa' 1 ={x 1 a' 1 ,x 2 a“ 1 .x r a -1 } 

Next we show that x, a _1 ’s are distinct. For this suppose on contrary that 

x,a~' = x t a-\ i * j 

(x,a _1 )a = (x y a _1 )a 

Xy(a _ 1 a) = x y (a _ 1 a) 

x i e = x j e v a -1 a = e 

x ; . = Xj 

Which is a contradiction, so x 1 a _1 ,x 2 a _1 .x r a _1 are distinct. 

Let K' = aKa -1 , then \K'\ = aKa -1 | = \K \. 

Using the result of previous theorem, we have 


\HK'\ = 


!HK 


HaKa = 


lHaKi = 


|HnK'| 

. MM 


H n aKa 




v K' = aKa-\\K'\ = \K\ 


IMMI 

v| HaKa-' 

H n aKa _1 



= 1 HaK 


This completes the proof. 

Let a group G of order n have subgroups H, K of orders I 
and m respectively, then 

Im Im ^ lm 
n = — +— +••+—- 

q i q?. 

where q, is the order of Q/ = H na/Ka/ \ i - 1,2,3 ,...,r . 
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OBfiB since the collection SI of all double cosets HaK.aeG, j s a 
decomposition of G, i.e. 

G = KjHaiK, a, eG 

|G| = i|Ha,K| 

/=1 

Since I, m and q, are the orders of H, K and Q, =Hna,Ka,-’ 
respectively, so for each /, 

|Ha,K| = — 

1 < 7 / 

Using this value in (1), we have 

|G| = £— 

<=i d/ 


lm lm lm 

=> n = —i-^ ••• ■* 

<7l ^2 Qr 

This completes the proof. 


v iGl = n 


UrIAd.M.Tflrfl Let a HaK be a double coset modulo the subgroups H, 
K of a group G and Q = H r\ aKa 1 . Then there is one-to-one 
correspondence between the left cosets of K that are contained in HaK 

and the left cosets of the intersection Q of H and aKa _1 in H. 

igjfliBI Let Q be the collection of all left cosets of K in HaK and fi' be 

the collection of all left cosets of Q in H. 

Define a mapping ^: n -» n' by 

y/{haK) = hQ 

(i) Well defined 

First we show that y is well defined, for this let 
haK = h,aK 


hak = h,ak, 
h^'hak = ak, 
h^ha = ak^k~' 
h^h = ak,k~'a~' 
h^h e aKa'' 


for some k,k : gK 


:ak : k 1 a 1 e aKa 


h^h eHnaKa 1 v h^'heH 


■=> .h^h e Q 
jPh?hQ = Q 
hQ = h^Q 


v HnaKa _1 =Q 
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for some k e K 


v(haK ) = i/z^aK) 

This shows that y/ is well defined. 

/{!) 0ne-O ne 

' Next we show that yr is one-one, for this let 
ys{haK) = ys(h^aK) 

=> hQ = h,Q 
• => h^hQ = Q 

=> h^h e Q 

=> h,'h eH naKa~' \‘Q = H naKa ~ 1 
=> hf 1 /? e aKa" 1 

=>h^h = aka' forsom ekeK 

=> ha = h : ak 

=> ha e h,aK 
But ha = haeehaK 
=> ha e haK nh,aK 

' =>ha K = h^aK v haK nh^aK *<f> 

This shows that y/ is one-one 

(Hi) Onto 

Next we show that y/ is onto. 

Since for every hQeQ.', there is some haK e Q such that 

y/(haK) = hQ 

This shows that y/ is onto. 

This shows that y/ is bijective and it completes the proof. 


EXERCISE 6 


haK n h,aK * <{> 


[Multiple Choice Questions (MCQs) 


Four options are given in each of the following questions, the 
choice which you think is correct; fill the circle in front of that 
choice. Use marker or pen to fill the circles. Cutting or filling 
two or more circles is not allowed: 


•f x is a complex in V A , then N Va (X) = 
(a) X (b) V 4 (c) 


if X = {a,ab} is a complex in V A , then N^(X) = 


(d) XnV 4 _ 

(a) ® @ 


(a) {a,ab} (b) {e.a} 


(c) {e,ab} (d ){e,a£ab} 

(a) ® © @) 
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(vii) 


(vlii) 


If X is a complex in a non-abelian group G, then 
(a) N a (X) = $ 

(c)/V g (X) = G (d) G = s( © ® © © 

If X is a complex in an abelian group^ then 
(a) N S (X) = (b) N g (X)qG 

(c) N e (X) = G (d)G S N e (X) @ (g @ @ 

The centre of an abelian group is 

(a) an empty set (b) the group itself 

WM (d) none of these @ @ @ @ 

Centre Z(G) of a group G is 

(a) abelian subgroup of G (b) non-abelian subgroup of G 
(c) an empty set (d) none of these (gj © © 

If a.beG, then b is said to be a conjugate of a in G if there exists 
an element g e G such that b = 

(a)gaV' W M <% 9a9 ® © © 

If m and n are orders of conjugates elements, then 

(a) m < n (b ) m> n (c ) m = n (d) m 2 = n 

(D ® © (s) 

\Z 4 is a p-group, with 

(a) p = 4 (b) p = 3 (c) P = 1 (d)P = 2 

® ® © © 

The centre of a finite p-group is 

(a) non-nontrivial (b) nontrivial 

(c) empty set (d) none of these @ © © 


IShort Questions 


Q.2 Solve / answer the following short questions: 

(i) Define the complex in a group. 

*(iiX Define permutable complexes. 

(Hi) If a nonempty complex H of a group G is a subgroup of G, t e 
show that H/-T 1 c H. 

(iv) Define the centre of a group. 

(v) Show that centre of an abelian group is the group itself. 

(vi) Define the normalizer or centralizer of an element. 

(vii) Let G be a group and a e G, then show that N{a) is a subgro p 

of G. 
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Complexes in Groups 


Define the normalizer of a complex in a group. 
(viiO fine the centralizer of a complex in a group, 
(ix) pefine a double coset in a group. 


Long Questions 


Exercise 6 217 


Q.3 

Q.4 

Q.5 

Q.6 

Q.7 

Q.8 


Define the centre Z(G) of a group G. Show that Z(G) is abelian 
subgroup of G. Also find the centre of S 3 . 

mEmExm 

Find the centre of S 3 = {e,a,a 2 ,Jb ( ab,a 2 b}. 


PU, 2008 (M.Sc. Math) 


Show that the conjugate elements have same order. 

Show that two conjugate Subgroups of a group G have the same 


order. 

If H and K are any two conjugate subgroups of a group G, then 
show that H » K . 

Let H, K be subgroups of a finite group G, then show that 
o(H)o(k) 


o(HK) = 


o{H n K) 


PU, 2000 (M.Sc. Math 


Q.9 Let H, K be subgroups oi a group G and a eG, then show that 
the collection Cl of all double cosets HaK defines a partition of G. 

Q.10 If S 3 ={e,a,a 2 ,b,ab,a ? b} and X = {a,b}, then find the normalizer 


ofXin S 3 . 

Q.11 Show that the number of conjugate subgroups of a subgrouo H of 
a group G is equal to the index of the normalizer N G (H). 


SUMMARY I 


> An arbitrary subset X of a group G is said to be a complex in G. 

^ Two complexes X and Y in a group G are said to be permutable if 
XY = YX. 

^ Two complexes Xand Yin an abelian group G are permutable. 

^ A nonempty complex H of a group G is a subgroup of G if and 

only if HH" 1 cH. 

^ A subgroup is a complex but a complex need not be a subgroup. 

^ If hi, K are subgroups of a G, then HK is a subgroup of G if and 
only if HK = KH . „ 

^ Centre of a group G is defined as Z(G) = {z e G. zx = xzYx e G). 

^ The centre of an abelian group is the group itself. 

> Centre Z(G) of a group G is an abelian subgroup of G. 

^ N(a) = {x e G: xa = ax} is normalizer or centralizer of a in G. 
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> N(a) is a subgroup of G. 



> Let X be an arbitrary complex in a group G, then the set of those 
elements of G which permute with X is called normalizer of X in q 

> N g (X) is always nonempty. 


> If G is an abelian group, then N Q (X) = G . 


> Let X be an arbitrary complex in a group G, then the set of those 
elements of G which permute with the elements of X is called 
centralizer of X in G and is denoted by C G (X). 


> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 

> 


C G (X) is always nonempty. 

If G is an abelian group, then C G (X) = G. 

If a,b <= G, then b is said to be a conjugate of a in G if there exists 

an element g e G such that b = g _1 ag . 

Conjugacy between elements of a group is an equivalence 
relation on G. 

If b is a conjugate of a, then we say that a and b are conjugate 
elements. 

Set of all those elements of a group G which are conjugate of a in 
G is called conjugate class of a in G. It is denoted by C(a) or C■ . 
Conjugate elements have same order. 

An element a of a group G is said to be self conjugate if there 
exists an element g gG such that a = g _1 ag . 


If G is a group and x,y e G, x V Vy is called the commutator of 
x and y or, more briefly, a commutator. 

The number of elements in a conjugacy class C a of an element a 
in a group G is equal to the index of its normalizer in G. 

Let G be a finite group and a e G , then the number of elements in 
a conjugacy class C a of an element a in G divides the order of G. 


Let H be a subgroup of a group G, then for g <= G , gHg-' is called 
conjugate subgroup of H. 

of a 9roup G have the same ° rder - 
0 th er 9 u 9 rou P s °f a 9 roup G are isomorphic to each 


a — G 

fo^ome P fiLdp 0rder * ^ elemen ‘ °' 
3 fini '! P ’ 9roup is nontrivial. 

called the d o rble S coset > i 1 n P G 0f a H 9 i° UP G and a e G ■ then HaK is 

The collection of all double coset dT'^' de ' ermined by 3 

osets defines a partition of group. 
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7-1 Normal Subgroupsl 


In this section first of all we shall give the definition of special kind of 
subgroups and then we will present some important results. 


7-1.1 Definition: 


A subgroup H of a group G is said to be self conjugate 
or normal subgroup of G if ghg~ 1 e H for all g e G and all h <e H . 


PU, 2014 (BS Math) 


We write H < G and read it as: “H is a normal subgroup of G”. 

Since for each g eG , we have 

gHg _1 = {gA?g _1 

so we can define normal sub group alternatively as follows: 

A subgroup H of a group G is said to be normal subgroup of G if 

9^9 1 c H for all g e G . 

Since for any group G, g e G => g' 1 e G, so if H is a normal subgroup 
°f G then for any h e H, we have 

g-'h(g-'y'eH - • 

g-'hgerl v (g 1 ) -1 = g 

Consequently, we say that a subgroup H of a group G is said to be 
norma/ subgroup of G if g _1 A 7 g e H for all g e G and all h e H. 

Equivalently, a subgroup H of a group G is said to be normal 
Su bgroup of G if g 'Hg <= H for all g e G . 
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17-1.2 Theorem:! 


Proof: 


H is a normal subgroup of G if and only if gHg -H for all g e G. 

Let H be a normal subgroup of G, then for any g e G, we have 

gHg-'czH ...( 1 ) 


g-'Hg c H 


••■( 2 ) 


From (2), we have 


g{g~'Hg)g~' c gHg~' 

=> gg~'Hgg~' c zgHg~' 

=>eHecgHg _1 v gg' = e • 
z^HczgHg-' 

Combining (1) and (3), we have 

gHg~'^ H cz gHg-' 

=> gHg-' = H 

Conversely, let gHg ~ 1 =H for all g eG, then obviously 

gHg-'cH 

This shows that H is a normal subgroup of G. This completes the proof. 


7-1.3 Theorem: 


...(3) 


Every subgroup of an abelian group is its normal 

subgro up. 

Let G be an abelian group. Let H be a subgroup of G. Since G is a 
group, so g" 1 e G for any g e G. Since H is a subgroup of G, so h e G 
for any hcH. Since G is an abelian group so 

ghg-' =gg~'h 


= eh 


gg =© 


=> ghg 1 = h e H 
=> ghg-' eH 

This shows that H is a normal subgroup of G. This completes the proof. 

The subgroup H of G is a normal subgroup of G if and 
onhnf every left coset of H in G is a right coset of H in G. 

Let H be a normal subgroup of G, then for any g e G, we have 

gHg- 1 = H 

=> igHg-' )g = Hg 

=> gHg 'g - Hg 
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=> gH = Hg 

This shows that the left coset gH of H in G is a right coset Hg of H in G 
Conversely, let every left coset of H in G is a right coset of H in G. 
Thus, for gH , being a left coset, must be a right coset. 

If possible, let 

gH = Ha 

for some a e G . 

Now 

g = geegH 

=> g e Ha V gH = Ha 
But 

g = eg e Hg 

This shows that g is in two right costs Ha and Hg , i.e. 

g e Han Hg ...(2) 

Since two distinct right cosets have no common points, so (2) is only 
possible if Ha-Hg . Using this in (1), we have 

gH = Hg 

=> gHg" 1 = (Hg)g- 1 
= H(gg- 1 ) 

= He vgg _1 =e 

> = H v He = H 

This shows that H is normal subgroup of G. 

Let >A, B be subsets of a group G, the product of sets A 
and 8 is denoted by AB and is defined to be a set 

AB = {xeG:x = ab, a g A beB) 

a subgroup of a group G then HH - H. 
ana Let h e H . Since H is a subgroup of G, so identity element e is in 
i.e. e e H , so 

h = he e HH 

=>HczHH ...(1) 

Conversely, let x e HH , then by the definition of product of sets, there 
are h„h 2 e H such that x = h,h 2 • 

Since H is a subgroup, so h^h 2 e H for h v h 2 e H . 

Hence 

x = h,h 2 e H 

=>HHcH ...(2) 
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Combining (1) and (2), we have 


HH = H 


rAm.TrWTCT A subgroup Hof G is a normal subgroup of G if and only 
if the p roduct of two right cosets of H in G is again a right coset of H in G. 

Let H be a normal subgroup of G. Let a,b e G. Next consider the 
product of two right cosets Ha and Hb of H in G. i.e. 

(i Ha)(Hb) = H{aH)b „.(j) 

Since H is a normal subgroup of G, so 

aH = Ha ...(2) 

Using (2) in (1), we have 

(. Ha){Hb ) = H{Ha)b 
= HHab 

= Hab v HH = H 

This shows that the product of two right cosets of H in G is again a right 
coset of H in G. 

Conversely, let the product of two right cosets of H in G is again a 
right coset of H in G, then we have to show that H is a normal subgroup 
of G. To show that H is normal subgroup of G, let g e G be any element. 

Then Hg and Hg -1 are two right cosets of H in G. By assumption, Thus 

HgHg _1 is also a right coset of H in G. 

If possible, let 


HgHg- 1 = Ha ...( 1 ) 

for some a e G. 

Now 

, e = egeg- 1 eHgHg" 1 

=> e e Ha v HgHg -1 = Ha 

But 

e e He 

This shows that e is in two right costs Ha and He, i.e. 

ee Han He (2) 

Since two distinct right cosets have no common points, so (2) is only 
possible if Ha = He. Using this in (1), we have 

HgHg-' = He 

=> HgHg' 1 = H v He = H 
It is obvious that for all h v h g H,g eG, 

h,ghg~' eHgHg" 1 

^>h,ghg~' eH vHgHg- 1 =H 
=>^'(h,ghg-')zH v His subgroup 
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^>(h;'h,)ghg-' <=h 
=>(e)3/)g“'eH h-'h, = e 

=> ghg 1 e H ■■•(e)ghg-' = ghg~' 

This shows that H is a normal subgroup of G. 


frWlhmv mlf G ^ a group and H is a subgroup of index 2 in G then 
is a normal subgroup of G. ^ wen 

0 Let H be a subgroup of G, with index 2, then nuSffcS 
right (left) cosets of H in G is 2 and also then G is union of these two right 
(left) cosets. y 

Let g € G be arbitrary. 

Case-1: If g e H, then Hg = H = gH , i.e. 

Hg = gH 

Hence H is normal subgroup of G. 

Case-ll: If g eH then gH # H, Hg ±H . 

Thus Hg and H = He are the two distinct right cosets of H in G and 

G - Hg^jH ...(1) 

Similarly, G = gH\jH ...(2) 

Equating (1) and (2), we have 

Hg u*H = gH\jH 

=> Hg - gH Hg nH = <f> = gH nH 
Hence H is normal subgroup of G. 


7-1.9 Theorem: 


The intersection of two normal subgroups of G is a 
normal subgroup of G. 
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Let H, K be two normal subgroups of G. Let 

N = HnK 

We have to show that N is a normal subgroup of G. For this let g e G , 
n e N. Now 

n e N 

n e H n K v N = H nK 
=> n e H and neK 

=> gng- 1 e H and gng -1 e K v H,K are normal 
■=> gng _1 e H n K 
=> gng -1 e A/ 

This shows that N is normal subgroup of G. 

Hence, the intersection of two normal subgroups of G is a normal 
subgroup of G. 
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[Proof: 


^■■lifcdW.VjiiiTI The intersection of any number of norrriai subgroups of 
G is a normal subgroup of G. 

Let {H : a e £7} be a collection of normal subgroups of G. Let 

We have to show that H is a normal subgroup of G. For this let g € g, 

heH. Now 

h eH 

=>hef] a en H a H =C\aen H a 

=> h e H a forevery aefi 

=> ghg -1 e H a forevery a e Q v all H a are normal 

=> g ^" 1 eflaen^a 

=> ghg' 1 e H 

This shows that H is normal subgroup of G. 

Hence, the intersection of any number of normal subgroups of G is a 
normal subgroup of G. 


If H is a subgroup of a group G such that ( aH)(Hb) for 
any a,b e G is either a left or a right coset of H in G then H is normal. 

□BffB Let a e G be any element. 

Now 

e = aeea _1 

= (ae)(ea -1 ) e aHHa -1 
Also e e H = He = eH 

Thus (aH)(Ha _1 ) and H are two right (left) cosets of H in G and contain a 
common clement e. This shows that 

(aH)(Ha _1 ) = H 

aHHa' 1 = H 

=> aHa -1 = H v HH = H 
Hence, H is a normal subgroup of G. 


rAKkfcdlfTfflnTI If H and K are two normal subgroups of a group G such 
that HnK = {e}, then hk = kh for all h eH,k eK. 


Let h <=H,k e K be any elements, then 

h e H,k eK czG 

Since H is normal in G, so 


IPU 2QQ9: 2003 (IVI.Sc. Math) 


/T’Mc e H 
=» e H 
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Normal Subgroups 


Normal Subgroups 225 


AT 1 eH cz G,k e K 


1/ jc normal in G, so 
Since (h''Y'kh~' eK 


r 1 )- 

=> hkh _1 e K 

=> k-'hkh-' e K 

=> k^hkh^ eHnK 

=> k^hkh^ =e v HnK = {e} 

=> k(k~'hkh~' )h = keh 
=> kk~\hk)h~'h = kh 
=> e{hk)e = kh v M " 1 = e = h~'h 

=> hk = kh 


7-1.13 Theorem: 


/f a cyclic subgroup K of G is normal in G then every 
'subgroup of K is normal in G. 

since K is cyclic, so let it be generated by a. Let H be any 
subgroup of K. We have to show that H is a normal subgroup of G. 

Since H is the subgroup of a cyclic group K, so H itself is cyclic. Let a m 
be the generator of H. Let g e G and h e H be any elements then 

h = (a m ) n 

for some integer n, therefore, 

g-'hg = g-\a"')"9 
= g-\a n ) m g 

= (g _1 a n g) m ••• g _1 ( a " ) m 9 = toW 
Since K =< a >, so a n e K and as K is normal in G, so 
g -1 a n g eK 

- >g~'a n g = a t for some integer f 

=>(g-Vgr=(a , r 

=> g _1 hg = (a m ) f v (gW = 0''* 

=> g _1 hg = (a m y eH ■ :H=<a m > 

Th . => e h 

'$ shows that H is normal in G. 

nce . every subgroup of K is normal in G. 

ii yjf g H • 

s ^ow fhaf a subgroup H of G is normal iff xyen 
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BBa normal subgroup G and let xyeH. Since H Is normal in G 

and xyeH,y eG, so 

5 y(xy)y -1 etf 

=>(yx)yy^ eH 

=>(yx)eeH W =e 

=> yx eH 

Conversely, let xy e H => yx e H, then we have to show that H is normal 
in G. For this, let h e H,g e G be any elements, then 

heH 
=> he eH 

=>/i(gg-<)eH vgg - ' =e 

=>(/)g)g-’ eH 

=u >g‘\hg) eH (by given condition) 

=> g-'hg e H 

This shows that H is a normal subgroup of G. 


17-1.15 Example: 


Lef H be a subgroup of G and let N = PUg xHx 1 . then show that N is 
a normal s ubgroup of G. 

ECTHEffil Since H is a subgroup of G, so for any x e G, the subsets of 
the type xHx -1 are also subgroups of G. Since the intersection of 
subgroups is a subgroup, so fixecxHx -1 is a subgroup of G. 

Let g e G be any element, then 


Qhl = g{f)xeG xHx -1 ) 

= nx6G0xHx~ 1 
S^flf 1 =(Dx 6 G9 f xHx" 1 )g _1 

= n xeG^xHx^g- 1 

=n yeG yHy _1 


fif(H nK) = gH ngK 
v (HnK)g -1 = Hg _1 nKjg -1 

s 

(y = gx e G) 


= N •••rWHy-’=N 

This shows that A/ is a normal subgroup of G. 


7-1.16 Theorem: 


Let a be an element of order 2 in a group G, then 
f^<a: a 2 = e> is normal in G if and only if a e Z(G). 

For any g e G 
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H is normal in G o gH = Hg 

«• 9(e,a} = {e,a)g 
o{ge,ga} = {eg,ag} 

i <=• {g.ga} = {g,ag} 

«> ga = ag 
o a e 2(G) 

This completes the proof. 


If H and K are normal subgroups of a group G, then HK 
^normal subgroup of G. 


7a Theorem: 


PU, 2015 (BS Math); PU, 2008; 2005; 2000 (M.Sc. Math) 


^gjLet xeHK, then x = hk, h e H,k e K. 

For any g e G , consider 

gxg" 1 = g{hk)g~ : ■: x = hk 

= ghekg _1 

= ghg~'gkg _1 vg _1 g = e 
= (ghg ~ 1 ){gkg~') 

Since H and K are normal in G, so for g e G , 
gbg" 1 e H, gkg~ 1 e K v 

=>(ghg _ 1 )(g/rg _1 )eHK 

-i u,/ -:{ghg )(gkg ) = 9*9 

=> gxg e HK ■ * 

This shows that HK is normal in G. 


L-1.18 Theorem: 


then H is a normal 

_ t if h is a subgroup of a group G, 

subgroup of N G (H). nf o 

Bwe Know that N e (H) is always a subgroup 

/So a/ g( H) = {g sG.gH - Hg] 

Since for all h e H, we have 

hH = H = Hh 

=>heN G (H) 

r>Hc N g (H) 

This shows that H is a subset of A/ G (H) • 

Sin ceforanv xeN G (H) 

z=> xH = bix 

^nce, H is a normal subgroup of N G {H) of & 9 r( 

The centralizer of a normal su 9 

no "nal in G. 


G is 
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Group T heory 


centralizer of a subgroup H is given by • 

0 The centr c g (H) = {g &G: gh = hg, h gH) 

Since H is formal in G, so for each heH.geG, there 

h'eH such that 


exists 


sortie 


hg = gh' 


Let x e C g (H) and consider 


h(gxg~') = (hg)(xg-') 

= (gh’)(xg -') 

v hg = gh' 

= g{h'x)g 
= g(xh')g~' 

; xeC e (H):.xh' for h'eH 

= (gx)(h’g-') 

= (gx)(g~'h) 

•:h'g~ 1 =sT'/7 

= ( gxg ~ 1 )h 
=> gxg~' gC g (H) 



=> C g (H) < G 

This shows that C G (H) is normal in G. 


7-1.20 Theorem: 


The following statements about a subgroup H of a 
group G are equivalent: 

(a) H is normal subgroup of G. 

(b) The normalizer of H in G is G, /. e. N g (H) = G. 

(c) Any left coset of H in G is equal to its corresponding right 
coset in G, i.e. gH = Hg for all g eG. 


(d) For each h&H and any g eG , ghg 1 e H. 


Proof: 


(a) => ( b ): Let H be a normal subgroup of G, then for all g eG, we have 


gH = Hg 


=>geN G (H) 

=> G c: N g (H) 

But N g (H)cG 

Therefore, /V g (H) = G 

(b)=>(c): Let N g (H) = G, let g eG , then g eN Q (H), so 


This shows that any left coset of H in G is equal to its corresponding rig 
coset in G. 
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=>gh-h'g for some h,h' <=H 
=> g/ig -1 = h' 

=>ghg~'eH sh'zH 

(£/)=>( a > : Let fl^" 1 e H ’ for e ^h h e H and any o e G th , 

the definition of a normal set soHicn Y . ’ hen 11 fulfl,s 
This completes the proof ' S normal in G - 


7-2 Quotient or Factor Groups! 


Let G be a group and N a normal subgroup of G. Let G be a 
collection of all the right cosets of N in G. W 

Next we show that | is a group with respect to product of sets. 

Q 

G,): Let X,Y e-, then for some a.beG, X = Na,Y = Nb, because 
G 

Jj con sists of all right cosets of N in G. 

Since N is normal subgroup of G, so NaNb = Nab . Since Nab is 
a right coset of N in G, so Nab e —. 

This shows that 

XY = NaNb = Nab e- 

N 

This shows that closure law holds in —. 

■* N 

^2). I a* y ^ G 

e , then for some a,b,c e G 
v N 

*-~Na,Y = Nb,Z = Nc 

Ne * consider y 

X{YZ) = Na{NbNc) ^ 

= Na{Nbc) v NbNc = Nbc 
= Nabc v Na{Nbc) = Nabc 

= ( Nab)Nc 

= (NaNb)Nc = (XY)Z 


This shows that associative law holds in — • 
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G , ): Since Ne is a right coset of N in G. so Nee- such that 

NaNe = Nae = Na 
NeNa = Nea = Na 

M G 

for every A/a e —. 

Q 

This shows that Ne is an identity element of —, so identity law 

... G 
holds in —. 

N 

G 4 ): Let X e — , then for some a e G, X = Na , because — consists 
N N 

of all right cosets of N in G. 

Since G is a group and aeG, so a -1 e G. Then A/a' 1 , being the 

G G 

right coset of A/ in G, is in —, i.e. A/a -1 e — such that 
a N N 

(Na){Na-') = NaNa~' 

= Naa -1 

= Ne 

{Na~' ){Na) = A/a _1 A/a 
= Na _1 a 

= Ne ' 

This shows that /Va _1 is an inverse of Na -1 , so inverse of each 
G G 

element of — is in —. 

A/ N 

Since all the axioms of a group are satisfied so — is a group. It is 

N 

called the quotient group or factor group of G by N. 

Thus, we can write 

~ = {Ng:ge G} 

Similarly, we can also show that the set of all left cosets of N in <5 |S 
also a group with respect to product of sets. 

Thus, ~ 

G 

Jj = i9N : g g G} 

is also a quotient group or factor group. 
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Quotient or Factor 


,. 2 .i Example 


If V 4 = {e,a,b,ab} and N = ( G m 

v \ e .s} the normal subgroup 


y 4 , f ind the quotient group -±. 


0 ' 


gwimfliB 

~ ivnwvi 

e/V = e{e, a} = {ee, ea} = { e , a} = /v 


V, 


a/V = a{e, a} = {ae, aa} = {e, a} = N 
bN = b{e,a} = {be, ba) = {b,ab} = /V 1 
abA/ = ab{e,a} = {abe.aba} = {ab.b} = A^ 


Thus,^- = {A/,/S/ 1 } 


7-2.2 Example: 


/f G is an abelian group and N is a normal subgroup of G 
then show that — is an abelian group with respect to product of sets. 


PU. 2014 (BS Math) 


Proof: 


We have already shown that —■ is a group with respect to 


product of sets. We now show that commutative law holds in — 

N 


Q 

For this let, X,Y e — , then for some a.b e G, X = A/a, Y = Nb, 


G 

because — consists of all right cosets of N in G. Next consider 
N 

XY = NaNb 
= Nab 

= Nba v G is abelian ab = ba 
= NbNa 
= YX 


This shows that ~j is an abelian group. 

If G is an abelian group and N is a normal subgroup of G 
Suppose G is a group, N a normal subgroup of G; define the mapping <0 

fr om G to £ by Mx) = Nx for all xeG. Then is a homomorphism of 
N 


G onto ~ 

N ' 

First we show that <f> is onto. For this let X e — be any 


of 


I 
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£ then by the definition of §, there must exist an element x e G such 


we can 


X = Nx 

= <f>{X) </>(*) - Nx 

This shows that X is an image of an element x of G under 4 . Similarly, 
show that each element of J is an image of some element of G 


under ^. This shows that 


* :G -*n 


7*2.4 Definition: 


defined by 

0(x) = Nx for all x e G 

is onto mapping. Next suppose x,y e G and consider 
^(xy) = Nxy 

= NxNy Nxy = NxNy 

= ^(x)^(y) 

Q 

This shows that ^ is a homomorphism of G onto —. 

Let G and G' be two groups. Let <p :G ->G' be a 
homomorphism, the kernel of homomorphism is denoted by K # and is 
defined as 

• K* ={x€G:^(x) = e'} 
where e' is an identity element of G'. 


7-2.5 Theorem: 


Let G and G' be two groups and <f> \G-*G' is a 
homomorphism then kernel of homomorphism is a normal subgroup of G. 


First we show that the kernel of homomorphism, K,, is a 
subgroup of G. For this let x.y e K„ then by the definition K,, we have 

«Ky) = e' 

where e' is an identity element of group G’ 

Next consider 

^{xy- 1 ) = fl>(x) vrfisnh-- 


= vH x)(t(y)r' 

= e' ■ (e')~' 

= e'e' = e‘ 


^ is a homomorphi sm 

v *<y")=wy)r' 

«>(*) = e', 0(y) = o’ 

•• (eT 1 = o', e'. e' = e‘ 
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=>xy~' <=k, 

this shows that K t is a subgroup of G. 

Next we show that K, is normal in G For th . , 

#x) = O'• For any g eG, consider IS 6t * e K *> the n 

v ^is ahomomorphi sm 

= mmr', 

= e' 

=> Sfxg' 1 e K. 


ism 


T 

This shows, that K. is a nnrmol . 

is a normal subgroup of G 




« G a "« G' ^ fwo groups uTTgTTT 
G * ■ G G be an epimorphism, then 

«7 

S® RrSt We Sh0W tha ‘ ^.isa subgroup of G. For .S®® 
the " b y ‘he definition K ,, we have 

wh i . #*) =e '* tty )= e ' 

Nexfconsider* 1 6lement ° f Qr ° UP G ' ’ 


tt*y~') = <j>{x) • <J>{y~') 


^W'Wy ))' 1 

= e'-(e') -1 
= e'e' = e' 


€ Kf 


•* ^ is a homomorphi sm 

•* <*(y _1 ) = (tfy)r 1 

^(*) = <*Ky) = e' 

.* (e') _1 = e\ e' e' = e' 


^' S s ^ 0Ws that is a subgroup of G. 

^ Next we show that is normal in G. For this let xeK # , then 
* ~ e • For any g e G, consider 

0(g*g _1 ) = ^(g)^(xV(g -1 ) v 0 is a homomorphi sm 

= ^(g)o^(g )) 1 v <z j(g- 1 ) = (^(g)r 1 
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Group Theory 


^(gxsr 1 ) = «KSr)«to» 


This shows that K+ is a 


gxg ' eN 

normal subgroup of G. 


u tuot ® For this we define a mapping 
Next we show that — * . ror uua ™ 

N 

G 

u/ :-> 


uy 

y(gK t ) = g' = M) 

(i) Well defined 

First we show that y/ is well defined, for this let 

Sh*, = g 2 K* 

=> = K # 

=> e K, 

=>^2 1 9 f i) = e' 

=> 0(8^ ) = e' 

=>Mg 2 )rV(gi) = e' 

=>^(Sfi) = e>(g 2 ) 

=>^i) = ^(g 2 ) 

=>Kgi^) = ^(g 2 K^) 

This shows that ^ is well defined. 

(ii) One-One 

Next we show that y is one-one, for this let 

^9A,) = K9 2 K,) 

=> f>(9,) = (H9 2 ) 
=> W(g 2 ))"V(3 1 ) =e < 
=> «K9 2 , )(0(g 1 ) = e ' 

=> = ©' 

=> 9i'g, e K i 

=> 92'g,Kj = 

^ 9A,, = g 2 K # 

This shows that y/ is one-one. 


v <f> is a homomorphi sm 

••• Mi') = (M 2 ))■’ 


••• Mi ') = (M 2 ))■’ 
v <j> is a homomorphi sm 
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C^werfwe show that y is onto. 

For every g'^G', there is some gK t c ~ such that y(gK t ) = g' . 
Th js shows that y is onto - 

/iv) Homomorphism 

Next we show that ^ is a homomorphism, for this consider 
* g 2 K^) = y(9:9 2 K^ ) v g,K^ • g 2 K , = g,g 2 K^ 

= ^(Sfig 2 ) 

= <!>(9})<t>{9 2 ) v <f> is a homomorphism 

= »/'(gA^V(g 2 ^) 

This shows that ^ is a homomorphism. 

Q 

Now ^, being bijective homomorphism, is an isomorphism, so — * G'. 


This completes the proof. 


7-3.2 Second Fundamental Theorem of Homomorphism: 


/.ef H be a normal subgroup of a group G and K a subgroup of G, then 
HK~ K 

H ~ HnK ' 

HK . K 

hirst of all we have to show that the quotient groups -j-j- and ^ ^ ^ are 
We| l defined. To show that the factor groups ^ and are well 


^^^^^™™^^^^0^008^007^00^q05JM_Sc_Math) 


^fined, we have to show that HK is a subgroup of G and HnK is a 
non Jal subgroup of K. „ , , h . lo , 

h|rst we show that HK is a subgroup of G, for this lei 
x,y e HK 

=>x = /),fc„y = h 2 k 2 , h v h 2 eH,k v k 2 eK 
Now xy’ = (/7,/c, )(h 2 k 2 ) _1 

= (/J,*, X* 2 ‘V) 

= h,(k,k?)h 2 ' 

= h\(k 2 h 2 ) (k 3 =k,k 2 '^ K) 

= ft, (h 2 'k 3 ) v H is normal.-. k 3 h 2 - 2 3 

= (b,/i 2 "’ )/f 3 
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=> xy" 1 g HK v (fy/ij 1 )fr 3 e HK 

This shows that HK is a subgroup of G. 

Next we show that HnK is normal in K. For this let 

x g H n K, k g K 
=>xeH and xgK 

=> /cx/c -1 g H and /cx/c' 1 € K v H < G 
=> fork -1 G H n G 

This shows that HnK is normal is normal in K. 

As H is already subgroup of G, so to ohow that H is a subgroup of HK, 
it is enough to show that H is a subset of HK. For this let 

heH 


he g HK 
h g HK 


v e g K 
v he = h 


=> H c HK 

This shows that H is a subgroup of HK. Since H is normal in G, so it is 
normal in HK. 

HK 

Since H is a normal subgroup of HK, so the quotient group — is well 

H 

defined. 

1/ 

Similarly, since HnK is normal in K, so the quotient qroup ——— is 

y H HnK 

well defined. 

We observe that 

HK 

— = {(hk)-'H:heH,keK) 

= {k~'h-'H:heH,k€K} 

= {k~'H:keK) ■■h~'H = H 
HK 

This shows that the elements of — are of the form kH 

H 

Finally, let D = HnK and define a mapping 

.'HK K 
<P .-> — 

H D 

b y # kH) = kD 

(i) Well defined 

First we show that l is well defined, for this let 

k)H = k 2 H 
=> k^k A H = H 
— k 2 k^ g H 
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^2 ^ H o K • ■ 

=> k 2 'k^ e D vHn 

=> /c^^D e D 
=> e k 2 D 

=> <j>(k^H) = <f>(k 2 H) 

This shows that 0 is well defined. 

II) One-One 

Next we show that 4 is one-one, for this let 

Mi *) = M 2 H) 

=> ^iD e k 2 D 

=> ^2^,0 s D 

=> e D 

eHnK v u. 


I heo rems nf ™ 


^2^1 e K 
HnK = D 


=>^1 eH and k 2 'k,eK 


H r\K = D 


=>k?k,H = H ■-■klXzH 
Thk u =*■ fc i H = * 2 H 

(iii) Onto ° WSthat * is one-one. 

Ne « we show that ^ is onto. 

very kO E - there is some kH^~ such that #fcH) = fro 
(i Shows that , is onto. " 

' V,H ‘»no m orphism 

^we show that $ is a homomorphism, for this consider 

• k 2 H) = </>(k^k 2 H) v H is normal • k 2 H = k y k 2 H 
~ k]k 2 D 

= • k 2 D v D is normal • k 2 D 

This w = ^ H Mk 2 H ) 

shows that $ is a homomorphism. 

"iQty j , _ ^ 

* being bijective homomorphism, is an isomorphism, so —— » — , 
t n U 

i. 6 .8K K 

Thj s ^ HnK' 

completes the proof. 
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_f n nrouD G and H c K, then — « —LtL 

Let H, K be normal subgroup 


0 The subgroup H, being a normal subg.up of G. is normaUn any 

subgroup of G containing . use f|rst fundamental theorem of 

To pr0 ! 6 ‘ 1 tWsTs't we show that 
homomorphism. For this tirsi G G 


G G 
< b \ — ->77 
W H K 


is an epimorphism and 


Define 


G G 
<HgH) = gK 


by (pyyn)-y' 

(i) Well defined . . 

; First we show that <f> is well defined, for this let 

Sf 1 H = g 2 H 
=>g'2g^ = H 
=> 9?9i e H 
=> 92 9\ eK •: H qK 

=> 92 9\K = K 
=> g\K = g 2 K 

=> <t>[9-[H) = <l>{92^) 

This shows that <f> is well defined. 

(ii) Onto 

Next we show that <f> is onto. 

G G K 

For every gK e — , there is some gH e — such that - 9* ■ 

K H 

This shows that ^ is onto. 

(iii) Homomorphism 

Next we show that 0 is a homomorphism, for this consider 

■ fl^) = ^(fifi9 2 ^) v H is normal g^H ■ fif 2 H = 9$ 2 
= 9& 2 K k 

= • 9 ?K v K is normalg,g = 

This shows that 0 is a homomorphism. 
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2l = ^ for some keK 

=• M*) = m h) 

Z 7 v **»> = WC 

K v kK = K 

Since 4 is a homomorphism form a grouo £ . G G 

consists of all left cosets of K in G th H * 9r ° UP K and 7 

an identity element of - so *** ° re ’ * " Self wil1 play the role of 

K ’ 


<t>{x) = K 
Xe/C 


Conversely, let 


Combining (1) and (2), we have 




xH e Kj 
=> 0(xH) = K 
=> xK = K 
=> x e K 

H 

■ K K 

=> K, c — 

* ~ H 


K, = * 
* H 


-d) 


*•* </>{xH) = xK 


-( 2 ) 


have proved that ^^ -> ^ is an epimorphism, so by First Theorem 
°f Homomorphism, we have 

/•* / i_i 


G/H G 

f - « - 

K, K 

Sinee ^ ( so ( 3 ) takes the from 
H 

G/H _ G 
KIH ” K 

or 1 = G/H 

K KIH 


•(3) 


r 
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240 Group Theory 


G . 


A group G is abelian if and only if the factor groi^J 


is cyclic. 


Z(G) ' 

Let G be abelian, then Z(G) = G, so 


Proof: 


In order to show that 


G _G_ g 
Z(G) G 

Q 

—— is cyclic, we have to show that each element 

M'*) I- 


G p • 

of-is generated by its some fixed element. Since —f_ j 

2(G ) Z(G) 

For this let aZ(G) e^.and consider cosetf ° f * 

(aZ(G)) m = a m Z(G) e 2<G) ^ 

2(G) aZ(G) 6 JL 

This shows that each element of -dL. can be taken ^ 

2(G) 

x G 

as a power of a, so —— is cyclic. 

Z(G) 

Q 

Conversely, let — be a cyclic group generated by aZ(G), then we 
have to show that G is abelian. For this let x,y <= G, then 


xZ(G),yZ(G) e 


aZ(G) is the generator, so 
xZ(G) = (aZ(G)f 
= a m Z(G) 

=>x(a m )-'Z(G) = Z(G) 

=> x(a m )"’ e 2(G) 

=> x(a m )■' =z, z e Z(G) 
=> x = 2a m 
Now 

xy = (za m )( 2 'a n ) 


2(G) 


yZ(G) = (aZ(G)) n 
= a n Z{G) 

=>y(a")-’Z(G) = Z(G) 
=> y(a" ) _1 sZ(G) 

=> y(a”)"' = 2 ', z' e Z(G) 


=> y = z'a" 


- za m z'a" = zz'a m a" = zz’a""" _ zz 'a nrm 
= zz'a"a m = z'a"za m = (z'a" )(za m ) = yx 

7 1C On nkxxl!-._ 9 J 


This shows that G is an abelian group. 
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An isomorphism from a group G to itself is calleri a „ . 
e . ■ Called an Momorphisn, of 

In other words, a bijective homomorphism a-r^n 
automorphism of G. «• G -* G is called an 

The set of all automorphisms of a qrouD ft k 
group and is denoted by A(G). ed an aut °morphism 

In the following theorem, we prove that A{G) is a group. 



Proof: 


Gi): 


G 2 ): 

G3): 


The set A(G) of all automorphisms of a group G is a group. 

Let a,fieA(G), then a/?, being the conduct of two bijective 
mappings is bijective. To show that a/3 is a homomorphism, let 
a P(9& 2 ) = a(p{g,g 2 )) 

- )P(g 2 )) P is a hoiTOmorphi sm 

= ))a{fl{9 2 )) a is a homomorphi sm 

= <*P(9\ )afl(g 2 ) 

This shows that a(3 is a homomorphism, so ap e A(G). 

This shows that closure law holds in A{G). 

The associative law in A(G) follows from the associativity of 
mapping of a set. 

The identity mapping /: G -» G defined by 

1(9) = 9< VgeG 
is a bijective mapping. 

Next, using the definition of identity mapping, we have 

l(9£ 2 ) = 9&2 

= / (gi) / (s , 2 ) 

This shows that / is a homomorphism. Now /, being the bijective 
homomorphism, is in A(G), i.e. / eA(G). 

For any a e >A(G), we have 

al{g) = a(l(g)) = a(g) v/(g) = 9 f 


al - a 

la(g) = l(a(g)) = a(g) '• » = “ (9) 

=> la = a 
=> al = a = la 
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2^ A(G), so identity law 

holds in A{G). ( be|ng the inverse mapping of a 

GaV For any a e /4(G), a • 

bijective n*P»*0. ■ bl J ec ^ hism , let 
• To show that a is anom •,/(g,g 2 ) = 9,92 

a"'(g , 92 ) = “ ^9i 92 • • / is a homomorphi sm 

= a- , (/(9,)'(9 2 )) ' , , 

= :aa =l 

= a -> (a -’(g,)-«-’< 9 2 » - a homomorphism 

= a- 1 (g,)«'’(9 2 ) , 

This shows that is a homomorphism. Now a' ■ ^9 

bijective homomorphism, is in A(G). i.e. « e ^ ' 

u w is an inverse of a, so inverse of each 

This shows that a is an 

element of /4(G) is in A(G). 

Since all the axioms of a group are satisfied, so A(G) is a group. 

MfU.Brl.lM Let a be a fixed element of a group G, then the mapping 
tttlfl ‘ Hlm / a :G->G 

defined by , w _ 

/.(9) = a 9 a • v 9 eG 

is called an inner automorphism from G to G. 

Any other automorphism (if exits) is called an outer automorphism. 

JW i m.l ' .I HI Let V 4 = {e.a.b.ab). Find l a :V 4 ^ V a and show that I, 

an inner a utomorphism from G to G. 

Let us define l a by 

l a (d) = 3ga~\ Vge\Z 4 


Then 


This shows that 


/ a (e) = aea 1 =e 
l,(a) = aaa-' =a 
l.(b) = aba ~ 1 =b 
l,(ab) = aaba~' =ab 
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V e a b ab) 

This shows that /. is an identity mapping, so it is bijective mappina 
Next consider 

, a(9^ 2 ) = ag : g 2 a^ 

= ag^g 2 a~' 

= ag^-'ag 2 a~' 

= l a(9^l a (g 2 ) 

This shows that l a is a homomorphism, so l a is an inner automorphism. 


a group G is a normal 


The set 1(G) of all inner automorphisms of a grot 
subgroup of A(G). 

Let l a ,l b e 1(G) , then 

I a (9) = a9a~\ r b (g) = bgb~\ Vg<=A(G) 


Next consider 


U b \9) = l a (l b -A9)) 


= l a (b~'gb) 

= a(b _1 gb)a _1 
= (ad -1 )g(ba _1 ) 

/ =(ad _1 )g(ad' 1 )" 1 

= / at ,-i(g)€ /( G) 

This shows that 1(G) is a subgroup of >A(G). 

To prove that 1(G) is normal in A(G) Jet ae A(G), l a e 1(G) and consi er 

(a/ a a _1 )(g) = al a (a~\g)) 

= a(aa A (g)a 1 ) 

= a(a) a a-\g)a(a-') v a is a homornorph, sm 

= a(a)(g)(a(a)Y' 

= W3) g/ ( G ) 

This shows that 1(G) is normal in A(G ). 


Let G be a group, then * 1(G) 
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To prove this theorem, we 
homomorphism. 

Let us define a mapping 


Bhatt 


shall use first fundamental theorem of 


by 

(i) Well defined 


<f)\ G —> /(G) 

m=>,- V9eG 

g ] = g 2 
=> gr 1 = 92 

=> giggi' 1 = g^gz 1 
=>l g ,(9) = lg 2 (9) 


=> ) = <t>{9 2 ) 

This shows that </> is well defined. 

(ii) Onto 

For l a e/(G), there is some geG such that <fi{g) = l g , so every 

element of /(G) is an image of some element of G, so <f> is onto. 

(iii) Homomorphism 

For g v g 2 eG, we have 

«*(9i9 2 ) = '»,B2(9) 




= gig 2 -g-(g ig 2 ) _1 

= gig 2 -9'{9zW) 

= gi(g 2 gg 2 1 )gi _1 
= gi(/g 2 (g))gr 1 

= <^(gi¥(g 2 ) 

This shows that <f> is a homomorphism. 

Thus, </>, being onto homomorphism, is an epimorphism. 
Next we show that Z(G) = K,, for this let 


aeK, 


=><*(a) = / e 


=/* 

ii 

=>/ a (g) = / e (g) 

geG 

=> aga' 1 = ege 1 


=> aga' 1 = g 


=> ag = ga 

Vg g G 
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'hapteLl 


7 ; Normal Subgroups 



Conversely, let 


r« 1 


=> a e Z(G) 
^ ^ c Z(G) 

a g Z(G) 

=> ag = ga 
=> aga" 1 = g 
=> aga -1 = ege -1 
=> l a(9) = le(9) 

^ ~ u 

=> tfa) = / e 
=> a e K a 


^ 0rphlsm -G™P£faG^ 


-(1) 


VgeG 


a) = / fl 


=> Z(G) c 

Combining (1) and (2), we have 

Z(G) = K, 

Using first fundamental theorem of homomorphism, we have 

G */(G) 


...( 2 ) 


This completes the proof. 


Let G be a group. The mapping (f >: G ->G defined by 

<f>{9) = 9~\ 9 eG 
it^nautomorphism if and only if G is abelian. 

Let the mapping <f>:G -»G defined by 

<t>{9) = 9~\ 9 e6 

is an automorphism, then we have to show that G is abelian. 
Since <j> is automorphism, so for g v g 2 

0(9i 92 ) - M9i M92 ) 


Z(G) 


= 


But 

Therefore 


^(gi^Ms^r 1 


-i _-i 
= 92 9: 


g?9? = 9?9i' 


^(gi92) _1 =(s , 2fl , i) 

„ r, -a a vg v g 2 eG 

=> 9 , 1^2 - 0201 

^his shows that g is an abelian group. 
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Conversely, let 
<j >: G -> G define* by 


G be abelian group and consider a- 


ma Pping 


<iKg)= 0 '\ gsG 

(i) Well defined 

9i =92 

=> 9,"' = gj 1 
=s> «>(9,) = f>(9 2 ) 

This shows that ^ is well defined. 

(ii) One-one 

^l) = ^2) 

=> 9i~' = 9 2 ' 

=> 9 t = 9 2 

This shows that <(> is one-one. 

(iii) Onto 

For g _1 eG, there is some geG such that ^(g) = g _1 , so every 
element of G is an image of some element of G, so <j> is onto. 

(iv) Homomorphism 

For g 1f g 2 eG, we have 

^(gig 2 ) = (fifiSf 2 r 1 

= g 2 “ 1 gr 1 

= g^g^ G is abelian 

= ^(gi Wg 2 ) 

This shows that <f> is a homomorphism, so <f> is an automorphism. 

This completes the proof. 


7-4.8 Theorem: 


T . .. Let G be a group which has an element of order >2. 

/ftenG has an automorphism different from the identity automorphism. 

■tT" ~ abelian group, then (by previous theorem) a mapping 
0.G->G defined by 

<t>(9) = 9~\ geG 

15 "if cTamn-V f rent ,r ° m identit y automorphism. 

then there k n r~ 6 'T ^ roup and contains an element of order >2. 
tnen there is g e G such that ag* ga . 

Then the mapping 

l g( a ) = gag 1 * a 


Scanned by CamScanner 





Let G be a group and a,b e G, then the element aba'V 1 
the commutator of a and b. It is denoted by [a, b] , i.e. 

[a.b] = aba _1 b _1 


is called 


7-5.2 Example: 


, „ ® :T Wm9 comrnutat °r identities in a group G: 

(I) [a,b] — [b, a] (ii) [ab,c] = [b,c]‘[a,c] 

(iii) [a,f>c] = [a,to][a,c] t> ( iv ) [a,* 1 ] = [£),a] & ' 

tv)_[ a ; 1,b] = 

ffl l MIl' il H (') Using the definition of commutator of a and b, we have 

[a.b]' 1 =(aba~'b~'y' 

= {b-')-\a-')-'b-'a-' 

= bab^a -1 
= [b,a] 

(ii) Using the definition of commutator of ab and c, we have 
[ab,c] = (ab^ab)'^' 1 

= abc(b _1 a -1 )c _1 


= abcb^a^c -1 
= abcb _1 ea _1 c _1 
= abcb^c^ca^c -1 
= abcb -1 c _1 eca -1 c -1 
= abcb^c^a^aca^c" 1 
= a(bcb _1 c _1 )a _1 (aca _1 c _1 ) 

= a[b,c]a~'[a,c] 

= [f>,c]“[a,c] axa - ' = x* 

6 can also prove alternatively, taking right hand side as follows: 

[6.c] a [a,c] = a[b,c]a _1 [a,c] v axa -1 = x fl 

= a(bcb' 1 c~ 1 Ja'^aca^c -1 ) 

= abcb _1 c _1 a -1 aca _1 c _1 
= abcb^c^eca^c -1 va 1fl = e 
= abcb^c^ca^c" 1 
= abcb _1 ea _1 c _1 v c 1c = e 
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[/>,c] a [a,c] = abcb~'a~ c 

±abc(ab) c 

= [ab,c] 

0ii) USi " 9 '"I"" "Ma Ut cT r ’ 0fel6 ^’= b ^ b ~' 

= (a/ja" 1 ^' 1 )b(aca~'c~' )b~' 

= aba~\b~'b)aca~'c-'b~ : 

= aba^eaca-W b ~' b = 6 

= aba^aca'V 1 *?' 1 

= abeca-'c-'b-' va" 1 a = a 

= abca~'c~'b~' 

= abca~\bc ) _1 
= la. b cl 


v a y a = e 


(iv) Using the definition of commutator of elements, we have 
[b,a) b ' = b~'[b,a](b~' ) _1 
= b-'[b,a]b 
= b~\bab~'a~' )b 
= b~'bab~'a~'b 

= ea/T 1 a' 1 d vb' 1 b = e 

= ab _1 a _1 b 
= a/T 1 a' 1 (d" 1 ) _1 

-[a,*" 1 ] 


(v) Using the definition of commutator of elements, we have 

[6,a] a 1 =a" 1 [d,a](a“ 1 )‘ 1 
= a _1 [d,a]a 
= a _1 (dad _1 a _1 )a 
= a~'bab~'a~'a 
= a~'bab~'e 
= a -1 dad" 1 
= a- 1 d(a- 1 )-V 1 
= [a" 1 ,b) 
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leiG be a group. The set of ail commutators [a w 0 f a h - ■ 
the first derived subgroup of G and is denoted by G ls calle 

G (,) =[G,G] 

The set of all commutators of a group G"> is raiion «, r 
sW of G (1) and the ^ 

[G , G ^ 

Similarly 

G (3) =[G (2 \G< 2 )] 


G (k) = G (fc-1) ] 


17-5.4 Theorem: 


Le^he a group, then the derived group G^ is a normal subgroup of G. 


Let a ,b e G, then [a, b] e G (1) = [G, G]. 

For any g e G, consider 

gta.^g' 1 = g{aba~'b^)g~' v [a,/?] = aba -1 /)" 1 

= gaba'VV 1 

= gaebea^eb^g^ 

= gag-'gbg-'ga~'g-'gb-'g _1 
= a 9 b 9 (a~') 9 (b-') 9 
= a 9 b 9 (a 9 )~\b 9 )-' 

= [a 9 ,b 9 ] 

=> g[a,b)g*-*G"' v[ a s ,fc s ]eG™ 

This shows that G (1) is a normal subgroup of G. 


Short Questions! 


Q -1 Solve / answer the following short questions. 

^ If H is a normal subgroup of G then show that g Hg H 

<»! ! g~'Hg = H for all g e G, then show that H Is a normal subgroup 
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an abe,ian group is its ' no ""al 

subgroup. s how that HH = H. 

«v) If H is a subgroup of a group u- 

’ show that the intersection of two normal subgroups of G is a 

normal subgroup of G. 

(vi) if H is a subgroup of a group G, then show that H is a normal 
subgroup of N G (H). 


(vii) Define factor group. 

(viii) If v 4 = {e,a,b,ab} and N = {e,a} the normal subgroup of l/„. Find 

V 4 

the quotient group — . 

(ix) Define automorphism. 

(x) Define the commutator of a and b in a group G. 


[Long Questions! 


Show that the subgroup H of G is a normal subgroup of G if and 
only if every left coset of H in G is a right coset of H in G. 

If G is a group and H is a subgroup of index 2 in G, then show that 
H is a normal subgroup of G. 

If H and K are two normal subgroups of a group G such that 
HnK = {e}, then show that hk = kh for all h e H,k e K . 


IPU. 2009: 2003 (M.Sc. Math)] 


If a cyclic subgroup K of G is normal in G then show that every 
subgroup of K is normal in G. 

If H and K are normal subgroups of a group G, then prove that HK 
is a normal subgroup of G. 


Ipu ?nnn- ?nn$: 2Q00 (M.Sc Math)] 


Let G and G’ be two groups. Let : G -► G' be an epimorphism, 


then — « G' 

■ 
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> A subgroup H of a group G is said to be self conjugate or norm,, 
subgroup of G if ghg <= H for all g 6 G and all h 1 H 

> A subgroup H of a group G is said to be normal subgroup of G if 

g-'Hg c H for all g e G. a P b " 


> H is a normal subgroup of G if and only if gHg~' =H for all 
geG. 

> Every subgroup of an abelian gro^p is its normal subgroup. 

> The subgroup H of G is a normal subgroup of G if and only if 
every left coset of H in G is a right coset of H in G. 

> If H is a subgroup of a group G then HH = H. - 

> A subgroup H of G is a normal subgroup of G if and only if the 
product of two right cosets of H in G is again a right coset of H in 
G. 

> A subgroup of index 2 is normal subgroup. 

> The intersection of two normal subgroups is normal. 

> The intersection of any number of normal subgroups is normal. 

> If a cyclic subgroup K of G is normal in G then every subgroup of 
K is normal in G. 

> If H and K are normal subgroups of a group G, then HK is a 
normal subgroup of G. 

^ If H is a subgroup of a group G, then H is a normal subgroup of 
N g {H). 

> The centralizer of a normal subgroup H of a group G is normal in 
G. 

Q 

^ If N is a normal subgroup of a group G, then — is called quotient 
or factor group. 

> Let G and G' be two groups and (j >: G -* G' is a homomorphism 
then kernel of homomorphism is a normal subgroup of G. 

^ An isomorphism from a group G to itself is called an 
automorphism of G. 
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> The set of all automorphisms of a group G is called an 
automorphism group and is denoted by A(G). 


> The set /(G) of all inner automorphisms of a group G is a normal 
subgroup of A{G). 

> Let G be a group which has an element of order > 2. Then G has 
an automorphism different from the identity automorphism. 

> Let G be a group and a,beG, then the element aba -1 b -1 is 
called the commutator of a and b. 

> Let G be a group. The set of all commutators [a,b] of a,b e G is 
called the first derived subgroup. 


> Let G be a group, then the derived group G (1) is a normal 
subgroup of G. 


***** 
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SYLOW 

THEOREMS 


Chapter 



8-1 Cauchy’s Theorems for Abelian 
and Non-Abelian Groups 


8-1.1 Cauchy’s Theorem for Abelian Group: 


If A is a finite abelian group and p a prime divisor of the order of A, 
then A contains an element of order p. 


Proof: 


PU, 2013 (M.Sc. Math) 


i-.i— Let A be an abelian group of order n and p a pnme divisor of n. 
We will prove the theorem using induction on the order ot A 

If n = p. then A is cyclic group of order p and the order of generator of 

A is d so we have a basis for induction. . 

Supposl that the theorem is true for all abelian groups of order less 

than n and divisible by p. . element 0 f A and H and H is 

Consider now a group A. Let ^ 1be are following two possibilities: 
the cyclic group generated by a, then there a 

(0 The order k of H is divisible by p. 

00 The order k of H is not divisible by p. 

Case (i) If order k of H is divisible by p, then 

k = pq, d - 1 

=>3* =a PQ =(a q ) p =1 

This shows that a q is an element of order p in H and 
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Case (ii) If order k of H is not divisible by p. A .. M 

„„ mo. - « » 9 “ t 

m, » m ■*— «* ” M " “” ,,p “ n s h “ 

an element of order p, i.e. xsA 

=>x p H=H 

Z=> x p eH 

As (p,/c) = 1, so x p also generates H, i.e. 

(x p ) k =(* k ) P =1 

This shows that x* has order p and x* e H, so x* e G. 

This completes the proof. 



/fa prime p divides the order of a group G then G contains an element 

|_et G be a group of order n divisible by p. We will prove the 
theorem by using induction on the order of G. If n = p, then G is a cyclic 
group of order p and the order of its generator is p, so we have a basis for 
induction. 

Suppose that the theorem is true for all groups of order less than n 
and divisible by p. 

Now we have the following possibilities: 

(i) G contains a proper subgroup whose order is divisible by p (index 
is prime to p). 

(ii) Evfery proper subgroup H of G has index divisible by p. 

Case (i) Since order of G is les than order of G and is divisible by p, so 
H has an element of order p (by assumption) which is an 
element of order p of G. 

Case (ii) We know that the centre of p-group is nontrivial. 

Let the class equation of G be 

n = n, +n 2 +... + n k -0) 

Where n t is the number of elements in a conjugacy class in G. Now 

each Hy, being the index of the normalizer in the /th conjugacy class, is 
divisible by p (by (ii)) 

■ suDDOse^haf r| ity -| S n e - lf c< ? n ^ ugat ^ so without any loss of generality, 
suppose that n, = 1. Using this in (1), we have 

n =*\ + n 2 +... + n k 

1 = n ~{n 2 +... + n k ) —( 2 ) 


Scanned by CamScanner 


m ChaP"£. 


JSylow's Theorems 2551 


Rjjjgg * ide ° f (2) iS diViSibl6 by P ' 50 its left hand side should also be 

But n, = 1. sdthe number of n, 's which are equal to one must be p or 
multiple of p. The corresponding conjugacy classes, i.e. for which n =1 
are such that each consists of central element. 1 

Hence the order of Z(G) is a multiple of p. Since Z(G) is always 
abelian and its order is divisible by p, so by Cauchy’s theorem for abelian 
group, Z(G) has an element of order p in G which is also an element of 
order p in G. 

This completes the proof. 


8-2 Sylow’s Theorems 


8-2.1 Definition (p-Group):l 


A group G is said to be a p-group if the order 
of every element of G can be written as p a , for some fixed p. 

For example, consider the elements of \/ 4 - {e,a,b,ab} group. 

Since 

o(e) = 1 = 2°, o(a) = 2 = 2', 

o{b) = 2 = 2\ o{ab) = 2 = 2 1 

This shows that the order of every element of V 4 can be written as 2“, 
for 2, so V 4 is a p-group, with p = 2. 


Let G be a group of order n and p 
a prime divisor of n. Subgroup H of G is said to be a sylow p-subgroup of 
G if H has order p“, where p° divides n and no other power of p divides 


8-2.3 TheorenWSvIow^First Theorem) :| 


A finite group whose order is divisible by a prime p, contains a sylow 
P-subgroup. 

Let G be a group of order n and p a prime divisor of order n. To 

prove the theorem, we apply induction on the order of • 

If n = p, then G itself is a p-subgroup and nothing is to prove. 

Suppose that the theorem is true for all groups of ° r ^ er ess 
and divisible by p. We have the following two possibi ities. 

(i) There is a subgroup H of G with index prime 0 p. 

(ii) Every subgroup H of G has index divisible y p. 

Case (i) if h has order less than n and divisible by p, then oy 

supposition, H has a sylow p-subgroup. 
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Since index is prime to p, therefore, the sylow p-subgwup of H 

is a sylow p-subgroupofG. is mu |tj p | e 0 f p B 

Case (ii) Z(G) is nontrivial and the oraer w 

Cauchy's theorem, Z(G) contains an element of order p, so 

Then C is a subgroup of 7(G) and is normal in G, so the quotient 
group, ® is well defined. The order of | is less than the order of G and 

is divisible by p“~' and no higher power of p. 

Therefore, by assumption, § has a sylow P-subgroup say - of 

order p“ _1 , where H is a subgroup of G. The order of H is then 

».p- 

C W 

M=|c|p“-' 

\H\ = pp-’ 

|H| = p“ 

This shows that H is a sylow p-subgroup of G. . 

Hence, a finite group whose order is divisible by a prime p, contains 

sylow p-subgroup. 

This completes the proof. 


8-2.4 Theorem 


Any two sylow p-subgroups of a group are con/ugafe. | aw ^ | | | | | t;)J i m 


IsHffSTS Let G be a group of order n 

Let H, K be any two sylow p-subgroups of order p° in G, then 

n = p a m, {p,m) = 1 

Consider the double coset representation of G module (H.K) 


Then 


G = U Ha l K, a, e G 

/=i 


r n a n« 


...(D 


/=1 Q / 

Where q, is the order of H na,Ka ^. 
Dividing both sides of (1) by p a , we have 
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...( 2 ) 


n r n a 
m = -- y 

n a ^ 

p 1 .1 g, 

m = iEl 

/-i < 7 , 

Now q ,, being the order of intersection of two p-grouos is s m . 

of P, f ch ,erm of the ri9ht hand side ( 2 ) is either a multiple of p or 

equal to 1 - 

Since the left hand side of (2) is not divisible by p, so at least one 

p“ 

^- = 1 . ' = 1,2 r 

W/ 

Without any loss of generality, let 

Qi 

P a =Qi 


or 


So that the order of H n a,Kaj" 1 is p“. 

But Hna/Ka, -1 , being the subgroup of H having order same as H, divides 
with H, i.e. 

Hr\a,Kaj'=K 
=> H c H na,Ka~\ a, eG 

As the order of H is same as the order of a,Ka, , so 

H = a i Ka'\ a, eG 

This shows that H and K are conjugate. roniuaate. 

Hence, any two sylow p-subgroups of a g P 

This completes the proof. 


8-2.5 Theorem: 


A finite group 
normal in G. 


a has . «*» 

Let H be a unique sylow p-subgroup of finite gr 

then aHa -1 is a sylow p-subgroup of G. 

f-i = aHa' 

^>H <G 

This shows that H is- normal in G. jn q then 

Conversely, suppose that H £ e ^ a|| thes9 

• ■ H r.f G are of the form aHa , 

S| nce all sylow p-subgroups , n-subgr° u P- 
coincide with H, so H is a unique syl P 
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|ft -9 fi Thonrpm fSutow’s Third Theorem): 


The number k of sylow p-subgroups of a finite group is congruent to 
1 mod p and is a factor of the order of the group. 

[STSffl Let H be a sylow p-subgroup of a finite group G. Let n be the order 
ofGSince any two sylow p-subgroups are conjugate, so the number of 
svlow p-subgroups of G is equal to the number of subgroups in the 
coniugacy class of H and this is same as the index of the normalizer 

N g (H) = N (say) 

Let \H\ = p a , |A/| = n and its index be k. We have to show that 

k = 1 mod p 

Consider the double coset decomposition modulo (A/,H) of G. 


Then 


G = i}NajH, a,&G 

/*i 

r n,p“ 

/=i q. 


Where q, is the order of N najHai 1 so is a power of p because it is the 
order of a subgroup of p-group. Hence 


, r 

k = Z — 

m q, 


-(I) 


Where k is the order of N in G. Each term on the right hand side of (1) is a 
multiple of p or equal to 1. However, one of the terms among the double 
coset Na^H (say), is such that for a 1 = e 

Na,H = NH = N 

And A/nH = H 


And 

Therefore, 

Putting this in (1), we have 


q^=p l 


...( 2 ) 

i-2 q, 

This shows that no term on the right hand side of (2) is unity. 

Suppose on contrary that for some j > 1, = 1 , i.e. q, =p° • Then 

’ Pj ' 7 

the intersection A/na^Hay 1 , being the subgroup of a^HaJ 1 having order 
equal to the order of a ( Haj’, mus t coincide with a,Ha~' , so > 

ayHaj 1 = N n ajHaj 1 
=> QyHaj 1 c A/ 
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Since a sylow p-subgroup H of G is a sylow p-subgroup of any 
subgroup containing H, H is a sylow p-subgroup of /V. But H is normal in 
q so H is unique sylow p-subgroup of A/, so 

H = ajHa 7 1 

Then a y e A/, so 

NajH = NH = N 


This gives j = 1 which is a contradiction. 
This completes the proof. 


SUMMARY 


> 

> 

> 

> 


> 

> 

> 

> 


If A is a finite abelian group and p a prime divisor of the order of A, 
then A contains an element of order p. 

If a prime p divides the order of a group G then G contains an 
element of order p. 

A group G is said to be a p-group if the order of every element of 
G can be written as p a , for some fixed p. 


Let G be a group of order n and p a prime divisor of n. Subgroup 
H of G is said to be a sylow p-subgroup of G if H has order p“, 


vhere p a divides n and no other power of p divides n. 

\ finite group whose order is divisible by a prime p, contains a 
>ylow p-subgroup. 

\ny two sylow p-subgroups of a group are conjugate. 

\ finite group G has a unique sylow p-subgroup H if and only if H 
s normal in G. 

rhe number k of sylow p-subgroups of a finite group is congruent 
o 1 mod p and is a factor of the order of the group. 


***** 
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GLOSSAR 



Abelian Group 

Anti-symmetric Relation 
Associative Law 

>z 

Automorphism 
Automorphism Group 

Binary Operation 

Binary Relation 
Bijective Mapping 

Cartesian Product 


Cauchy’s Theorem for 
Abelian Group 

Cauchy’s Theorem for 
Non-Abelian Group 

Centre of a Group 
Centralizer 


The group (G,*) is said to be an abelian 
group or commutative group if 
a*b = b*a Va.beG. 

The relation R on A is said to be anti¬ 
symmetric relation if R n R" 1 = /. 

A binary operation * is said to satisfy 
the associative law in X if 
x*(y*z) = (x*y)*z Vx,y,zeX 

An isomorphism from a group G to itself 
is called an automorphism of G. 

The set of all automorphisms of a group 
G is called an automorphism group and 
is denoted by A(G). 

Any mapping * of X x X into X, where 
X is any nonempty set, is called a binary 
operation in X. 

A subset R of A x B is called a binary 
relation or simply a relation from A to B. 

If a mapping f :X -> Y is both one-to- 

one and onto, we call f a one-to-one 
mapping of X onto Y. Such a mapping is 
also called the bijective mapping. 

Let A and B be two nonempty sets, then 
the set consisting of all ordered pairs 
(a, b), where aeA and b<=B, is called the 
Cartesian product of A and B and is 
denoted by A x B . 

If A is a finite abelian group and pa 
prime divisor of the order of A, then A 
contains an element of order p. 

If a prime p divides the order of a group 
G then G contains an element of or 

Centre of a group G is defined as 
Z(G) = {zeG:zx= xzVx e G}. 

N(a) = {x e G: xa = ax} is normalizer or 

centralizer of a in G. 
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Centralizer of a Complex 


Commutative Group 


Commutative Law 


Complement of a Relation 


Complement of a Set 
Composition of Permutations 


Commutator of Elements 


Conjugate Class 


Conjugate Elements 
Conjugate of an Element 


Conjugate Subgroup 


Constant Function 


which permute with tho . ments of G 

called P ceSro? 9 x el ; m T°? iS 

denoted by c G (X). and ls 

The group (G,*) is said to be an abelian 
group or commutative group if 
a*b = b*a Va.beG. 

A binary operation * is said to satisfy 
the commutative law in X if 
x*y = y*x Vx.yeX 

lf R is a relation in A, then the 
complement of relation R is denoted by 
R° and is defined as R° = (A x A) - R. 

If Bcz A, then A-B = {x eA : x gB} \s 
said to be the complement of B in A. 

If f: X —> X and g : X —> X are two 
permutations on a nonempty set X, then 
the permutation fg : X -» X on X 

defined as {x)fg = «x)f)g VxeX is 

called the product or composition of 
permutations fand g. 

If G is a group and x.y e G, x^y^xy is 

called the commutator of x and y or, 
more briefly, a commutator. 

Set of all those elements of a group G 
which are conjugate of a in G is called 
conjugate class of a in G. It is denoted 
by C(a). 

If b is a conjugate of a, then we say that 
a and b are conjugate elements. 

If a.beG. then b is said to be a 
conjugate of a in G if there exists an 
element g e G such that b = g 1 ag . 

Let H be a subgroup of a group G, then 
for geG, gHg" 1 is called conjugate 

subgroup of H. • 

A function whose range consists of just 
one element is called a constant 
function. 
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gW Group Theory 


Complex in a Group 
Cyclic Group (multiplication) 


Cyclic Group (addition) 


Degree of permutation 


Descriptive Method 


Difference of two Sets 


Disjoint Sets 
Double Coset 


Embedding 


Empty Relation 
Empty Set 
Endomorphism 
Epimorphism 
Equal Mappings 


Equal Sets 
Equivalence Relation 


An arbitrary subset X of a group G is 
said to be a complex in G. 

A group G is said to be cyclic group 
under multiplication if each element of G 
is a power of one and the same element 
of G. Such an element of the group is 
called the generator of the group. 

A group G is said to be a cyclic group 
under addition generated by a if each 
element of G is a multiple of a: 

If X is a finite set having n elements and 
f is a permutation on X, then n is called 
the degree of permutation f. 

A set can be expressed by descriptive 
statement and this way of expressing a 
set is called the descriptive method. 

The difference A- B of two sets A and B 
is defined to be set of those elements of 
A which are not in B. 

Two sets A and B are said to be disjoint 
if they have no common points. 

Let H, K be two subgroups of a group G 
and aeG, then HaK is called the 
double coset in G modulo ( H,K) 
determined by a. 

By embedding G into G', we mean that 
there is a subgroup of G' which is 
isomorphic to G. 

A relation R from A to B is said to be 
empty or nullary if R = <j>. 

A set which contains no elements is 
called an empty set. It is denoted by <j). 

A homomorphism from a group G to 
itself is called an endomorphism of G. 

An onto homomorphism is called an 
epimorphism. 

The mappings f and g of X into Y are 
said to be equal if 
f(x) = g{x) for every x e X. 

Two sets A and B are said to be equal if 
both are subsets of each other. 

A relation R on a set A is called an 
equivalence relation if and only if R is 
reflexive, symmetric, and transitive. 
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Even Permutation 


Extension of a Function 


First Derived Subgroup 


Function 


Group 


Homomorphism 


Idem potent 
Identity Element 


Identity Permutation 

Identity Relation 
Inclusion Symbol 
Index of a Subgroup 


A permutation f in S„ is said to be an 

PS rm nf a ‘ i0n if * Can be writte " ^ a 
product of an even number of 

transpositions. T 

A function f is called an extension of a 
function g if the domain of f contains the 
domain of g and f{x) = g(x) for each x 
in the domain of g. 

Let G be a group. The set of all 
commutators [a,b] of a.beG is called 
the first derived subgroup. 

Let X and Y be two nonempty sets. A 
rule f which assigns to each element x in 
X a single element y in Y is called a 
function. 

The nonempty set G is said to be group 
with respect to * if for all a,b,c e G , 

(i) a*beG (ii) a*(b*c) = (a*b)*c 

(iii) there exists an element e e G, such 
that a*e = e*a = a. 

(iv) there exists an element a'eG, such 
that a*a' = a'*a = e. 

A mapping <f> from a group G into a 

group G' is said to be a homomorphism 
if for all a,beG, </>{ab) = </>{a)<f>(b ). 

An element a of a group G is said to be 

idempotent if a 2 = a. 

Let * be a binary operation in a 
nonempty set X then an element e g X 
is said to be the identity element (with 
respect to *) of X if 
e*x = x*e = x Vx € X . 

Let X be a nonempty set. A permutation 
/ : x -> X is said to be the identity 
permutation on X if l{x) = x Vx e X. 

A binary relation / is called the identity 

relation on A if / = {(a, a): a e A). 

The symbol <= is called the inclusion 

The b n°umber of left (or right) cosetsofa 
subgroup H of a group G is called the 
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268 oaju Group Theory 


z P Dhatt, 


Indexed Family of Sets 

Injective Mapping 

Intersection of two Sets 

Inverse Element 

Inverse Mapping 


Inverse of Relation 
Involution 
Isomorphic Groups 

isomorphism 

Kernel of Homomorphism 

Lagrange’s Theorem 
Left Coset 


index of H in G and is denoted by 
[G: H]. 

Given a set /, if for each ae /, there is a 
set A a ,then {A a : ae /}is called an 

indexed family of sets and the set / is 
called the indexing set. 

If different elements in X have different 
images in Y under f:X-+Y, then f is 
called one-to-one mapping of X into V. 
Such a mapping is also called the 
injective mapping. 

The intersection of two sets A and B, 
denoted by AnB, is a set whose 
elements are in both A and B. 

The inverse of an element x e X with 
respect to * is an element x'gX such 
that x*x' = e = x'*x, where e is the 
identity element of X. 

If f :X -> Y is a bijective mapping, then 

we can find a rule r 1 :Y -> X which 
assigns to each element y in Y a single 
element x in X. This rule is said to be 
the inverse mapping.' 

The inverse of a binary relation R is a 
binary relation FT' = {(/>, a ): (a, b)eR}. 
An element of order 2 in a group G is 
called an involution. 

Two groups G and G' are said to be 
isomorphic if there is an isomorphism 
0:G-»G'. In this case we write 
G«G'. 

A bijective homomorphism is called an 
isomorphism. 

The kernel of homomorphism 
(f >: G -» G' is the set of those elements 
of G whose image is the identity 
element of G'. 

The index and the order of a subgroup 
of a finite group divide the order of tb® 
group. 

Let H be a subgroup of a group G an 
a eG, then the set aH = {ah :heH) 15 
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Monomorphism 
Normal Subgroup 


Normalizer 

Normalizer of a Complex 


Null Set 


Nullary Relation 


Odd Permutation 


Order of an Element 


Order of Group 
Order of Permutation 


Order or Degree of Rotation 


P-Group 


Partition of a Set 


said to be the left coset of H in G 
determined by a. 

A one-one homomorphism is called a 
monomorphism. 

A subgroup H of a group G is said to be 
self conjugate or normal subgroup of G 

if ghg _1 e H for all g eG and all h e H. 
N(a) = {xeG:xa=ax} is normalizer or 
centralizer of a in G. 

Let X be an arbitrary complex in a group 
G, then the set of those elements of G 
which permute with X is called 
normalizer of Xin G. 

A set which contains no elements is 
called a null set. It is denoted by <f»: 

A relation R from A to B is said to be 
empty or nullary if R = <j>. 

A permutation f id S n is said to be an° 

odd permutation if it can be written as a 
product of an odd number of 
transpositions. 

If G is a group and a e G, the order or 
period of a is the least positive integer n 

■ such that a n = e . 

The number of elements in a group G is 
called the order of group G. 

The order of permutation f on a non¬ 
empty set X is the least positive integer 

n such that f n =1, where / is the identity 
permutation. 

The number of rotations required for all 
the points to actually return to their 
original positions is called the order or 

degree of the rotation. 

A group G is said to be a p-group if the 
order of every element of G can be 

written as p a , for some fixed p. 

A collection {A a :A a ^Aael} o 
subsets of A is said to be the partition o 

A if u a 

(i) 

(ii) ILA =/4 
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Permutation 

Permutable Complexes 
Proper Subset 

Reflexive Relation 

Restriction of a Function 

' Right Coset 

Semi Group 

Set 

Set Builder Method 

Sylow p-Subgroup 


Sylow’s First Theorem 
Sylow’s Second Theorem 
Sylow’s Third Theorem 

Subgroup 


Let X be a non-empty set. A bijective 
mapping f:X->X is called the 
permutation on X. 

Two complexes X and Y in a group G 
are said to be permutable if XY = YX. 

If A is a subset of 0 and 0 has at least 
one element which is not in A, then A is 
called the proper subset of 0. 

A relation Ron a set A is said to be the 
reflexive relation if R contains the 
identity relation /. 

A function g is called an restriction of a 
function f if the domain of g is contained 
in the domain of f and f(x) = g(x) for 

each x in the domain of g. 

Let H be a subgroup of a group G and 
aeG, then the set Ha = {ha:hehf} is 

said to be the right coset of H in G 
determined by a. 

If G is a nonempty set then the order 
pair (G,*) is said to be semi group if for 
all a, b, c e G, 

(i) a * b e G, (ii) a*{b*c) = (a*b)*c. 

The collection of well defined objects is 
called a set. 

If we describe a set by stating a 
characteristic property which identifies 
all the elements of the set then this 
method is said to be set builder method. 
Let G be a group of order n and p a 
prime divisor of n. Subgroup H of G is 
said to be a sylow p-subgroup of G if H 

has order p“, where p° divides n and 
no other power of p divides n. 

A finite group whose order is divisible by 
a prime p, contains a sylow p-subgroup. 
Any two sylow p-subgroups of a group 
are conjugate. 

The number k of sylow p-subgroups of a 
finite group is congruent to 1 mod p and 
is a factor of the order of the group. 

A subset H of a group G is called the 
subgroup of G if H itself is a group under 
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Subset 

Surjective Mapping 

Symmetric Group 

Symmetric Relation 
Transposition 
Trivial Subgroups 

Tabular Method 

Transitive Relation 

Union of two Sets 
Universal Set 

Vacuous Set 


the same binary operation as defined in 
G. 

A set A is said to be the subset of a set 
B if every element of A is also an 
element of B. 

If the range, R f , of a mapping f .X-+Y 

is the set Y, then we call f a mapping of 
X onto Y. Such a mapping is also called 
the surjective mapping. 

The group (S„,o) of permutations on X 

is called the symmetric group of degree 
n. 

A relation Ron a set A is symmetric if 
and only if R = R~\ 

A cycle of length two is called the 
transposition. 

Every group G has at least two 
subgroups namely G itself and the 
identity group {e}. These are called the 

trivial subgroups of G. Any other 
subgroup of G is caiied a non-trivial 
subgroup of G. 

If we list the elements of the set by 
writing them within braces, then this 
method of writing a set is said to be the 
tabular method. 

The relation R on A is said to be a 
transitive relation if (a, b)eR, ( b , c)eR=> 
(a, c)eRfor all a, b, c<=A 
The union of two sets A and B is a set 
whose elements are elements of A or of 

a. 

If all the under consideration sets are 
assumed to be the subsets of a single 
fixed set then this fixed set is said to be 
the universal set and is usually denoted 

A V set which contains no elements is 
called a vacuous set. It is denoted by 4>. 


***** 
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Abelian group, 21 
Anti-symmetric relation, 7. 
Associative law, 12 
Automorphism, 163, 241 
Automorphism group, 241 
Axis of symmetry, 135 
B 

Bijective mapping, 10 
Bilateral symmetry, 136 
Binary operation, 11 4 

Binary relation, 6 
C 

Cauchy’s thdbrem for abelian 
group, 253 

Cauchy’s theorem for Non-abelian 
group, 254 

Cayley’s theorem, 176 
Cartesian product, 6 
Centre of a group, 187 
Centralizer, 190,196 
Class equation, 203 
Closure property, 11 
Codomain, 9 
Complex, 185 
Commutative group, 21 
Commutator, 199, 247 
Complement of a set, 3 
Complement of relation, 6 
Composition of mappings, 11 
Composition of permutations, 116 
Commutative law, 12 
Conjugate class, 198 
Conjugate elements, 198 
Conjugate subgroups, 205 
Constant function, 9 
Cycle, 121 

Cyclic permutations, 121 
Cyclic subgroup, 74 
Cyclic group, 73, 74 


D 

De Morgan’s laws, 4 
Degree of permutation, 121 
Degree of the rotation, 138 
Descriptive method, 2 
Difference of two sets, 3 
Disjoint sets, 4 
Domain, 9 
Double coset, 210 
E 

Elements, 1 
‘Embedding, 176 
Empty set, 2 
.Endomorphism, 163 
Epimorphism, 162 
Equal permutations, 117 
Equal mapping, 10 
Equivalence class, 8 
Equivalence relation, 7 
Extension of a function, 10 
Even permutation, 128 
F 

Factor group, 230 

Finite group, 47 

First derived subgroup, 249 

First fundamental theorem of 

homomorphism, 233 

Full relation, 6 

Function, 9 

G 

Generator of the group, 73 
Group, 21 

H 

Homomorphism, 162 

I 

Idempotent, 21 
Identity element, 11 
Identity permutation, 108 
Identity relation, 6 
Image, 9 

Improper subsets, 3 
Inclusion symbol, 3 
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Product of permutations, 116 


Index of a subgroup, 83 
Indexed family of sets, 4 
Indexing set, 4 
Injective mapping, 10 
Inner automorphism, 242 
Isomorphism, 163 
Isomorphic groups, 163 
Intersection of two sets, 4 
Inverse of a binary relation, 6 
Inverse of an element, 11 
Inverse mapping, 10 
Inverse permutation, 114 
Involution, 161 
K 

Kernel of homomorphism 170 
232 

L 

Lagrange’s theorem, 84 
Left coset, 79, 80 

M 

Mapping, 9 
Mirror symmetry, 136 
Monomorphism, 162 

N 

Non-abelian group, 20 ■ 

Non-trivial subgroup, 54 
Null set, 2 
Nullary relation, 6 
Normalizer, 190 
Normal subgroup, 219 

Odd permutation, 128 
Onto mapping, 10 
One-one mapping, 10 
Order of an element, 47 
Order of group, 47 
Order of permutation, 121 
Order of the rotation, 138 

Partition of a set, 8, 80 
Permutable complexes, 185 
Permutation, 107 
A-Group, 209, 255 
Points, 1 
Pre-image, 9 
Product of sets, 221 
r oduct of two mappings, 11 


Quotient group, 230 

R 

Reflexive relation, 7 
Relation, 6 

Representative element, 8 
Restriction of a function, 10 
Right coset, 79, 80 

Rotational symmetry, 137 

s 

Second fundamental theorem of 
homomorphism, 235 
Self conjugate element, 199 
Semi group, 40 
Set, 1 

Set builder method, 2 
Subgroup, 54 
Subset, 3 
Superset, 3 
Surjective mapping, 10 
Syl^w’s first theorem, 255 
Sylow s second theorem, 256 
Sylow’s third theorem, 258 
Sylow p-subgroup, 255 
.Symmetric group, 125 
Symmetric relation, 7 
Symmetry group of triangle, 141 
Symmetry group of rectangle, 147 
Symmetry group of square, 151 
Symmetry group of pentagon, 154 
T 

Tabular method, 2 
Third fundamental theorem of 
homomorphism, 238 
Transformation, 9 
Transitive relation, 7 
Transposition, 127 
Trivial subgroups, 54 
U 

Union of two sets, 4 
Universal set, 4 

V 

Vacuous set, 2 , 
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